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PREFACE. 

The  work  on  A^bra  of  which  this  volume  forms  the  first 
part,  is  80  far  elementary  that  it  b^iua  at  the  beginning  of 
the  subject.  It  is  not,  however,  intended  for  the  use  of 
absolute  beginners. 

The  teaching  of  Algebra  in  the  earlier  stf^es  ought  to 
consist  in  a  gradual  generalisation  of  Arithmetic;  in  other 
words,  Algebra  ought,  in  the  first  instance,  to  be  taught  as 
Arithmetica  Universalia  in  the  strictest  sense.  I  suppose 
that  the  student  has  gone  in  this  way  the  length  of,  say,  the 
solution  of  problems  by  means  of  simple  or  perhaps  even 
quadratic  equations,  and  that  he  is  more  or  less  familiar 
with  the  construction  of  literal  formula,  such,  for  example, 
as  that  for  the  amount  of  a  sum  of  money  during  a  given 
term  at  simple  interest 

Th^i  it  becomes  necessary,  if  Algebra  is  to  be  any- 
thing more  than  a  mere  bundle  of  unconnected  rules,  to 
lay  down  generally  the  three  fundamental  laws  of  the 
subject,  and  to  proceed  deductively— -in  short,  to  introduce 
the  idea  of  Algdn-aic  Form,  which  is  the  foundation  of  all 
the  modem  developments  of  Algebra  and  the  secret  of  analy- 
tical^ geometry,  the  most  beautiful  of  all  its  applications. 
Such  is  the  course  followed  from  the  beginning  in  this 
work. 
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As  mathematical  education  stands  at  present  in  this 
cotiutiy,  the  first  part  might  be  used  in  the  higher  classes 
of  our  secondary  schools  and  in  the  lower  courses  of  our 
colleges  and  universities.  It  will  be  seen  on  looking  through 
the  pi^es  that  the  only  knowledge  required  outside  of 
Algebra  proper  is  familiarity  with  the  definition  of  the 
trigonometrical  functions  and  a  knowledge  of  their  funda- 
mental addition-theorem. 

The  first  object  I  have  set  before  me  is  to  develop 
Algebra  as  a  science,  and  thereby  to  increase  its  usefulness 
as  an  educational  discipline.  I  have  also  endeavoured  so 
to  lay  the  foundations  that  nothing  shall  have  to  be  un- 
learned and  as  little  as  possible  added  when  the  student 
comes  to  the  h^her  parts  of  the  subject  The  neglect  of 
this  consideration  I  have  found  to  be  one  of  the  most 
important  of  the  many  defects  of  the  English  text-books 
hitherto  in  vi^e.  Where  immediate  practical  application 
comes  in  question,  I  have  striven  to  adapt  the  matter  to 
that  end  as  far  as  the  main  general  educational  purpose 
would  allow.  I  have  also  endeavoured,  so  far  as  possible, 
to  give  complete  information  on  every  subject  taken  up,  or, 
in  default  of  that,  to  indicate  the  proper  sources ;  so  that 
the  book  should  serve  the  student  both  as  a  manual  and 
as  a  book  of  reference.  The  introduction  here  and  there  of 
historical  notes  is  intended  partly  to  serve  the  purpose  just 
mentioned,  and  partly  to  familiarise  the  student  with  the 
great  names  of  the  science,  and  to  open  for  him  a  vista 
beyond  the  boards  of  an  elementary  text-book. 

As  examples  of  the  special  features  of  this  book,  I  may 
ask  the  attention  of  teachers  to  Chapters  iv.  and  v.  With 
respect  to  the  opening  chapter,  which  the  beginner  will 
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doubtless  find  the  hardest  in  the  book,  I  should  mention 
that  it  was  written  as  a  su^estion  to  the  teacher  how  to 
connect  the  general  laws  of  Algebra  with  the  former  ex- 
perience of  the  pupil.  In  writing  this  chapter  I  had  to 
rememher  that  I  was  ei^f^d  in  writing  not  a  book  on  the 
philosophical  nature  of  the  first  principles  of  Algebra,  but 
the  first  chapter  of  a  book  on  their  consequences.  Another 
peculiarity  of  the  woik  is  the  large  amount  of  illustrative 
matter,  which  I  thought  necessary  to  prevent  the  vagueness 
which  dims  the  learner's  vision  of  pure  theory;  this  has 
swollen  the  book  to  dimensions  and  corresponding  price 
that  require  some  apolc^.  The  chapters  on  the  theory  of 
the  complex  variable  and  on  the  equivalence  of  systems  of 
equations,  the  &ee  use  of  graphical  illustrations,  and  the 
elementary  discussion  of  problems  on  maxima  and  minima, 
although  new  features  in  an  English  text-book,  stand  so 
little  in  need  of  apology  with  the  scientific  public  that  I 
offer  none. 

The  order  of  the  matter,  the  character  of  the  illustra- 
tions, and  the  method  of  exposition  generally,  are  the  result 
of  some  ten  years'  experience  as  a  university  teacher.  I 
have  adopted  now  this,  now  that  deviation  from  accepted 
English  usages  solely  at  the  dictation  of  experience.  It 
was  only  after  my  own  ideas  had  been  to  a  considerable 
extent  thus  fixed  that  I  did  what  possibly  I  ought  to  have 
done  sooner,  viz.,  consulted  foreign  elementary  treatises. 
I  then  found  that  wherever  there  had  been  free  conaidera- 
tdon  of  the  subject  the  results  had  been  much  the  same. 
I  thus  derived  moral  support,  and  obtained  numberless  hints 
on  matters  of  detail,  the  exact  sources  of  which  it  would  be 
ditBcult  to  indicate.     I  may  moition,  however,  as  specimens 
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of  Uie  class  of  b^tises  referred  to,  the  elementaiy  text- 
books of  Baltzer  in  German  and  Collin  in  French,  Among 
the  treatises  to  which  I  am  indebted  in  the  matter  of  theory 
and  logic,  I  should  mention  the  works  of  De  Morgan,  Pea- 
cock, lipschitz,  and  Serret  Many  of  the  exercises  have 
been  either  taken  from  my  own  class  examination  papers 
or  constructed  expressly  to  illustrate  some  theoretical  point 
discussed  in  the  text.  For  the  rest  I  am  heavily  indebted 
to  the  examination  papera  of  the  various  colleges  in  Cam- 
bridge. I  had  originally  intended  to  indicate  in  all  cases 
the  sources,  but  soon  I  found  recurrences  which  rendered 
this  difficult,  if  not  impossible. 

The  order  in  which  the  matter  is  arranged  will  doubt- 
less seem  strange  to  many  teachers,  but  a  little  reflection 
will,  I  think,  convince  them  that  it  could  easily  be  justified. 
There  is,  however,  no  necessity  that,  at  a  first  reading,  the 
order  of  the  chapters  should  be  exactly  adhered  to.  I  think 
that,  in  a  final  reading,  the  order  I  have  given  should  be 
followed,  as  it  seems  to  me  to  be  the  natural  order  into 
which  the  subjects  fall  after  they  have  been  fully  com- 
prehended in  their  relation  to  the  fundamental  laws  of 
Algebra, 

With  respect  to  the  very  laige  number  of  Exercises, 
I  should  mention  that  they  have  been  given  for  the  con- 
venience of  the  teacher,  in  order  that  he  might  have,  year 
by  year,  in  using  the  book,  a  sufficient  variety  to  prevent 
mere  rote-work  on  the  part  of  his  pupils.  I  should  much 
deprecate  the  idea  that  any  one  pupU  is  to  work  all  the 
exercises  at  the  first  or  at  fmy  readii^.  We  do  too  much 
of  that  kind  of  work  in  this  country. 

I  have  to  acknowledge  personal  obligations  to  Professor 

D,g,l,7.cbyGOOglC 


Tait,  to  Dr.  Thomas  Muir,  and  to  my  assistant,  Mr.  R  E. 
Allaedice,  for  criticism  and  su^estiouB  regarding  the 
theoretical  part  of  the  work ;  to  these  gentlemen  and  to 
Messrs.  Mackay  and  A.  Y.  Fraseb  for  proof  reading,  and 
tor  much  assisteace  in  the  tedious  work  of  verifying  the 
answers  to  exercises.  In  this  latter  part  of  the  work  I 
am  also  indebted  to  my  pupil,  Mr.  J.  Mackenzie,  and  to 
my  old  friend  and  former  tutor,  Dr.  David  Rennet  of 
Aberdeen. 

Notwithstanding  the  kind  assistance  of  my  friends  and 
the  care  I  have  taken  myself,  there  must  remain  many 
errors  both  in  the  text  and  in  the  answers  to  the  exercises, 
notification  of  which  either  to  my  publishers  or  to  myself 
will  be  gratefully  received. 

G.  CHEYSTAL. 

EDiNBuaaH,  ietk  Jun«  1666. 
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CHAPTER  I. 

The  Fundamental  Laws  and  Proceeees  of  Algebra 
as  ^diibited  in  ordinary  Arlthmetio. 

§  ).]  The  Btadent  is  already  familiar  with  the  diBtinction 
between  abBtract  and  concrete  arithmetic.  The  former  is  con- 
cerned with  those  laws  of^  and  operations  with,  numbers  that  are 
independent  of  the  tilings  nombered ;  the  latter  is  taken  up 
with  applications  of  the  former  to  the  numeration  of  various 
classes  of  things. 

,  Confining  ourselveB  for  the  present  to  abstract  arithmetic, 
let  us  consider  the  following  series  of  equalities : — 

2623  1023  2623  >=  3  + 1023  >^  61  70272 
61  "*"  3  ""      61  X  3      "  183 


=  384. 


The  first  step  is  merely  the  assertion  of  the  equivalence  of 
two  different  seta  of  operations  with  the  same  numbers.  The 
second  and  third  steps,  though  doubtless  based  on  certain  simple 
laws  from  which  also  the  first  is  a  consequence,  neverthelesa 
require  for  their  direct  execution  the  application  of  certain  rules, 
of  a  kind  to  which  the  name  arUhmetwaJ  is  appropriated. 

We  have  thus  shadowed  forth  two  great  branches  of  the 
higher  mathematics.  One,  algebra,  strictly  bo  called,  ie.  the 
theory  of  operation  with  numbers,  or,  more  generally  apeaking, 
with  quantities;  the  other,  the  higher  arithmetic,  or  theory  of 
numbers.  These  two  sciences  are  identical  as  to  their  funda- 
mental laws,  but  differ  widely  in  their  derived  processes.  As  is 
usual  in  elementary  text-books,  the  elements  of  both  will  be 
treated  in  this  woi^ 

VOL.  I.  B 
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2  REPRESENTATIVE  GROUPS.  [chap. 

§  2.]  Ordinary  algebra  is  simply  the  general  theory  of  thoEO 
operations  with  quantity  of  which  the  operations  of  ordinary 
abstract  arithmetic  are  a,  particular  case. 

The  fundamental  laws  of  this  algebra  are  therefore  to  be 
sought  for  in  ordinary  arithmetic 

However  various  and  complex  the  operations  of  arithmetic 
may  seem,  it  appears  on  consideration  that  they  are  merely  the 
result  of  Uie  application  of  a  very  small  number  of  fundamental 
principles.  To  make  this  plain  we  return  for  a  little  to  the  very 
elements  of  arithmetic. 

ADDITION, 

AND  THE  QENERAL  LAWS  CONMECTED  THESETnTH. 
.  §  3.]  When  a  group  of  things,  no  matter  how  unlike,  is  con- 
sidered merely  with  reference  to  the  number  of  individuals  it 
contains,  it  may  be  represented  by  another  group,  the  individuals 
of  which  are  all  aUke,  provided  only  there  be  as  many  individuals 
in  the  representative  as  in  the  ori^al  group.  The  members  of 
our  representative  group  may  be  merely  marks  (Is  say)  on  a 
piece  of  paper.  The  process  of  counting  a  group  may  therefore 
be  conceived  as  the  successive  placing  of  ta  in  our  representa- 
tive group,  until  we  have  as  many  la  as  there  are  individuals 
in  the  group  to  be  numbered.  This  process  of  adding  a  1  is 
represented  by  writing  +  1.     We  may  thus  have 

+  1,      +1  +  1,      +1  +  1  +  1,      +  1  +  1  +  1  +  1,  &c., 
as  representative  groups  or  "nombers."     As  the  student  is  of 
course  aware,  these  symbols  in  ordinary  arithmetic  are  abbreviated 

'°'°  1,     2,     3,     4,  fa. 

Hence  using  the  symbol  "  = "  to  stand  for  "  the  same  as,"  or 
"replaceable  by,"  or  "equal  to,"  we  have,  as  definitions  of  1,  2, 
3,  4,  &&, 

1=  +1, 

2=  +1  +  1, 

3  =  +  1  +  1  +  1, 

4=  +1  +  1  +  1  +  1,  &C. 
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I.]  ASSOCUTION  IN  ADDITION.  3 

And  there  is  a  further  amngemeiit  for  abridging  the  repre- 
sentation  of  lai^  numbere,  which  the  student  is  familiar  with  as 
the  decimal  aotation.  With  numerical  notation  we  are  not 
further  concerned  at  present,  but  there  is  a  view  of  the  above 
equalities  which  is  important.  After  the  group  +1  +  1  +  1  has 
been  finished  it  may  be  viewed  as  representing  a  single  idea  to 
the  mind,  viz,  the  number  "three."  In  o0er  words,  we  may 
look  at  +1  +  1  +  1  asa  series  of  successive  additions,  or  we 
may  think  of  it  as  a  whol&  When  it  is  necessary  for  any 
purpose  to  emphasise  the  latter  view,  we  enclose  +1  +  1  +  1  in  a 
bracket,  thus  ( +  1  +  1  +  1);  and  it  will  be  observed  that  precisely 
the  same  result  is  attained  by  writing  the  symbol  3  in  place  of 
+  1  +  1  +  1,  for  in  the  symbol  3  all  trace  of  the  formation  of 
the  number  by  successive  addition  is  lost.  We  might  therefore 
understand  the  equahty  or  equation 

3  =  +1  +  1  +  1 
to  mean  (  +  1  +  1  +  1)»+1  +  1  +  1, 

and   then   the  equation  is  a  case  of  the  algebraical  Law  of 
.AssocijijeN. 

The  full  meaning  of  this  law  will  be  best  understood  by  con- 
sidering the  case  of  two  groups  of  individuals,  say  one  of  three 
and  another  of  four.  If  we  wish  to  find  the  number  of  a  group 
made  up  by  combining  the  two,  we  may  adopt  the  child's  process 
of  counting  throu^  them  in  succession,  thus, 

+  1  +  1  +  11  +1  +  1  +  1  +  1=7. 
But  by  the  law  of  association  we  may  write  for  +  1  +  1  +  1, 

<+ 1  +  1  +  1), 
and  for  +  1  +  1  +  1  +  1, 

(+1  +  1  +  1  +  1), 
and  we  have    +(  +  l  +  l  +  l)  +  (  +  l  +  l  +  l  +  l)  =  7, 
or  +3  +  4  =  7. 

It  will  be  observed  that  we  have  added  a  +  in  each  case  before 
the  bracket,  and  it  may  .be  asked  how  this  is  justified.     The 
answer  is  simply  that  setting  down  a  representative  group  of  ' 
three  individuals  is  an  operation  of  exactly  the  same  nature  as 
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4  COHMOTATION  IN  ADDITION.  [chap. 

;  .setting  dovii.a.gn>up  of  one.  The  law  of  associAtion  for  addition 
I  worded  in  this  way  for  the  simple  case  before  us  would  be  this : 
I  To  set  down  a  representative  group  of  three  indiTiduals  is  the  same 
aa  to  Bet  down  in  eiicceBsion  three  representative  individuals. 

The  principle  of  association  may  be  carried  further.  The 
representative  group  +S  +  i  may  itself  enter  either  as  a  whole 
or  by  its  parts  into  some  further  enumeration,  e.ff. 

+  6  +  (  +  3  +  4)  =+6  +  3  +  4 
is  an  example  of  the  law  of  aasociation  which  the  stadent  will 
have  BO  difficulty  in  interpreting  in  the  manner  already  indi- 
cated. The  ultimate  proof  of  the  equality  may  be  regarded  as 
resting  on  a  decomposition  of  all  the  symbols  into  a  succession 
of  units.  There  is,  of  course,  no  limit  to  the  complication  of 
associations.     Thus  we  have 

[(  +  9  +  8)+  {  +  6+(  +  6  +  3)}]  +  {  +  6+<  +  3  +  5)} 
=  (  +  9  +  8)  +  {  +  6  +  <  +  5  +  3)}  +  6  +  (  +  3  +  6), 
=  +9  +  8  +  6  +  (  +  5  +  3)  +  6  +  3  +  5, 
=  +9  +  8  +  6  +  6  +  3  +  6  +  3  +  5, 
each  single  removal  of  a  bracket  being  an  assertion  of  the  Inw 
of  association.     The  student  will  remark  the  use  of  brackets  of 
different  forms  to  indicate  clearly  the  different  associations. 
I  4.]  It  follows  from  the  definitions 

3  =  +1  +  1  +  1,     2  =  +1  +  1, 
that  +3  +  2  =  +2  +  3; 

and  by  a  similar  proof  we  mi^t  show  that 

+  3  +  4  +  6  =  +3  +  6  +  4  =  +4  +  3  +  6,  &&; 
in  other  words,  the  order  in  whkh  a  smes  of  addilwns  is  arrofnged 
u  indifferent. 

This  is  the  algebraical  I^w  of  Commutation,  and  it  will 
be  observed  that  its  application  is  unrestricted  in  arithmetical 
operations  where  additions  alone  are  concerned.  The  statement 
of  this  law  at  once  suggests  a  principle  of  great  importance  in 
algebra,  viz.  the  attachment  of  the  "  symbol  of  operation "  or 
"  operator  "  to  the  number,  or,  more  generally  speaking  "  subject" 
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■.]  SCBIHACTION  DEnNED.  5 

or  "  operand "  on  which  it  acts.  Thus  in  the  above  equations 
the  +  before  the  3  is  supposed  to  accompany  the  3  when  it  is 
transferred  from  one  part  of  the  chain  of  additions  to  another. 

The  operands  in  +  3,  +  4,  and  -i-  6  are  already  complex ;  and 
it  may  be  shown  by  a  further  application  of  the  reasoning  used 
in  the  beginning  of  this  article  that  the  operand  may  be  complex 
to  any  degree  without  interfering  with  the  validity  of  the  commu- 
tative law  i  e.g, 

+  {  +  3  +  (  +  2  +  S)}  +  (  +  6  +  8) 
=  +(  +  6  +  8)  +  {  +  3  +  (  +  2  +  3)}, 
of  which  s  proof  might  also  be  given  by  first  dissociating,  then 
commntating  the  individual  terms  +  6,  +  8,  +  3,  &c.,  and  then 
reassociating. 

SUBTRACTION. 
§  6.]  For  algebraical  purposes  the  most  convenient  course  is 
to  define  subtraction  as  the  inverse  of  addition.  Thus  the  ques- 
tion, What  is  the  result  of  subtracting  b  from  at  ia  regarded  as 
the  same  as  the  question.  What  must  be  added  to  +  6  to  produce 
+  a  f  and  the  quantity  which  is  the  answer  to  this  question  is 
symbolised  by  +  a  -  6.  In  otter  words,  +  a  -  6  is  defined  by  the 
equation 

+  (  +  a-b)  +  b  =  +a. 
Starting  with  this  definition  and  the  aasamptum  that  there  is  aiways 
an  answer  to  our  question,  Le.  that  the  quantity  +a  —  b  always 
ezists,  we  may  show  that  the  laws  of  association  and  commuta- 
tion hold  for  chains  of  operations  whose  successive  linlta  are 
additions  and  subtractions. 
g  6.]  We  thus  have 

+  a  +  (  +  6-c)=  +{  +  a  +  b)~c; 
or,  which  ia  the  same  thing, 

+  a  +  (  +  b-c)=  +a  +  b-c 
For"  {  +  {  +  a  +  b)-c}  +  c=  +{  +  a  +  b), 

by  the  definition  of  subtraction,    =  +a-\-b. 

'  When  +  occQTs  before  the  fint  number  of  t  chain  of  additions  and  nb- 
tractioaa  it  is  generally  omittwl  for  brerity. 
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Again 

+  o  +  (+6-e)  +  c=+a4-  {  +  (4-6-c)4-c}, 

by  law  of  asBociation  for  addition, 
=  +a+  {-^b], 
by  definition  of  subtraction, 

=   4-0  +  6. 

Hence  {  +  (  +  a  +  b)-c}  +c=  +a  +  (  +  J-e)  +  c, 
whence*  +(+a  +  6)-c=  +a+{  +  b-c). 

Again,       +a-(  +  b-c)=+a-b  +  c  (1). 

For  by  definition  of  subtraction 

(  +  ,,-(  +  »-.))  +(  +  i_e).+„  (2), 

and  by  the  associative  and  conunutative  laws  for  addition 

{  +  «-»  +  '!  +(  +  »-.) 

=  +a-5  +  c  +  (  +  6-c), 
-  +o-S  +  (  +  i-e)  +  i:, 
-+(  +  .-»)  +  », 

=  +«  (S), 

applying  the  definiUon  of  subtraction  twice  over. 
From  (2)  and  (3)  we  have 

[  +  a_(  +  6-c)}  +(  +  6-0  =  i  +  a-b  +  c)  +(  +  6-c). 
whence  +a-{  +  b-c)  =  +a-b  +  c 

§  7.]  The  results  just  arrived  at,  taken  along  with  those  of 
§  3  above,  may  be  looked  upon  as  establishing  the  law  of  associa- 
tion for  addition  and  subtraction.  This  law  may  be  symbolised 
as  follows : — 

±{±a±b:i=C±  &c)  =  ±  (  ±  a)  ±  ( ±  6)  ±  (  ±  c)  ^  &c., 
with  the  following  law  of  signs : — 

+  (  +  a)=  +a,      -{  +  a)=  ~a 
+  (-a)=  -a,      -(-a)=  +a. 

*  The  Bssamptiou  that  is  made  Bhoold  be  carefoJly  noted.  It  is  that 
{fA  +  B  =  C  +  B  then  A  =  C.  Itvoold  be  oataf  place  to  diacosa  thU  assainp. 
tion  here ;  we  Eimpl]'  point  it  ODt  and  c«U  the  itodeDt's  attention  to  a  aimOar 
one  that  ve  make  on  p.  15,  viz.  that  ifAxB=CxB  then  A=C. 
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The  B&me  may  be  stated  in  words  as  follows : — If  ang  number  of 
qvattlUies  tweeted  loiih  the  st^ns  +  or  -  oecw  tn  a  hrackd,  the  bracks 
may  be  removed,  ail  the  si^ns  remaining  the  same  if  a  +  precede  the 
bracket,  each  +  being  dumged  inio  a  -  aiid  eaclk  -  iiUo  a  +  ifa  -precede 
the  bracket. 

In  the  above  symbolical  statement  double  signs  ( ± )  have 
been  used  for  compactness.  The  student  will  obserre  that  with 
three  letters  2  x  2  x  3  x  3,  (.&  16,  cases  are  included.  Thus  the 
law  gives 

+  (  +  o  +  6  +  i;)=  +a  +  b  +  c, 
+  (-a  +  b  +  e)=  -a  +  b  +  c, 
-(-a  +  6  +  c)=  +a-b-c,  &c. 

§  8.]  Since  +a-c  +  c=  +0,  by  the  definition  of  subtraction, 
we  have 

+  a-tb-c  =  +  ( +  a  -  c)  +  c  +  (  +  b  ~  c), 

=  +{  +  a~c)  +  {  +  (  +  6-i;)  +  e}, 

by  law  of  commutation  for  addition, 

=  +<+•-')+(+*). 

by  definition  of  subtraction, 

=  -H«-C  +  6  (1). 

Also  +fl-J-c=  +a-{  +  b  +  c), 

by  law  of  association  for  addition  and 
subtraction, 

=  +»-(+"»), 

by  law  of  commutation  for  addition, 
.+«-«-i  (2), 

by  law  of  association  for  addition  and 
subtraction. 
Equations  (1)  and  (2)  may  be  regarded  as  extending  the  law 
of  commutation  to  the  sign  -  .*    We  can  now  state  this  law  fully 
as  follows : — 

*  It  might  be  objected  here  th&t  it  has  not  been  shown  that  -  <;  ma;  come 
into  the  first  place  in  the  chain  of  operationa.  The  ansicer  to  thia  would  he 
that  +  a-c-b  ma;  either  he  a  complete  chain  in  i^lf  or  menly  the  latter 
part  of  a  longer  chain,  say  p+n-e-b.    In  the  second  case  onr  proof  would 
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or  in  words : — In  way  chain  of  oddiHms  and  sfiMraeiions  the  different 
metnberi  may  he  VTritten  in  atu/  order,  each  wUh  iig  jiroper  sign 


Here  the  full  significance  of  the  attachment  of  the  operator 
to  the  operand  appears.      Thna  in  the  following  instance  the 
quantities  change  places,  canying  their  eigns  of  operation  with 
them  in  accordance  with  the  commutative  law — 
+  3-2  +  l-l=+3+l-l-2, 
=  +  3  -  1  +  1  -  2, 
=  -2-1  +  1  +  3. 
g  9.]  It  will  not  have  escaped  the  student  that,  in  the  as- 
BumptioQ  that  +a-b  ie  a  quantity  that  always  exists,  we  have 
already  transcended  the  limits  of  ordinary  arithmetic     He  will 
therefore  be  the  less  surprised  to  find  that  many  of  the  cases 
included  under  the  laws  of  association  and  commutation  exhibit 
operationH  that  are  not  intelligible  in  the  ordinary  arithmetical 
sense. 

If  o  =  3and6=2, 

then  by  the  law  of  association  and  by  the  definition  of  sub- 
traction +  3-2=  +1  +  2-2, 

=  +1. 
in  accordance  with  ordinary  arithmetical  notions. 
On  the  other  hand,  if 

a  =  2  and  5  =  3, 
then  by  the  laws  of  association  and  commutation  and  by  the 
definition  of  subtraction 

sh<nr  that  p-t^a-c-b—p-e  +  a-b;  aDd  the  nature  of  algebraic  geoeroli^ 
reqnireB  that+a-e-  b  shaold  not  have  anj  propertj  in  compositiDn  which  it 
has  not  p«r  se.  On  the  sama  ground  the  ( +  o  -  6)  of  g  1,  which  waa  originally 
de&aed  as  s  single  quantity,  ia  raaolved  into  +a-b,  and  made  anl^ect  to  the 
laws  of  commatatiDn  and  association,  bo  that  (  +  a-t)  may  now  be  written 
+a-b,  -b+a,  -(-a+b),  and  soon.  Aa  to  oll.qikeationg  of  this  kind  see 
the  concluding  remarks  of  this  chapter.  It  may  condoM  to  clearness  in  fol- 
lowing some  of  the  above  discnssions  to  lemembeT  that  the  primary  view  of  a 
chain  of  operationa  written  in  any  order  is  that  the  operations  are  to  be 
carried  out  aucMesively  from  left  to  right ;  e.g.  if  we  t£u£  merely  of  tlie  last 
addition,  +  S  +  3  +  6  +  6in  more  fully  ezpressiTe  symbols  means  (  +  2  +  3  + 6) +  6, 
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+  2-3=  +2-{  +  2+lX 
=  +2-2-1, 
=  -  1  +  2  -  2, 

Here  we  have  a  question  asked  to  which  there  is  no  ordinary 
arithmetical  answer,  and  an  answer  arrived  at  which  has  no 
meaning  in  ordinary  arithmetic 

Such  an  operation  as  +  2  -  3,  or  its  algebraical  equivalent, 
- 1,  is  to  be  expected  as  soon  as  we  begin  to  reason  about 
operations  according  to  general  laws  without  regard  to  the  appli- 
cation or  interpretation  of  the  results  to  be  arrived  at  It  moat 
be  remembered  that  the  result  of  a  series  of  operations  may  be 
looked  on  either  as  an  end  in  itself,  say  the  number  of  in- 
dividuala  in  a  group,  or  it  may  be  looked  upon  merely  as  an 
operand  destined  to  take  place 'in  further  operations.  In  the 
latter  case,  if  additions  and  subtractions  be  in  question,  it  must 
have  either  the  +  or  the  -  sign,  and  either  is  as  likely  to  occur 
and  is  as  reasonably  to  be  expected  as  the  other.  Thus,  as  the 
results  of  any  partial  operation,  +  1  and  -  1  mean  respectively 
1  to  be  added  and  1  to  be  subtracted 

The  fact  that  the  operations  end  in  results  that  have  no 
direct  interpretation  need  not  disturb  the  student.  He  must 
remember  that  algebra  is  the  general  theory  of  those  operations 
with  quantity  of  which  ordinary  arithmetical  operations  are 
particular  cases.  He  may  be  assured  from  the  way  in  which  the 
general  laws  of  algebra  are  established  that  when  algebraical 
results  admit  of  arithmetical  meanings,  these  results  will  be  arith- 
metically right,  even  when  some  of  the  steps  by  which  they  have 
been  arrived  at  may  not  be  arithmetically  interpretabla  On  the 
other  hand,  when  the  end  results  are  not  arithmetically  intelli- 
gible, it  is  merely  in  the  first  instance  a  question  of  the  con- 
siatency  of  algebra  with  itself.  As  to  what  the  application  of 
such  purely  algebraical  results  may  be,  that  is  simply  a  question 
of  the  various  uses  of  algebra ;  some  of  these  will  be  indicated  in 
the  course  of  this  treatise,  and  others  will  be  met  with  in  abun- 
dance by  the  student  in  the  course  of  his  mathematical  etudies. 
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It  will  be  Gufficient  at  thiB  stage  to  give  one  example  of  the 
advantage  that  the  introduction  of  algebraic  generality  gives  io 
arithmetical  operationH.  +a-b  asks  the  question  vhat  must 
be  added  to  +  6  to  give  +  a.  If  a  =  3  and  i  =  2,  the  answer  is  1 ; 
if  a  =  2  and  b  =  3,  arithmetically  speaking,  there  is  no  answer, 
because  3  is  already  greater  than  2.  But  if  we  regard  +  a  -  6  as 
asking  what  must  be  added  to  or  aabtracted  ^m  -t-b  to  get 
+  a,  then  the  eyaluation  of  +  a-b  in  any  case  by  the  laws  of 
algebra  will  give  a  result  whose  sign  will  indicate  whether 
addition  or  subtraction  must  be  resorted  to,  and  to  what  extent ; 
e.g.,  if  a=Z  and  6  =  2,  the  result  is  + 1,  which  means  that  1 
must  be  added ;  if  a  =  2  and  5  =  3,  the  result  is  - 1,  which 
means  that  1  must  be  subtracted. 

S  10.]  The  application  of  the  commutative  and  associative 
laws  for  addition  and  subtraction  leads  us  to  a  useful  practical  rule 
for  reducing  to  its  simplest  value  an  expression  consisting  of  a 
chain  of  additions  and  subtractions. 
We  have,  for  example, 
■{■a-b  +  e  +  d-e-f+ff 

=  +a  +  c  +  d  +  ff-b-e-f, 
=  +{a  +  c  +  d  +  g)-{b  +  e+f), 
=  +(  +  («  +  , +  rf  +  y)_(j  +  ,  +  /)}  (1). 

=  -  {^{b  +  e+f)-{a  +  c  +  d  +  ff)}  (2). 

If  a  +  c-i-d  +  g  be  numerically  greater  than  b  +  e+f,  (1)  is 
the  most  convenient  form ;  it  a  +  c  +  d  +  g  be  numerically  less 
than  b  +  e+f,  (2)  is  the  most  convenient.  The  two  taken  to- 
gether lead  to  the  following  rule  for  evaluating  a  chain  of 
additions  and  subtractions : — * 

Add  all  the  quantitUs  t^eeled  with  the  sign  + ,  also  all  tliose  affected 
tinih  the  sign  -  ,  take  the  differeme  of  the  two  sums  and  affix  the  iign 
of  the  greater. 

Nomsrical  example : — 

+3-6+6+8-9-10+2 

=  +(3  +  8  +  8  +  2) -(6  +  8  +  10), 

=  +19-24, 

=  -(24-19)=-5, 

*  Such  a  chain  a  ueuallj  spokeD  of  aaan  "  algsblaical  sum." 
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t]  PROFERTIES  OF   0,  II 

§  11.]  The  apecial  case  +  a  -a  deserves  close  atteatioD.  A 
Epecial  symbol,  viz.  Q,  is  used  to  denote  it  The  operational 
definition  of  0  is  therefore  given  by  the  equations 


In  accordance  with  this  we  have,  of  coarse,  the  results, 

6  +  0  =  6  =  6-0, 

and  +0=  -0, 

as  the  student  may  prove  by  applying  the  laws  of  association 
and  commutation  along  with  the  definition  of  0. 

§  12.]  It  will  be  observed  that  0,  as  operationally  defined,  is 
to  this  extent  indefinite  that  the  a  used  in  the  above  definition 
may  have  any  value  whatever. 

It  remains  to  justify  the  use  of  the  0  of  the  ordinary 
numerical  notation  in  the  new  meaning.  This  is  at  once  done 
when  we  notice  that  in  a  purely  quantitative  sense  0  stands  for 
the  hmit  of  the  difference  of  two  quantities  that  have  been  made 
to  differ  by  as  little  as  we  please. 

Thus,  if  we  consider  a  +  z  and  a, 

+  {a  +  x)-a  =  +  a-a  +  X  =  x. 

If  we  now  cause  the  x  to  become  smaller  than  any  assignable 
quantity,  the  above  equation  becomes  an  assertion  of  the  identity 
of  the  two  meanings  of  0. 


MULTIPLICATION. 

§  13.]  The  primary  definition  of  multiplication  is  as  an  ab- 
breviation of  addition.  Thus  +  a  +  a,A-a  +  a  +  a,-^a-i-a  +  a  +  a, 
Sec,  are  abbreviated  into  +  a  x  3,  +  o  x  3,  +  o  x  4,  &c  j  and  in 
accordance  with  this  notation  +  a  is  also  represented  by  +  a  x  1. 
a  X  2  is  called  the  product  of  a  by  2,  or  of  a  into  2 ;  a  is  also 
called  the  multiplicand  and  2  the  multiplier.  Instead  of  the 
sign  X  ,  a  dot,  or  mere  apposition,  is  often  used  where  no  am- 
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bignity  can  ariBe.     Thus  ax  2,  a.2,  and  a2  all  denote  the  some 
thing. 

§  14.]  So  long  as  a  and  b  represent  integral  numbers,  as  is 
snppoaed  in  the  primaiy  definition  of  multiplication,  it  is  eaay  to 
prove  that 

axb=bxa; 

or,  adopting  the  principle  of  attachment  of  operator  and  operand, 
with  fall  symbolism  (see  above,  §  4), 

xaxfi  =  xbxa. 
The  same  may  be  established  for  any  number  of  integers,  e.g. 

xaxbxc  =  X  axcxb  =  xbxcua,  &c 
In  other  words,  the  order  of  operaiions  in  a  chain  of  mtUliplkaiums  is 
indifferent. 

This  is  the  CoMMDTATrvE  Law  for  multiplication. 

S  16.]  We  may  introduce  the  use  of  brackets  and  the  idea  of 
association  in  exactly  the  same  way  as  we  followed  in  the  case 
of  addition.  Thus  inxax(xfixi:)weare  directed  to  multiply 
a  by  the  product  of  i  by  c  The  Law  of  Association  assertB  that 
this  is  the  same  as  multiplying  a  by  b,  and  then  multiplying  this 
product  by  c     Thus 

xox(xftxc)=xax6xc. 
The  like  holds  for  a  bracket  containing  any  number  of  factors. 
lu  the  case  where  a,b,  c,  &&,  are  integers,  a  proof  of  the  truth 
of  this  law  might  be  given  resting  on  the  definition  of  multi- 
plication and  on  the  laws  of  association  and  commutation  for 
addition. 

§  16.]  Even  in  arithmetic  the  operation  of  multiplication  is 
extended  to  cases  which  cannot  by  any  stretch  of  language  be 
brought  under  the  original  definition,  and  it  becomes  important 
to  inquire  what  is  common  to  the  different  operations  thus  com- 
prehended under  one  symbol  The  answer  to  this  question, 
which  has  at  different  times  greatly  perplexed  inquirers  into  the 
first  principles  of  algebra,  is  simply  that  what  is  common  is  the 
formal  laws  of  operation  which  we  are  now  estabUshing,  viz.  the 
asBodative  and  commutative  laws,  and  another  presently  to  be 
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mentioned.  These  alone  define  the  fundamental  operations  of 
addition,  multiplication,  and  diviaion,  and  anything  further  that , 
appears  in  any  particular  case  {e.g.,  the  statement  that  ^  x  ^  is 
^  of  f )  is  merely  a  matter  of  some  interpretation,  arithmetical 
or  other,  that  is  given  to  a  symbolical  result  demonstrably-  in 
accordance  with  the  laws  of  symbolical  operation. 

Acting  on  this  principle  we  now  lay  down  the  laws  of  com- 
mutation and  association  as  holding  for  the  operation  of  multi- 
plication, and,  indeed,  as  in  part  defining  it 

§  17.]  The  consideration  of  complex  multipliers  or  complex 
multiplicands  introduces  the  last  of  the  three  great  laws  of 
algebra. 

It  is  easy  enough,  if  we  confine  ourselves  to  the  primary 
definition  of  multiplication,  to  prove  that 

+  ax(  +  S  +  i!)    =-Klx6  +  0xC, 

+  ax(  +  J-(;)  =+ax6-axc, 
(  +  «-*)  x{  +  c-d)  =+axc-ax(i~6xc  +  6x<i 

These  suggest  the  following,  which  is  called  the  Distribtjtive 
Law: — 

The  product  of  two  agwesstoju,  each  of  which  amsUls  of  a  chain 
of  additions  and  sublractiona,  is  equal  to  the  chain  of  addUvms  and 
BiAtractians  obtained  by  mtUUplying  each  amsiiiueni  of  thefird  expres- 
sum  by  each  amstiitieiU  of  the  second,  seitwtg  dovnt,  ail  the  parti/U 
products  thus  obtained,  and  prefixing  the  +  stga  if  the  two  constUuenis 
preiwmsly  had  like  signs,  [he  -  sign  if  the  con^wnts  previously  had 
vniike  signs. 

Symbolically  thus 

(±a=ti)x(±c±rf) 

=  (±a)x(±c)  +  (±a)x(±<f)  +  (±6)x(*.) 

+  (±d)x(±(f), 

with  the  following  law  of  signs : — 

{  +  a)x{-i-c)=+ac,     (  +  a)x(-c)=-ac, 
{-a)^(  +  e)^-ac,     (-a)^  {-c)= +ac. 

There  are  sixteen  different  cases  included  in  the  above  equation, 
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aa  will  be  seen  by  taking  every  combination  of  one  or  other  of 
the  double  signs  before  each  letter. 

There  nuy,  of  course,  be  as  many  constituents  in  each 
bracket  aa  we  please.  If,  for  example,  there  be  m  in  one 
bracket  and  n  in  the  other,  there  will  be  mn  partial  products 
and  2"  +  "  different  arrangements  of  the  signs. 

The  distributive  law,  suggested,  as  we  have  seen,  by  the 
primary  definition  of  multipUcation,  is  now  laid  down  aa  a  law 
of  algebra.  It  forms  the  connecting  link  between  addition  and 
multiplication,  and,  along  with  the  commutative  and  Associative 
laws,  completes  the  definition  of  both  these  operations. 

§  18.]  By  means^qf  the  distributive  law  we  can  prove  another 
property  of  0.  For  if  5  be  any  definite  quantity,  subject  without 
restriction  to  the  laws  of  algebra,  we  have 

+  ba-ba=  +fi  x  (  +  a-a)  =  (  +  a-a)  x  (  +  6), 
=  _jx(  +  a-«)  =  (  +  a-a)x(-6), 
whence   0  =  (  +  6)xO=Ox{  +  J)  =  (-t)xO  =  Ox(-6); 
or  briefly  6x0  =  0x6  =  0. 


DIVISION. 

§  19.]  Division  for  the  purposes  of  algebra  is  best  defined  as 
the  inverse  operation  to  multiplication.  The  quotient  of  a  by  6, 
or,  as  it  is  written,  a  -^  6,  is  defined  to  be  that  which,  when 
multiplied  by  b,  gives  a.  Thus  a-i-b  derives  its  meaning  from 
the  equation 

{a-i-b)  xb  =  a. 

In  a-i-b,  a  ia  called  the  dividend  and  6  the  divisor.  Some- 
times a  is  called  the  antecedent  and  6  the  consequent  of  the 
quotient. 

Another  notation  for  a  quotient  is  very  often  used,  viz.  r  or 

a/b.  As  this  is  the  notation  of  fractions,  and  therefore  has 
a  meaning  already  attached  to  it  in  the  case  where  a  and  b 
ate  integers,  it  is  incumbent  upon  us  to  justify  ito  use  in  another 
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meaning.     To  do  this  we  have  eiiaply  to  remark  that  b  times,  t. 

that  is,  h  times  a  of  the  btit  parts  of  unity ,  is  evidently  a  times  unity, 
i.e.  a ;  also,  by  the  definition  of  a-i-b,  b  times  a-i-b  i&a.     Hence 

we  conclude  that  ■   is  operationally  equivalent  to  a-i-b  in  the 

case  where  a  and  b  are  integers.     No  further  justification  is 

necesaaiy,  for  when  either  a  or  6,  or  both,  are  not  integers,  -7- 

loses  its  meaning  as  primarily  defined,  and  there  is  no  obstacle 
to  regarding  it  as  an  alternative  notation  for  a-i-b. 

In  the  above  definition  we  have  not  written  the  signs  -t-  or  - 
before  a  and  6,  but  they  were  omitted  simply  for  brevity,  and 
one  or  other  must  be  understood  before  each  letter.  We  shall 
continue  to  omit  them  until  the  question  as  to  their  manipulation 
arises. 

§  20.]  Since  division  is  fully  defined  as  the  inverse  of  multi- 
plication, we  ought  to  be  able  to  deduce  all  its  laws  from  the 
definition  and  the  laws  of  multiplication. 
We  have  * 

^axh-i-c)  X  c  =  axb, 

by  definition  of  division ; 
also  {a-i-cxb}  X  c  =  {a-T-c)xb  xc, 

by    law    of    association    for 
multiplication, 
=  (a-i-c)  xcx  b, 

by  law  of  commutation  for 
multiplication, 
=  axb, 

by  definition  of  division. 
axb-i-c  =  a-i-cxb. 


*  Here  again  the  ramark  made  in  the  last  part  of  the  note  at  the  foot  of 
p.  8  ^iplies,  viz.  axh-i-c  primuily  means,  if  we  tliink  onlj  of  the  lagt 
operstion,  the  aame  aa  (axb)-i-e;  a-i-cxi  the  Bame  as  {a-i-c)xb;  and 
so  oa.  An  in  the  case  of  4-a,  when  x  a  comes  first  in  a  chain  of  operations, 
X  ia  omitted  for  brevitj. 
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Again,  {a-i-b-i-c}  x  {b  x  c)  ^  {{a -i- h) -i- c)  x  c  xb, 

by  association  and  commn- 
tation  for  multiplication, 

=  (a-6).6, 

=  0, 

by  definition  of  division ; 
dao  {a-irc-i-b}  X  (6xc)  =  {{a^c)^b}  x  ftxc, 

=  (a-=-c)xc, 
=  0. 
Theiefoie  a-i-b-i-c  =  a-~c-i-b. 

In  tluB  way  we  establish  the  l&w  of  commutation  for  division. 

Taking  multiplication  and  division  together  and  attaching 
the  ^mbol  of  operation  to  the  operand,  we  may  now  give  the 
foil  statement  of  this  law  as  follows : — 

In  any  chain  of  muUiplicalion^  and  divisions  the  order  of  the 
constUumts  is  ind^erent,  prcmded  the  proper  siffn  be  attached  to  each 
amstHvent  and  move  wUh  it. 

Or,  in  symbols,  for  two  constituents, 

+  a^  b  =  ^  b  ^a, 
there  being  4  cases  here  iBcluded,  e.g. 

T-ax6=  xft-^o, 
—  a-i-b  =  -i-b-i-a,  and  so  on. 
§21.]  {ax(J  +  .))  .....  {(J  +  e)..), 

also  {(a  X  5)  -^  c  }  x  c  =  axb. 

Therefore  a  x  (6  -i-  c)  =  (a  x  6)  -e-  c, 

or,  which  is  the  same  thing,  =axb-i-c. 

Again,    {a-i-(bxc)}  x  {bi<c)  =  a; 
also  {a-i-b  ~  c)  x  (bxc)  =  {{a-4-6)-i-c}  x  cxb, 

=  (a-f6)x6, 

Therefore  a-i-{b  x  c)  =  a-i-b-i-c. 
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These  are  instancea  of  the  law  of  association  for  division  and 

multiplication  combined,  which  we  may  now  state  as  follows : — 

When  a  bracket  cotUaina  a  chain  of  mvitiplicatKus  and  divisions, 

,  the  bracket  may  be  removed,  every  sign  being  unchanged  if  a  x  precede 

1-  the  bracket ;  every  styn  being  reversed  if  a-^  precede  the  bracket. 
Or  in  symbols  for  two  constituents, 

with  the  following  law  of  signs : — 

x(xa)=  xa,     X.  (•i-a)=  -i-a, 

+  («.)=+»,     +(  +  .).  xo. 

Iq  the  above  equation  eight  cases  are  included,  e.g., 

.{^axb)=^axb, 

~{^axb)=  xa-i-b, 

-=-(-=-a-^J)=  xox6, 

and  so  on. 

§  22.]  Just_  a»  in  subtractioji  we  denote  the  special  case 
+  a  -  a  by  a  separate  symbol  0,  so  in  division  we  denote   x  a  -^  a 
by  a  separate.aymbol.  1.    From  this  point  of  view  1  has  a  purely 
operational  meaning,  and  we  can  prove  for  it  the  following  laws 
analogous  to  those  established  for  0  in  §  11 : — 
xa-r(i  =  -i-axa  =  l, 
ixl=6  =  i^l, 
X  1  =  -^1. 
Like  0,  1  has  both  a  quantitative  and  a  purely  operational 
meaning.     Quantitatively  we  may  look  on  it  as  the  limit  of  the 
quotient  of  two  quantities  that   differ  from  each  other  by  a 
quantity  which  is  as  email  a  fraction  as  we  please  of  either.     For 
example,  consider  a  +  z  and  ii,  then  the  equation 

becomes,  when  x  is  made  as  small  a  fraction  of  a  as  we  please, 
an  assertion  of  the  compatibUity  of  the  two  meanings  of  1. 

ilt  should  be  noted  that,  owing  to  the  one-sidedneas  of  the 
law  of  distribution  (i.e.,  owing  to  the  fact  that  in  ordinaiy 
VOL.  I.  C 
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algebra  S  +  (  'ia-i-c)  =  x  (b  +  a)-i-{b  +  c)is  not  a  legitimate  trans- 
formation),  there  is  no  analogue  for  1  to  the  equation 

'  6x0  =  0, 

which  ia  true  in  the  case  of  0, 

§  23.]  If  the  student  will  now  compare  the  laws  of  association 
andcommutation  for  addition  and  subtraction  on  the  one  band 
and  for  multiplication  and  division  an  the  other,  he  will  find  them 
to  bo  formally  identical.  It  follows,  therefore,  that  so  far  as  these 
lawB  are  concerned  there  is  rirtuallf  no  distinction  between  addi- 
tion and  subtraction  on  the  one  hand  and  multiplication  and 
division  on  the  other,  except  the  accident  that  we  use  the  signs 
+  and  -  in  the  one  case  and  v  and  -^  in  the  other, — a  conclusion 
at  first  sight  a  little  startling.  This  duality  ceases  wherever  the 
law^of  distributioa  is  concerned. 

§  24.]  We  have  already  been  led  to  consider  such  expressions 
as  +  ( +  2)  and  +  ( -  2),  and  to  see  that  +  a  may,  according  to 
the  value  given  to  »,  be  made  to  stand  for  +  ( +  2),  that  is,  +  2  or 
+  ( -  3),  that  is,  -  2.  The  mere  fact  that  a  particular  sign,  say  -i- , 
stands  before  a  certain  letter,  indicates  nothing  as  to  its  reduced 
or  ultimate  value ;  the  sign  +  merely  indicates  what  has  to  be 
done  with  the  letter  when  it  enters  into  operation. 

In  what  precedes  as  to  division,  and  in  fact  in  all  our  general 
formulse,  we  may  therefore  suppose  the  letters  involved  to  stand 
for  positive  or  negative  quantities  at  pleasure,  without  affecting 
the  truth  of  our  statement  in  the  least. 

For  example,  by  the  law  of  distribution, 

{a-b){c  +  d)  =  CK  +  ad~bc-  bd; 
here  we  may,  if  we  hke,  suppose  d  to  stand  for  -  d'. 

Wfi  thus  have 

(.-»){.  +  (-<(■))  =«,  +  »(-<f)-4<-4(-<f), 
vhich  gives,  when  we  reduce  by  means  of  the  law  of  signs 
proper  to  the  case, 

{a-b){c-d')  =  ac~ad'  -bc  +  bd', 
which  is  true,  being  in  fact  merely  another  case  of  the  law  of 
distribution,  which  we  have  reproduced  by  a  subslilutmi  from 
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the  former  case.  Thie  principle  of  suiislUution  is  one  of  the  most 
important  elements  in  the  science ;  it  is  this  th&t  gives  to 
a^ebraic  calculation  its  immense  power  and  almost  endless 
capability  of  development 

§  25.]  We  have  now  to  conaider  the  effect  of  explicit  signs 
attached  to  the  constituent  a  of  a  quotient.  Ab  this  is  closely 
bound  up  with  the  operation  of  the  distributive  law  for  division, 
it  will  he  beat  to  take  the  two  together. 

The  full  symbolical  statement  of  this  law  for  a  dividend 
having  two  constituents  is  as  follows : — 

(»,.*»)+(*  ,)=(*.)+(*  .)+(*»)+(*«), 

with  the  following  law  of  signs. 

Or  briefly  in  words — 

In  division  the  dividend  may  be  distributed,  the  dgiis  of  the  parlial 
quotients  following  the  same  law  as  in  mtdt^icalion. 

The  above  equation  includes  of  course  eight  cases.  It  will 
be  sufficient  to  give  the  formal  proof  of  the  correctness  of  the 
law  for  one  of  them,  say 

Woluivo  ((  +  a-S) -»•(-«))   X  (-«)  =  +a-b, 

by  definitiou  of  dirision. 
Again,  {-n-i- t  +  b-i-c}  x  (-c) 

by  law  of  distribution, 
=  +  a  -  6,  by  definition  of  division. 

Hence  (  +  o-6)-e(-c)=  -a-i-c  +  b~c, 
since  each  multiplied  by  -  c  gives  tha  same  result. 

§  26.]  The  law  of  distribution  has  only  a  limited  application 
to  division,  for  although,  as  just  proved,  the  dividend  may  be 
distributed,  the  same  ie  not  true  of  ihe  divisor.  Thus  it  is  not 
true  that 

a~-(b  +  c)  =  a-^b  +  a-i-c, 
or  that  a~-{b-c)  =  a-i-b-a-^c. 
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as  the  student  may  readily  satisfy  himself  in  a  variety  of 
ways. 

§  27.]  As  we  have  now  completed  the  estahlishment  of  the 
fundamental  laws  of  ordinary  algebra,  it  may  be  well  to  insist 
once  more  upon  the  exact  position  which  they  hold  in  the 
science.  To  speak,  as  is  sometimes  done,  of  the  proof  of  these 
laws  in  all  their  generality,  is  an  abuse  o£  tenna.  They  are 
simply  laid  down  as  the  canons  o^_the  science.  The  best  evi- 
d^ce  that  this  is~their"rear  position  is  ijie  fact  that  algebras  are 
in  use  whose  fundamental  laws  differ  from  those  of  ordinary 
algebra.  In  the  algebra  of  quaternions,  for  example,  the  law 
of  commutation  for  multiplication  and  division  does  not  hold 
generally.*/ 

What  we  have  been  mainly  concerned  with  in  the  present 

I  chapter  is  (1st)  to  see  that  the  laws  of  ordinary  algebra  shall  be 
self-consistent;  {2nd)  to  take  care  that  the  operations  they  lead 
to  shall  contain  those  of  ordinary  arithmetic  as  particular  cases. 
In  so  far  as  the  abstract  science  of  ordinary  algebra  is  con- 
cerned, the  definitions  of  the  letters  and  symbols  used  are  simply 
the  general  laws  laid  down  for  their  use.     When  we  come  to  the 
j  application  of  tjie  formnhe  of  ordinary  algebra  to  any  particular 
I  purpose,  such  as  the  calculation  of  areas,  for  example,  we  have 
I  in  the  first  instance  to  see  that  the  meanings  we  attach  to  the 
!  symbols  are  in  accordance  with  the  fundamental  laws  above 
stated.     When  this  is  estabhshed  the  formulae  of  algebra  become 
mere  machines  for  the  saving  of  mental  labour. 

S  28.]  We  now  collect,  for  the  reader's  convenience,  the 
general  laws  of  ordinary  algebra. 

Law  of  Assocution. 


For  addition  and  suhtrac- 


For  multiplication  and  divi- 
sion— 


±{±a±b)=  ±{±a)±{±b), 
with  the  following  law  of  signs: — 

The  concurrence  of  like  signs  gives  the  direct  sign. 
_^         The  concurrence  of  unlike  signs  the  inverse  sign. 
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Thus — 

-(-a)=+a,    -(  +  a)=-a.  I   --(-ra)=  xa,     -=-(xa)  =  --«. 

Law  of  Commutation. 
For  addition  and  subtrac-  For  multiplication  and  divi- 

aion — 

the  operand  always  carrying  its  own  sign  of  operation  with  it. 
PropertUs  of  0  and  1. 
0=  +a~a,  !  ^"  xn-f-fl, 

±6  +  0=  ±6-0,  j  ^6x1=^6^-1, 

Law  op  Distribution. 
For  mnltiplication — 

(±a±6)x(±c±rf)=+(±a)x(±c)  +  (±a)x(±<Q 
+  {±6)x(±c)  +  (±&)x{±d), 
with  the  following  law  of  eigns : — 

If  a  partial  product  has  constituents  with  like  signs,  it  most 
have  the  sign  + . 

If  the  constituents  have  unlike   signs,   it   must   have   the 
sign-. 
Thus — 
+  (  +  a)x(  +  c)=+ax.,      +(  +  «)x{-c)=-«xc 
+  (-«)x(-«)=+axc,      4-(-a).(  +  c)=-axc. 
Property  of  0. 
0x6  =  6x0  =  0. 
For  division — 

(±o±»)-i-(±«)=+(±.)-i-(±e)  +  (±»)  +  (±t), 
with  the  following  law  of  signs: — 

If  the  dividend  and  divisor  of  a  partial  quotient  have  like 
signs,  the  partial  quotient  must  have  the  sign  + . 

If  they  have  unlike  signs,  the  partial  quotient  must  have  the 
sign-. 
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Thofl — 
+  (  +  .)  +  (  +  «)-  +«-i-^       +(  +  ,.)-!-(-<)=  -»  +  «, 
+  (-.)H-(-c)=  +«.+  .,       +(-.)  +  (  +  «).  -«H-«. 

N.B. — The  divisor  cannot  be  diatributed. 

Property  of  0. 
0  H-  5  =  0. 
N.B. — NotMng  ie  said  regarding  £-=-0.     This  case  will  be 
diBcuBsed  later  on. 

ExfsciBEa  I. 
In  working  this  set  of  ezuluples  the  student  ia  expected  to  avoid  quoting 
derived  formute  that  he  may  happen  to  recollect,  and  to  refer  every  step  to 
the  fandamental  principles  discussed  in  the  above  chapter. 

(1. )  Point  out  in  vhat  seuee  the  usual  arrangement  of  the  multiplication 
of  SflS  by  192  ia  an  instance  of  the  law  of  distribution. 

(S. )  I  have  a  multiplying  machine,  but  the  most  it  can  do  at  one  time  is 
to  multiply  a  number  of  10  digits  by  another  number  of  10  digits.  Explain 
how  I  can  use  my  machine  to  multiply  1^93'45^83!2S1  by  46b8l'23g^4^32. 
(3.)  To  divide  fiOOl  by  12  is  the  same  aa  to  divide  G004  by  3,  and  then 
divide  the  quotient  thus  obtained  by  4.  Of  what  law  of  algebra  is  this  an 
inatanca! 

(4. )  If  the  remainder  on  dividing  N  by  a  be  R,  and  the  quotient  P,  and 
if  we  divide  P  by  6  and  find  a  remainder  S,  show  that  the  remainder  on 
dividing  N  by  (li  will  be  oS  +  R. 

IUustrat«  with  E016-T-12. 

(6.)  Show  how  to  multiply  two  nomhers  of  10  digits  each  so  as  to  obtain 
merely  the  number  of  digits  in  the  product,  and  the  Grst  three  digits  on  the 
left  of  the  product 

Illustrate  by  finding  the  Dumber  of  digits,  and  the  first  three  left-hand 
digits  in  the  following : — 

1st.  3659863456789325678  x  342973489376265. 
2nd.  2«. 
. (6.)  Express  in  the  simplest  form — 

-(-(-(-t- . .  (-1) . . . )))), 

1st.  Where  there  are  2>i  brackets. 

2nd.  Where  there  are  2n+ 1  brackets ;  n  being  any  whole  number 
whatever. 

(7.)  Sirapliiy  and  condense  as  much  as  possible — 
20-  {l3a-[o-(6-o)]}. 

(8.)  Simplify— 

1st.  3{4-6I8-7(8-»10-ll)l}, 

2nd.  j{i-Ki-+{i-i-A^)]}. 
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>     (9.)  Simplify—  -h^i- 

1_(2-(3_(1_  .  ,  .  _(B-(io-ll))  .  .  .  ))).      ^f^^ 
(10.)  Distribute    the    followiDg    products: — lat.    (n  +  i)x(<i+i)  ;    2ud. 
(o-6)x(o  +  J);  3rd.  (3n-66)  x  (3a  +  8i) ;  «h.   (ia- i*)  x  (jo  +  iJ). 
(11. )  Simplily,  by  expanding  and  vondenaing  as  much  na  possible — 
{(m  +  l)«  +  (n  +  J)J!!l'"-l)«  +  (»-l)M 
+  |(m  +  l)a-(n+l)ft};(in.-l)o-(H-l)6). 
(12.)  Simplifj— 

(13.)  Sinip!il>— 

(»9('-r)(«-l)-(-;X'-;)04)- 

(14.)  Expand  and  condense  aa  much  as  possible— 
«J-H»+l-)(t»-fe-H=l. 

Hialorifal  Note. — The  aeporation  Bod  clasBification  of  the  fundamental  lava 
of  Algebra  hag  bean  a  Blow  process,  extending  over  more  than  2000  years.  It  is 
most  likely  that  the  first  ideas  of  algebraic  idectity  were  of  geometrical  origin. 
Id  the  second  book  of  Euclid's  Mlemenla  (about  SOO  B.C.),  for  example,  we  have  a 
series  of  propositlona  which  may  be  read  as  algebraical  jdentitiea,  the  operands 
being  lines  and  rectangles.  In  the  extant  works  of  the  great  Greek  Algebraist 
Diaphantos  (350  T)  we  find  wliat  lias  been  called  a  syncopated  algebra.  He  nsea 
contractions  for  the  names  of  the  powers  of  the  variables ;  has  a  symbol  iji  U> 
denote  avbtractiDn  ;  and  even  euunciatea  the  abstract  law  for  the  multiplication 
of  positive  and  negative  numbers  ;  but  has  no  idea  of  independent  oegative  quan- 
tity. The  Arabian  mathematicians,  as  regards  symboliam,  stand  on  much  the 
same  platfoTTD  ;  and  the  same  is  true  of  the  great  Italian  mathematicians,  Ferro, 
Tortaglia,  Cardano,  Ferrari,  whose  time  falls  in  the  first  half  of  the  sixteenth 
century.  In  point  of  method  the  Indian  mathematicians  Aryabhatta  (473), 
Brahmagupta  (SS8),  Bhaacara  (1114),  stand  somewhat  higher,  but  their  works 
had  no  direct  influence  on  Western  science. 

Algebra  in  the  modem  sense  begins  to  take  shape  in  the  works  of  Begiomon- 
tanu;E(113e-147d),RudoIff(about  1620),  Stifel  (1487-1607),  and  more  particularly 
Viito  {1B40-1603)  and  Harriot  (1560-1621).  The  introduction  of  the  variona 
4lgn3  of  operatiDD  may  be  dated,  with  more  or  less  certainty,  aa  follows ;  v 
and  apposition  to  indicate  multiplication,  m  old  as  the  use  of  the  Arabic  nmnerals 
in  Europe;  -t-and-,  Hudolff  1523,  and  Stifel  1544  ;  =,  Recorde  15E2  ;  viaculum, 
ViJte,  1691  i  braeketa,  first  by  Qirard,  1629,  but  not  in  familiar  use  Ull  the 
■  eighteenth  century;  <  >,  Harriot's  Prnxia,  published  1631;  k,  Oughtred, 
and  -r.  Pell,  about  1631. 

It  was  not  until  the  Oeometry  of  Descartes  appeared  (in  1637)  that  the  im- 
portant idea  of  using  a  single  letter  to  denote  a  quantity  which  might  be  either 
positive  or  n^ative  became  familiar  to  mathematicians. 

The  establishment  of  the  three  great  laws  of  operation  was  left  for  the  preaant 
century.  The  chief  contrihuton  thereto  were  Peacock,  De  Morgan,  D.  F.  Gregory, 
Hankid,  and  others,  working  professedly  at  the  philosophy  of  the  first  principles  ; 
and  Huaillon,  Graasmann,  Peiice,  and  their  followers,  who  threw  a  fiood  of  light 
on  the  subject  by  conceiving  algebras  whose  laws  differ  &om  those  of  ordinary 
algebra.  To  these  shotdd  be  ^ded  Argand,  Canchy,  Qauss,  and  others,  who 
developed  the  theory  of  imaginaiiea  in  ofdinory  algebra. 
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CHAPTEK  II. 
MonomialB— Laws  of  Indices— Degree. 

THEORY   OP   INDICES. 

§  1.]  The  product  of  a  number  of  letters,  or  it  may  be  num- 
bers, each  being  supposed  simple,  so  that  multiplication  merely 
and  neither  addition  dot  subtraction  nor  division  occurs,  is  called 
an  inte^ai  term,  or  more  fully  a  rational  integral  monomial  {ie.,  one- 
termed)  algehraiaUfutuium, e.g., ax  ZxGxxKaxxxxyyxbxb. 

By  the  law  of  commutation  ve  may  arrange  the  constituents 
of  this  monomial  in  any  order  ve  please.  It  is  usual  and  con- 
venient to  arrange  and  associate  together  all  the  factors  that  are 
mere  numbers  and  all  the  factors  that  consist  of  the  same  letter ; 
thus  the  above  monomial  would  be  written 

(3x6)x{axa)x{bxb)x{xxxxx)xs. 

3x6  caa  of  course  be  replaced  by  18,  and  a  further  contrac- 
tion ie  rendered  possible  by  the  introduction  of  indices  or  ex- 
ponents. Thus  a  X  a  is  written  a',  and  is  read  "  a  square,"  or 
"a  to  the  second  power."  Similarly  b  xb  ia  replaced  by  6',  and 
XXX  X  a;  by  a^,  which  is  read  "x  cube,"  or  "a;  to  the  third  power." 
We  are  thus  led  to  introduce  the  abbreviation  z^  for  z  x  x  x  x  x  . .  . 
where  there  are  n  factors,  n  being  called  the  index  or  exponent,'* 
while  z"  is  called  the  n.th  power  of  a^  or  a;  to  the  wth  power. 

§  S.]  It  will  be  observed  that  in  order  that  the  above  defini- 
tion may  have  any  meaning  the  exponent  n  must  be  a  positive 

*  In  sccordince  with  this  definition  a^  of  course  mMns  simi>lf  x,  and  is 
UBn«lly  BO  written. 
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integral  number.     Confining  ourselves  for  the  present  to  this 
.case,  we  can  deduce  the  following  "  laws  of  indices." 

I.  (a)  a«^  a*  ^  (,-+■•, 

and  generally  a"  xa*xaPx  .  .  .  =  a"  +  "+p+  ■  ■  ■ 

(fi)  -  =  o"-"  if  m>n, 

(r)  (»-)■  =«■•=(.■)-. 

.  IL  (a)  (oi)"  =  o-i", 

and  generally  (aic  .  .  .)"  =  a'*l^e™  .  .  . 

To  prove  I.  (a),  we  have,  by  the  definition  of  an  index, 

«•  X  a*  =  (a  X  tt  X  ffl  .  .  .  m  factors)  x  (a  x  a  x  a  .  .  .  »  factors), 
=  axaxa  .  .  .  m  +  n  factors,  by  the  law  of  association, 
=  a"*",  by  the  definition  of  an  index. 
Having  proved  the  law  for  two  factors,  we  can  easily  extend 
it  to  the  case  of  three  or'  more, 

for  a"  X  a"  X  aP  =  (n"  x  a")  *  nP,  by  law  of  association, 

=  rt"  +  "  x  oi",  by  case  already  proved, 
_(^Bi  +  it)+j)^  by  case  already  proved, 

and  so  on  for  any  number  of  factora. 

In  words  this  law  runs  thus :  The  product  of  any  number  of 
powers  of  one  and  the  same  letter  is  equal  to  a  power  of  that 
letter  whose  exponent  is  the  sum  of  the  exponents  of  these 
powers. 

To  prove  I.  (,9), 

a" 

—  =  (a  X  a  X  ...  m  factors)  -e-  (a  x  a  x  .  .  .  n  factors), 

by  definition  of  an  index, 
=  a  X  n  X  n  .  ■ .  .  m  factors  -^  a  -^  a  -^  .  .  .  m  divisions, 
by  law  of  association. 
Now  if  m  >  n  we  may  arrange  these  as  follows : — 
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—  =  (axax  ,  .  .  m-n  factors)  x  {a^  a)  x{a-^  a)  .  .  .  n  factors 

by  laws  of  association  and  commutation, 
=  iitiix.   .   .  m-n  factors,  by  the  properties  of  division, 
=  «"-". 

If  m  <  n,  the  rearrangement  of  the  factors  may  be  effected 
thus — 

—  =  -7-(fflxflx..  .n-m  factors)  x  {a -i- a)  x  {a -^  a) .  .  .n  factors 


To  prove  I.  (y), 
(re")"  =  a"  X  n"  X  ,  ,  .  B  factors,  hy  definition, 

=  (ffl  X  n  X   .  .  .  m  factors)  x  (a  x  a  x  .  .  .  m  factors) 

X  ,  .  .  n  sets,  by  definition, 
=  a  X  a  X  .  .  .  mn  factors,  by  law  of  association, 
=  a**,  by  definition. 
To  prove  IL  (a), 
(oi)"  =  {ah)  X  (06)  X   .  .  .  m  factors,  by  definition, 

=  (rt  X  (I  X   .  .  ,  jit  factors) )?  (6  X  6  X  ,  ,  ,  m  factors), 
by  laws  of  association  and  commutation, 
=  o^J",  by  definition. 
Again,  {ahcY  =  {(16)  i^} " 

=  (<iJ)"'c"  by  last  case 
=  ((i'"6")c",  by  last  case 
=  n'*i"c",  and  so  on. 
Hence  the  mth  power  of  the  product  of  any  number  of  letters 
is  equal  to  the  product  of  the  mth  powers  of  these  letters. 

To  prove  II.  ((8), 
(  —  J    =  (a  -T-  6)  X  (a  -r-  J)  X  .  ,  .  m  factors,  by  definition, 

=  {ax  ay.   ...  m  factors)  -j-  {6  x  6  x  ,  ,  .  m  factorsX 

by  association  and  commutation, 
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In  words :  The  mth  power  of  the  quotient  of  two  letters  is 
the  quotient  of  the  mth  powers  of  these  letters. 

§  3.]  In  80  far  as  positive  integral  indices  are  concerned  the 
above  laws  are  a  deduction  from  the  definition  and  from  the 
laws  of  algebra.  The  use  of  indices  is  not  confined  to  this  case, 
however,  and  the  above  are  laid  down,  as  the  laws  of  indices 
generalljr.  The  question  of  the  imaning  of  fractional  and  negative 
indices  is  deferred  till  a  later  chapter,  but  tbe  student  will  have 
no  difficulty  in  working  the  examples  given  below.  All  he  has 
to  do  is  to  use  the  above  laws  whenever  it  is  necessary,  without 
regard  to  any  restriction  on  the  value  of  the  indices. 

§  4.]  The  follovring  examples  are  worked  to  familiarise  the 
student  with  the  meaning  and  use  of  the  above  laws.  At  first 
he  should  be  careful  to  refer  each  step  to  the  proper  law,  and  to 
see  that  he  takes  no  step  which  is  not  sanctioned  by  some  one 
of  the  laws  of  indices,  or  by  one  of  the  fundamental  laws  of 
algebra. 

Example  1. 

=  a'a'ft'fi^c"  4-  o*  -r-  M  -i-  c",  by  association  and  (M>inmutatioD, 

=  a'+»i'+V+"  -H  (I*  -r-  i»  ^  c",  by  law  of  iadicas,  I.  (a), 

=  {o»+»  -^  o<)  X  (6"+"  •^  d")  X  (e'+"  -i-c"),  by  issociaHon  and  com- 


=  i^»-»xJ'+«-»xe'+"-»,  byUwofindiMs,  I.  dS), 
Example  2. 


K-S«..  "J"'  «""■•'•'■ 


3'  X  fiVs*!"    ,     ,    ,  ,       ,  ,   ,  , 


-m- 
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THEORY   OF  DEORXE. 

§  6.]  The  result  of  multiplyiiig  or  dividing  any  number  of 
letters  or  numbers  one  by  another,  addition  and  subtraction 
being  excluded,  for  example,  3  xaxxxb-i-c-i-yxd,  is  called  a 
(rational)  monomial  algibraicol  function,  of  the  numbers  and  letters 
involved,  or  simply  a  term.  If  the  monomial  either  does  not 
contain  or  can  be  ho  reduced  as  not  to  contain  the  operation  of 
division,  it  is  said  to  be  tniegrai ;  if  it  cannot  be  reduced  so  as 
to  become  entirely  free  of  division  it  is  said  to  be  /raclionai.  In 
drawing  this  distinction,  division  by  mere  numbers  is  usually 
disregarded,  and  even  divisioa  by  certain  specified  letters  may  be 
disregarded,  as  vill  be  explained  presently. 

§  C]  The  number  of  times  that  any  particular  letter  occurs 
by  way  of  multiplication  in  an  integral  monomial  is  called  the 
degree  (or  dimeusioa)  of  the  monomial  in  that  particular  tetter ; 
and  the  degree  of  the  monomial  in  any  specified  letters  is  the 
sum  of  its  degrees  in  each  of  these  letters.  For  example,  the 
degree  ofexaxaxstxajxaixyxy,  that  is,  of  6a'x'i^,  in  a  is  2, 
in  x  3,  in  y  2,  and  the  degree  in  x  and  y  is  6,  and  in  a,  x,  and  y  7. 

In  other  words,  the  degree  ia  the  sum  of  the  indices  of  the 
named  letters.  The  choice  of  the  letters  which  are  to  be  taken 
into  account  in  reckoning  the  degree  is  quite  arbitrary ;  one 
choice  being  made  for  one  purpose,  another  for  another.  When 
certain  letters  have  been  selected,  however,  for  this  purpose,  it 
is  usual  to  call  them  the  vari^les,  and  to  call  the  other  letters, 
including  mere  numbers,  constants.  The  monomial  is  usually 
arranged  so  that  all  the  constants  come  first  and  the  variables 
last ;  thus,  x  and  y  being  the  variables,  we  write  Z2t^bc^y^ ;  and 
the  part  32a'^  is  called  the  deffUieni. 

In  considering  whether  a  monomial  is  integral  or  not  diviuon 
by  eonsiastis  is  not  taken  into  account. 

§  7.]  The  notion  of  degree  is  an  exceedingly  important  one, 
and  the  student  must  at  once  make  himself  perfectly  familiar 
with  it  He  will  find  as  he  goes  on  that  it  takes  to  a  large 
extent  in  algebra  the  same  place  as  numerical  magnitude  in 
arithmetic. 
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The  following  theoretna  are  particular  cases  of  more  general 
ones  to  be  proved  by  and  by. 

The  de^ee  of  the  product  of  two  en-  more  mormnials  is  the  sum 
of  their  respedive  degrees. 

If  the  quotient  of  two  jrumomials  be  irJe^al,  tfe  degree  is  the  excess 
of  the  degree  of  the  dividend  over  thai  of  the  divisor. 

For  let  A  =  afy^ii'HiP  .  .  . 

A' =  c'afy">'uP'  .  .  . 
where  c  and  d  are  the  coefficients,  x,y,z,u  .  .  .  the  variables,  and 
l,m,n,p ..  .,1',  m',  v!,p' ...  are  of  course  positive  integral  numbers. 
Then  the  degree  <j  of  A  is  given  brd  =  /  +  m  +  n  +  p+  .  .  .,  and 
the  degree  d'  of  A'  by  rf'  =  Z'  +  m'  +  n.'  +  p'  + .  .  , 

But  A  >i  A' =  (cfV^'^  ■  ■  .)-*-{c'^f^^v^  .  .  .) 
=  (cxc')ie'+''y"+»'3»+»'aP+P'  .  .  . 
the  degree  of  which  is  (/  +  /')  +  (m  +  m')  +  (n  +  «')  +  (p  +p')  .  .  . 
that  ia,  (l  +  m  +  n+p  .  .  .) +  (f +  m'  +  n'+ji'+  .  .  .),  that  is, 
d-i-d',  which  proves  the  first  proposition  for  two  factors.  The 
law  of  association  enables  us  at  once  to  extend  it  to  any  number 
of  Actors. 

Again,  let  Q  =  A  -^  A',  and  let  Q  be  integral  and  its  degree  S. 
Kow  we  have  by  the  definition  of  division  Q  x  A'  =  A.  Hence 
by  last  proposition  the  degrees  of  A  and  A'  being  d  and  (f,  as 
beforfe,  we  have  <(  =  fi  +  if ,  and  thence  S  =  d  —  tf . 

As  an  example,  let  A  =  6x'i^,  A'  =  7xY<  then  A  x  A'  = 
42a;'y,  and  A  ^  A' = -JiK'y'.  The  degree  of  A  x  A'  is  24,  that  is, 
14  +  10 ;  that  of  A-^  A'  is  4,  that  is,  14  -  10. 

The  student  will  probably  convince  himself  most  easily  of 
the  truth  of  the  two  propositions  by  considering  particular  cases 
such  as  these ;  but  he  should  study  the  general  proof  as  an 

i  exercise  in  abstract  reasoning,  for  on  such  reaaoning  he  will  have 
to  rely  more  and  more  as  he  goes  on. 

ElCBRCI^ES    TI. 

Wherever  it  is  ponible  in  vorking  the  following  eiainplM,  the  student 
should  verify  tha  laws  of  degree,  g3  5-7. 

II.)  Simplify—  5'xiy'<32'x(S'xi'x6t° 

(3xl6x2>)"' 
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(2.)  Which  is  greftter  (2»)' ,  or  2"^  t    Find  the  differenca  between  them. 
(3.)  Simplify—  , 

2' 
2(a-=)»' 
(*.)  SimpUfy—  36»n'S'eW 

(5.)  Expresa  in  ite  eimplest  fonn — 

Wlflc^^f      Wb^x'^'J      We<j*.j>}' 
(8.)  Simplify—         /46^^\'     /243«*6*rt:\» 
V27a'6^c/      V  180o-6c  / 

(8.)  Simplify-         (jW]^(y^j^)'  x  (^»^  l^  X  "f  / 

(9.)  Simplify—     /3f^\~+"    /x"\''+'    /3^V+" 

(10.)  Simplify-  (•(n>-»)»x(at-'-}''"'''l 'r 

I  («'  +  .)'-.         )   " 

(11.)  SimpUfy-  (x--'xj*-<)-x(^) 

(12.)  Simplify-  /^n'-^'^/^^-A'^  • 

(13.)  Simplify— 

(14.)  Prove  that— 


(j^-l,r-l)^^-la.,-.,,,j,,-lj^-l),  ^p,j,.. 

(16.)  Dirtrilmte  tha  product— 

>  '\a^-«     a5-«     it"-'/ 

,l..,DU«bu»_  (...1)(...L)'. 

(17.)  If  m=a',n  =  o»,o*=(7B»n*)";  ahow  that  aTB=I. 
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CHA'PTER   m. 

Fundamental  FormulEB  relating  to  Quotients  or 
Fractions,  with  Applications  to  Arithmetical 
Fractions  and  to  the  Theory  of  Numbers. 

OPERATIONS  WITH  FBACTIONS. 

§  1.]  Before  proceeding  to  cases  where  the  fundameDtal 
laws  are  masked  by  the  complexity  of  the  operations  involved, 
we  shall  consider  in  the  light  of  our  newly- acquired  principles 
a  few  cases  with  most  of  which  the  student  is  already  partly 
familiar.  He  is  not  in  this  chapter  to  look  so  much  for  new 
reenlts  as  to  exercise  his  reasoning  faculty  in  tracing  the  opera- 
tion of  the  fundamental  laws  of  algebra.  It  will  be  well,  how- 
ever, that  he  should  hear  in  mind  that  the  letters  used  in  the 
following  formulte  may  denote  any  operands  subject  to  the  laws 
of  algebra,  e.g.,  mere  numbers  integral  or  fractional,  single  letters, 
or  any  functions  of  such,  however  complex. 

§  2.]  Bearing  in  mind  the  equivalence  of  the  notation  j 

and  a-i-b,  the  laws  of  association  and  commutation  for  multipli- 
cation and  division,  and  finally  the  definition  of  a  quotient,  we 
have 


pb     b' 

D,g,l,7.cbyGOOglC 


32  ALOEBRAICAL  ADDITION  OP  FRA.CTIOHS.  [cHAP. 

Raad  forwards  and  backwards  this  equation  gives  us  the 
important  proposition  that  we  may  divide  or  midtiply  the  numerator 
and  denffminaior  of  a  fraction  by  the  same  guaTitily  vnihmd  aUering 
its  vaiiie. 

§  3.]  Using  the  principle  just  established,  and  the  law  of 
distribution  for  quotients,  we  have 

a     V         ga    pb 

b     q         qb     qb 

±  qa  i^  ph 

i.e.,  to  add  or  subtrad  two  fractums,  transform  each  hy  multiplying 
numerator  and  denominator  so  that  bdlh  shall  have  the  same  detwmt- 
natoT,  add  or  subtrad  the  numerators,  and  write  underneath  the  cotk- 
mon  dmominatoT. 

The  rule  obviously  admits  of  extension  to  the  addition  in 
the  algebraic  sense  (that  is,  either  addition  or  subtraction)  of  any 
number  of  fractions  whatever. 

Take,  for  example,  the  case  of  three : — 
ace  adf      cbf      ebd 

^b^'d'^f   "  " 


The  following  case  shows  a  modification  of  the  process,  which 
often  leads  to  a  simpler  end  result.  Suppose  b  =  lc,  q  =  Ir,  then 
taking  a  particular  case  out  of  the  four  possible  arrangements 
of  sign, 

b     q     Ic    Ir 

or     pc 

Icr     Ire 


Here  the  common  denominator  Icr  is  simpler  than  bq,  which  is 
fcr. 

The  same  result  would  of  course  be  arrived  at  by  following 
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the  procesa  given  above,  and  simplifymg  the  resulting  fnction 
at  the  end  of  the  operation,  thus — 

a     p     air -pie         , 

k-ir'wm-"    "^ 

_  {ar  -pc)! 

by  using  the  lav  of  distribution  in  the  numerator,  «nd  the  laws 
of  association  and  commatation  in  the  denominator, 

§  4.]  The  following  are  merely  particular  cases  of  the  laws 
u  and  commutation  for  multiplication  and  division: — 


(|)«(i).,.^»)«(,-.4 


=  W  +  (M)',    ' 

_ac 

~bd' 
or,  in  words :  To  multiply  tieo  fractions,  mvltiplt/  their  numerators 
together  for  the  numeraior,  and   the  denominators  together  for  the 
denonmator  of  the  product. 
Again, 

=  ax  d-T-b-i-c, 

=  {<KO-r(Sc), 


=  ©^©' 


by  last  case.    In  words :  To  divide  one  fraction  by  another,  invert  the 
latter  and  then  mvitiplt). 

VOL.  1.  D 
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§  5.]  In  last  paragraph,  and  in  §  2  above,  we  have  for 
dmplicity  omitted  all  explicit  reference  to  sign.  In  reality  we 
have  not  thereby  restricted  the  generality  of  our  conclusions,  for 
by  the  principle  of  substitution  (which  ia  merely  another  name 
for  the  generality  of  algebraic  formulm)  we  may  suppose  the  p, 
for  example,  of  §  2  to  stand  for  --  <u,  say,  and  we  then  have 

(-.)S  -  s- 
ie.,  taking  account  of  the  law  of  signs, 


and  so  on. 

ExEaoiBEs  III. 

J  (1.)  Express  in 

its  simplest  form— 

X-y     y-x 

•^(2.)  Express  in 

its  simpleat  fonn— 

(3.)  Simplify- 

P+Q    P-Q 

P-Q    F+Q' 

where 

P=Z  +  y,  Q=3;-„. 

(4.)  Simplify- 

1   fO--y) 

V  (6.)  Simplify- 

1    1    1 

a 

(8.)  Simplity- 

(-/.H'*.^} 

(7.)  sitopiiiy- 

-4,-.4,-^-,. 

<8.)  Simplify- 

(M)(S-3-(i-9(l- 

l> 
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(M)*(i:-S)- 

afa-t)-ft(g+6) 

ji     _     6         - 

u+fi    a-i 

l  +  x'-t^     1-i  +  rf' 
o'  +  f     oAaJJ^/ 


*^(11.)  aimplify— 
(12.)  Simplify— 


is  independent  of  x. 
(ISOSuuplify— 


■^(18.)  SimpUfy— 


APPLICATIONS  TO  TSB  THEORY  OF   NUMBERS. 

^  S  6.]  In  the  applicationa  th&t  follow  the  stadeot  ehould  look 
somevhat  closely  at  the  meanings  of  some  of  the  terms  employed. 
This  is  necessary  because,  unfortunately,  some  of  these  terms, 
such  as  ittUgral,  fadar,  divisible,  etc.,  are  ueed  in  algebra  generally 
in  a  sense  very  different  from  that  which  they  bear  in  ordinary 
arithmetic  and  in  the  theory  of  numbers. 

An  inleger,  onlees  otherwise  stated,  means  for  the  present  a 
posi^ie  (or  negative)  miegral  nwaber.      The  ordmary  notion  of 
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greater,  and  less  in  connection  with  such  numbers,  irrespective  of 
their  sign,  is  assumed  as  too  simple  to  need  definition.*  When 
an  integer  a  can  be  produced  by  multiplpng  together  two  others, 
b  and  c,  b  and  c  are  called  factors  of  a,  and  a  is  said  to  be  exactly 
divieiUe  hy  b  and  by  c,  and  to  be  a  multiple  of  &  or  of  c  Since 
the  product  of  two  integers,  neither  of  which  is  unity,  is  au 
integer  greater  than  either  of  the  two,  it  is  clear  that  w>  integer  is 
exactly  divisible  by  aiwther  ^eaier  than  itself. 

It  is  also  obvious  that  every  integer  (other  than  unity)  has 
at  least  two  divisors,  viz.,  unity  and  itself;  if  it  has  more,  it 
is  called  a  composite  integer,  if  it  has  no  more,  a  prime  integer. 
For  example,  1,  2,  3,  5,  7,  II,  13  ...  are  all  prime  integers, 
whereas  4,  6,  8,  10,  12,  14  are  composite. 

If  an  integer  divide  each  of  two  others  it  is  said  to  be  a 
common  factor  or  common  measure  of  the'  two.  If  two  integers 
have  no  common  measure  except  unity  they  are  said  to  be  prime 
to  each  other.  It  is  of  course  obvious  that  two  integers,  such  as 
€  and  35,  which  are  prime  to  each  oilier,  need  not  be  themselves 
prime  integers.  We  may  also  speak  of  a  common  measure  of  more 
than  two  integers,  and  of  a  group  of  more  than  two  integers 
that  are  prime  to  each  other,  meaning,  in  the  latter  case,  a  set 
of  integers  no  two  of  which  have  any  common  measure. 
</  §  7.]  If  we  consider  any  composite  integer  N,  and  take  in 
order  all  the  primes  that  are  less  than  it,  any  one  of  these  either 
will  or  win  not  divide  N.  Let  the  first  that  divides  N  be  a, 
then  N  =  aS^,  where  Nj  is  an  integer ;  if  N^  be  also  divisible  by  a 
we  have  N,  =aN_,  and  N  =  ffl(aNJ  =  a'K, ;  and  clearly,  finally, 
say  N  =  a''No,  where  No  ia  either  1  or  no  longer  divisible  by  a. 
Ifa  is  now  either  prime  or  is  divisible  by  some  prime  >a,  and 
<  No,  and,  a  fortiori,  <  N,  say  5 ;  we  should  on  the  last  supposi- 
tion have  Nn  =  i^Njs,  where  Np  <  Na,  and  so  on.  The  process 
clearly  must  end  with  unity,  so  that  we  get 

N  =  a»6^  .  .  ., 
where  a,b,  .  .  .  are  primes,  and  a,  A  ■  ■  ■  positive  integers.    It 

*  This  is  a  very  difTerent  thing  from  the  algebraical  notion  of  greaUr  and 
1ms,     See  chapters  ob  Batio  and  on  Surds. 
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is  to  be  observed  that  a",  JP,  ...  are  powers  of  primes,  and 
therefore,  as  we  shall  prove  presently,  prime  to  each  other.  /( 
is  therefore  aiways  possibU  to  resolve  every  composite  inieger  into  factors 
that  are  pov^ers  of  primes ;  and  we  shall  presently  show  that  this 
resolution  can  be  effected  in  one  way  only.  ^'Ji/'  '"- 

V  5  8.]  If  a  be  divisible  by  c,  then  any  integral  multiple  of  a,  say,  ww, 
is  divisible  by  c  ;  and  if  a  and  h  be  each  ditisible  by  e,  that  the  aigebraio 
sum  of  any  integral  multiples  of  a  and  b,  say  ma  -^nb,  is  divisible  by  c. 

For  by  hypothesis  a  =  ae  and  b  =  j8c,  where  a  and  /3  are  in- 
tegers, hence  ma  =  viae  =  (ma)c,  where  ma  is  an  integer,  that  is,  too 
is  divisible  by  c  And  ma  +  n6  =  mae  +  n^c  =  {ma  +  nl3)c,  where 
ma  +  n/3  is  an  integer,  that  is,  ma  +  ni  is  divisible  by  c.  The 
student  should  observe  that  by  virtue  of  the  extension  of  the 
notion  of  divisibility  by  the  introduction  of  negative  integers, 
any  of  the  numbers  in  the  above  proposition  may  be  negative. 
</  ^  9.]  From  the  last  article  we  can  deduce  a  proposition  which 
at  once  gives  us  the  means  of  finding  the  greatest  common  measure 
of  two  integers,  or  of  proving  that  they  ate  prime  to  each  other. 
1 1  If  a  =  pb  +  e,  wihere  a,  b,  e,  p  are  ail  integers,  then  the  G.C.M.  of  /\-ii-."  u- 
\\aa7idbislhe  G.C.M.  of  b  and c.       «j.  V -^3^+?  f^t-i^n"' 

To  prove  this  it  is  necessary  and  it  is  sufficient  to  show — 
(1st)  that  every  divisor  of  b  and  c  divides  a  and  b ;  (2nd)  that 
every  divisor  of  a  and  b  divides  b  and  c. 

Since  a=pb  +  c  it  follows  from  §  8  that  every  divisor  of 
b  and  c  divides  a,  that  is,  every  divisor  of  b  and  c  divides  a  and  b. 

Again,  since  a  =pb  -f  i^  it  follows  that  c  =  a  —pb,  hence,  again 
by  §  8,  every  divisor  of  a  and  6  divides  r,  that  is,  every  divisor  of 
a  and  b  divides  b  and  e.  Thus  the  two  parts  of  the  proof  are 
furnished. 

Let  now  a  and  b  be  two  numbers  whose  G.C.M.  is  required ; 
they  will  not  be  equal,  for  then  the  Q.  CM.  would  be  either  of  them. 
Let  b  denote  the  loss,  and  divide  a  by  ^  the  quotient  being  p  and 
the  remainder  c,  where  of  course  c<b.*  Next  divide  b  by  c,  the 
quotient  being  q,  the  remainder  d ;  then  divide  c  by  li,  the  quo- 
tient being  r,  the  remainder  e,  and  so  on. 

*  For  a  format  definition  of  the  renuiader  see  §  1 1 . 
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Since  a>b,  b>c,  e>d,  d>e,  etc.,  it  is  clear  that  the  re- 
mainders must  dimiaish  down  to  zero.  We  thus  have  the 
following  senes  of  equations : — 

a  =pb  +  c 
h  =  qc  +  d 
e  =  rd  +  e 


t  = 


Hence  the  G.C.M.  of  a  and  b  is  the  same  aa  that  of  b  and  c,  which 
is  the  same  as  that  of  c  and  d,  that  is,  the  same  as  that  of  d  and  e, 
and  finally  the  same  as  that  of  m  and  n.  Bat  since  m  =  vm,  the 
G.C.M.  of  m  and  n  is  n,  for  m  is  the  greatest  divisor  of  n  iteelf. 
Hence  the  G.G.M.  of  a  and  b  is  the  divisor  corresponding  to  the 
remainder  0  in  the  chain  of  divisions  above  indicated. 

If  n  be  different  &om  unity,  then  a  and  b  have  a  G.C.M.  in 
the  ordinary  sense. 

If  n  be  equal  to  unity,  then  they  have  no  common  divisor 
except  unity,  i.e.,  they  are  prime  to*each  other. 
^  §  10.]  It  should  be  noticed  that  the  essence  of  the  foregoing 
algorithm  for  finding  the  G.C.M.  of  two  integers  is  the  substitu- 
tion for  the  original  pair  of  successive  pairs  of  continually  de- 
creasing numbers,  each  pair  having  the  same  G.C.M.  All  that  is 
necessary  is  that  p,q,r  .  .  .be  integers,  and  that  a,b,c,d,e.  .  . 
be  in  decreasing  order  of  magnitude. 

The  process  might  therefore  be  varied  in  several  ways. 
Taking  advantage  of  the  use  of  n^;ative  integers,  we  may  some- 
times abbreviate  it  by  taking  a  negative  instead  of  a  positive 
renudnder,  when  the  former  happens  to  be  numerically  less  than 
the  latter. 

For  example,  take  a.  =  4323,  b  =  1GS&, 
we  might  take  1323  =  2k  16a5-t-1133 

or  4323  =  3x1666-462; 

the  latter  ii  to  be  prefeired,  becuue  462  is  lees  than  1133.  In  practice  the 
negatiTe  rign  of  132  ma;  be  neglected  in  the  rest  of  the  operation,  which  maj 
be  wranged  u  foUowa,  for  the  mke  of  comparison  with  the  ordinarj  process 
already  familiar  to  the  stndent ; — 
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isa5)4323(3 

/.-■.  j:/rfr-s 

«85 

,m^,'.v.i 

:'(^ 

i62)lE96{3            «J 

i;»?.2 

im          ,fl^„. 

■*^ 

209)462(2      ^ 

413 

**2  =   Z.2ff^+    4^ 

iiwnWf, 

Ui.  r.-H4-~  II 

11)44(4 
44 

O.GM.=ll. 

By  meaoB  of  the  ftlgorithm  for  the  Cr.G.M.  we  may  prove 
the  following  propositioD,  of  whose  truth  the  student  is  in  all 
probability  already  convinced  by  experience  r — 

If  o.  and  b  be  prime  to  each  other,  and  h  any  winger,  then  any 
common  factor  of  ah  and  b  must  divide  h  eaxxtly. 
For,  since  a  and  b  are  prime,  we  have  by  §  9, 
a  =pb    +  c"^  C  ah^phh    i 

h  =qe    •¥d  \  \  bh=qeh    ^ 

c  =rd   +e  >(1).    Hence   i  ch=rdk   +eh  W2). 


/  =  vm  +  1  J  1^  /A  =  vmh  4 

Now,  sinc«  any  common  factor  of  ah  and  b  ia  a  common 
factor  of  ah  and  hh,  it  follows  from  the  first  of  equations  (2)  that 
such  a  common  factor  divides  ch  exactly,  and  by  the  second  that 
it  also  divides  dh  exactly,  and  so  on  ;  and,  finally,  by  the  last  of 
equations  (2),  that  any  common  factor  of  ah  and  b  divides  h 
exactly. 

In  particular,  since  i  is  a  factor  of  itself,  we  have 
Cor.  l.Ifb  divide  ah  exactly  and  be  prime  to  a,  U  must  divide  h 
exacUy. 

Cor.  2.  If  a'  be  prime  to  a  and  to  b  and  to  c,  etc.,  then  U  is 
prime  to  their  product  aic  .  .  . 

For,  if  a'  bod  any  factor  in  common  with  abc  .  .  .,  i.e.,  with 
a  (be  ,  . .),  then,  since  a'  is  prime  to  a,  that  factor,  by  the  propo- 
sition above,  must  divide  be  .  .  .  exactly ;  hence,  since  a'  is  piime 
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to  b,  ibe  supposed  factor  must  divide  c  . .  .  ex&ctly,  and  so  on. 
But  in  this  way  we  exhaust  all  the  factors  of  the  product,  since 
all  are  prime  to  a'.  Hence  no  such  factor  can  exist,  that  is,  a'  is 
prime  to  abe  ..  . 

An  easy  extension  of  this  is  the  following : — 
Cor  3.  IfaUtha  integers  a',  b',<f,  .  .  .  be  prime  to  all  the  integers 
a,b,c,  .  .  .,  then  the  product  a'b'c'  . .  .  is  prime  to  the  product  abc  . .  • 
A  particular  case  of  which  ia 

Cor.  4.  If  a'  be  prime  to  a  (and  in  parliadar  if  both  be  primes), 

then  any  irdegrai  power  of  a.'  is  prime  to  any  integral  power  of  a. 

•J  §  II.]  It  is  obvious  that,  if  a  and  b  be  two  integers,  we  can 

in  an  infinite  number  of  ways  put  a  into  the  form  qb  -f  r,  where 

q  and  r  are  integers,  for,  if  we  take  q  any  integer  whatever,  and 

find  T  80  that  a  -  36  =  r,  then  a-qb  +  r. 

f-Y  There  are  two  important  special  cases,  those,  viz.,  where  we 

ri*-^'*"    restrict  r  to  be  numerically  less  than  b,  and  either  (I)  positive 

rtat't''*     or  (2)  negative.     In  each  of  these  cases  the  resolation  of  a  is 

always  possible  in.  one  way  ooly-     Fo'i  in  c»fle  1,  if  5J  be  the 

greatest  multiple  of  b  which  does  not  exceed  a,  then  a-qb  =  r, 

where  r  <  i ;  hence  a^qb  +  r;  and  in  caee  2,  if  q'b  be  the  least 

multiple  of  b  which  is  not  less  than  a,  then  a-q'b=  - r,  where 

T'<b.     Also  the  resolution  is  unique ;  for  suppose,  in  case  l,that 

there  were  two  resolutions,  another  being  a  =  xb  +  P,  say ;  then 

^  '.  qb  +  r=xb+P,  therefore  t- p  =  {q - x)^ i  hence  r - p  is  divisible 

by  b ;  but,  r  and  />  being  each  positive,  and  each  numerically  <b, 

r-pia  numerically  less  than  b,  and  therefore  cannot  be  divisible 

by  b.    Hence  there  cannot  be  more  than  one  resolution  of  the 

._^  form  I.     Similar  reasoning  applies  to  case  2. 

,  ^  r  and  /  are  often  spoken  of  as  the  least  posilive  and  negative 

I  Y +'  '       remaiftders  of  a  with  respect  to  b.    When  the  remainder  is  spoken 

of  without  qualification  the  least  positive  remainder  is  meant.    If 

a  more  general  term  is  required,  corresponding  to  the  removal 

of  the  restriction  r  numerically  <  b,  the  word  residue  is  used. 

It  is  obvious,  from  the  definitions  laid  down  in  §  6,  that  a  is 
or  is  not  exadly  divis^le  by  b  according  as  the  least  remainder  of  a 
wUk  respect  to  b  does  or  does  not  vanish. 
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The  stndeot  will  also  prove  without  difficulty  that  if  the  re-  ° 
mainders  of  a  and  of  a'  wUk  respect  to  b  be  the  same,  then  a -a'  is^ 
divu^le  by  h  ;  and  conversely. 
>/  §  12.]  When  the  quotient  a/b  cannot  be  expressed  as  an  in- 
teger, it  is  said  to  be  fradi&ual  or  essentially  fractional ;  if  a  >  &,  ajb 
is  called  in  thisoaaean»7npropef/r(K/wn;  '^  a<h,a,propeTjTaction. 

Hence  no  true  fraction  proper  or  imprt^er  am  be  equal  to  an 
inieger. 

Every  improper  fraction  ajb  can  be  expressed  in  the  form  q  +  r/b, 
where  q  is  an  integer  and  r/b  a  proper  fraction.  For,  if  r  be  the 
least  positive  remainder  when  a  is  divided  by  b,  a  =  qb  +  r,  and 
a/b  =  (qb  +  r)jb  =  q  +  r/b,  where  5  and  r  are  integers  and  r<b. 

If  two  vmprt^>er  fractions  ajb  and  <^jb'  be  equal,  their  i^ilegral 
parts  and  their  proper  fracHonaJ  parts  must  be  equal  separaldy.  For, 
if  this  were  not  so,  we  should  have,  say,  ajb  =  q-^rjb,  a'jb' 
=  5'  +  //&',  and  q  +  rjb  =  ^  +  r'jb' ;  whence  q-q'  =  I'jb'  -  rjb  = 
(r'b  -  Tb')jbb'.  Now  t'6  <  b'b  and  rb'<  bb',  hence  r'b  -  rb'  is  numeri- 
cally <  bb'.  In  other  words,  the  integer  q-cf  i&  equal  to  a  proper 
fraction,  which  is  impossible. 

^/   §  IS,]  We  can  now  prove  that  an  integer  can  be  resolve^  into 
factors  which  are  powers  of  primes  in  one  way  only. 

For,  since  the  factors  in  question  are  powers  of  primes,  they 
are  prime  to  each  other.  Let,  if  possible,  there  be  two  such 
resolutions,  viz.  a'b'd  . .  .  and  a'b'c' ...  of  the  same  integer  N. 
Since  a'b'tf  .  .  .  =  a'b'c"  . . .,  therefore  a'b'o' ...  is  exactly  divisible 
by  a".  Now,  since  a*  is  a  power  of  a  prime,  it  will  be  prime  to 
all  the  factors  a\  b',  (f, .  .  .  save  one,  say  a',  which  is  a  power  of 
the  same  prime.  Moreover,  such  a  factor  as  a'  (that  is,  a  power 
of  the  prime  of  which  a"  is  a  power)  must  occur,  for,  if  it  did 
not,  then  all  the  factors  of  a'b'c'  .  .  .  would  be  prime  to  a",  and 
a'  could  not  be  a  factor  of  N.  It  follows,  then,  that  a'  must  be 
divinhle  by  a". 

Again,  since  a'b'c"  .  .  .  =  a'b'c'  .  .  .,  therefore  a'b'c'  ...  is 
divisible  by  a',  and  it  follows  as  before  that  a'  is  divisible  by  a'. 

But,  if  two  integers  be  such  that  each  is  divisible  by  the 
other,  tiiey  must  be  equal  (§  6} ;  hence  a"  =  a'. 
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Proceeding  in  this  way  we  can  show  that  each  factor  in  the 
one  resolution  occurs  in  the  other. 

§  14.]  Every  remainder  in  lAe  ordmary  process  for  finding  the 
G.C.M.  of  imo  posUive  integers  a  and  b  can  be  expressed  in  (Its  form 
±  {Aa  -  Bb),  where  A  and  B  are  positive  integral  numb^s.  The 
upper  sign  being  used  for  the  Isl,  Srd,  5th,  etc,  and  the  lower  for  the 
ind,  ith,  etc,  remainders. 

For,  by  the  eqoatjons  in  §  9,  we  have  successively — 

«=  +  («-i*)  (1); 

d  =  b-gc  =  b-q{a-  pb), 

.-{S<.-(1+H)J)  (2); 

e  =  c~rd, 

=  +  ((lfF)"-0  +  '+i»F)»l  (3): 

and  so  on.  It  is  evident  in  fact  that,  if  the  theorem  holds  for 
any  two  successive  remainders,  it  must  hold  for  the  next.  Now 
equations  (1),  (2),  and  (3)  prove  it  for  the  first  three  remainders ; 
hence  it  holds  for  the  fourth ;  hence  for  the  fifth ;  and  so  on. 

In  the  chapter  on  Continued  Fractions,  a  convenient  process 
will  be  given  for  calculating  the  successive  values  of  A  and  B 
for  each  remainder.  In  the  meantime  it  is  aufiicient  to  have 
established  the  existence  of  these  numbers,  and  to  have  seen  a 
straightforward  way  of  finding  them. 

Cor.  1.  Since  g,  the  G.C.M.  of  a  and  b,  is  the  last  remainder,  we 
can  (Uwai/s  express  g  in  the  form — 

I,=  ±(A»-BS)  (4), 

wJiere  A  and  B  are  positive  integers. 

Cor.  2.  If  o  be  prime  tob,  g=l ;  hence.  If  a  and  b  be  two 
integers  prime  to  each  other,  two  integers,  A  and  B,  can  always  he 
found  such  thai — 

Aa-Bb=  ±1  (5). 

N.B. — It  is  dear  thai  A  must  be  prime  to  B.  For,  since  ajg 
and  bjg  are  integers,  I  and  m  say,  we  have,  from  {4), 

1=  ±{Al-Bm); 
hence,  if  A  and  B  had  any  common  factor  it  would  divide  1  (by 
§  8  above). 
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Cor.  3.  From  Cor.  1  and  ^  6  we  see  that  evert/  common 
factor  of  a  and  b  mvst  be  a/a/Uor  in  Iktir  G.C.M. 

A  result  which  may  be  proved  otherwise,  and  will  probably 
be  considered  obvious.  ■ 

Cor.  4.  Hence,  to  find  the  6.C.M.  of  more  than  two  integers  a,  b, 
c,  d  .  .  .  ice  must  first  find  g  the  G.C.M.  of  a  and  6,  then  g"  the 
G.G.M.  of  g  and  c,  then  g"  the  G.C.M.  of  /  and  d,  and  so  on,  the  last 
G.C.M.  found  being  the  G.C.M.  of  all  the  given  integers. 

For  every  common  factor  of  a,b,  c  must  be  a  factor  in  a  and 
b,  that  is,  must  be  a  factor  in  g ;  hence,  to  find  the  greatest  com- 
mon factor  in  a,  b,  c,  we  muBt  find  the  greatest  common  factor 
in  g  and  c ;  and  so  on. 

Example  1.  To  »pr«ss  the  O.C.H.  oC&flG  and  00  in  the  fonn  ACSG -B60. 
We  have  686  =  9x80  +  26,  60  =  2x26  +  10,  25=2x10  +  6,  10=2x6. 
Hence  the  G.C.H.  is  S,  and  we  have  Bacceseivel; 
■      26  =  566-8x80; 

10=60-2)566-9x60} 

=  -{2>:B65-l»x60}  ; 
6  =  25-2x10 
=  566-9x60  +  2)2x686-19x80} 
=  6x685-*7x60. 
Example  2.  Show  that  two  integers  A  and  B  can  be  found  eo  that 

6A-7B  =  1. 
We    hsTe    7  =  1x6  +  2,   6  =  2x2  +  1;    whence    2  =  7-6,    1  =  5-2(7-6) 
=  3x6-2x7.  • 

Hence  A  =  S,  B  =  2,  are  integers  satisfying  the  requirements  of  the 
queition. 

Example  Z.  It  a,  b,  e,  d,  .  .  .  he  a  series  of  integers  whose  O.C.M.  is  g ; 
show  that  integers  (positive  or  negative)  A,  B,  C,  D,  .  .  .  can  be  found 
■□ch  that 

g  =  Aa  +  Bfi  +  Ce  +  IW+  .  .  . 
(Gauss's  Diagtiimivmea  ATUhmtlicm,  Tb.  40). 

Find  A,  B,  C,  D,  when  a  =  S6,  (  =  24,  c=lS,  (1=30. 

This  result  may  be  easily  anived  at  by  repeated  application  of  corollaries 
1  and  4  of  this  article.     6  ■=  '   "     .   ^  ■''  ^       .  -  '/  >     .'  f     ■ 

Example  4.  The  proper  fraction  pjtd,  where  a  is  prime  to  h,  can  be  de- 
composed,  and  that  in  one  vay  only,  into  the  form 
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where  a'  and  b'  are  both  poutive,  a'<a,  b'<b,  and  jI-  ia  the  inUgnl  part  of 
a'/a  +  b'/b  ;  that  U  to  say,  0  or  1,  according  to  circnmst&DCM. 

niuitrate  with  6/S5. 

Since  a  ia  prime  to  b,  by  Cor.  2  above, 

Aa-Eb=±l; 
multiplying  this  equation  by  ^pjab,  we  have 

If  the  upper  sign  has  to  be  token,  resolve  pA.  and  pB  as  follows  (S  II) ; — 

pA  =  ii  +  6' f^'positi"'  <*). 
pR=ma-a'  {a!  .  .  .  <a). 
Then  (1)  becomes 

S='-"+l'4  ■  <»!■ 

Now,  since  pjab  is  a  proper  fraction,  the  integral  part  on  the  right-hand  eide 
of  (2)  must  vanish  ;  hence,  since  the  integral  jiart  of  a'/a  +  J'/*  cannot  exceed 
1,  we  must  have  i-m=0,  or  /-m=  -1, 

If  the  lower  sign  has  to  be  taken  in  (I),  we  have  merely  to  take  the 
resolutioDs 

pA,  =  lb-b'  {b'  positive  <b), 

and  then  proceed  as  before.  We  leave  the  proof  that  the  resolution  is  unique 
to  the  ingenuity  of  the  reader. 

Illnatcation.  85=5x7. 

Now  3x5-2x7  =  1,     (See  example  2  above) 


2x7+1     3x5-3 


5^7      ' 

JV.J.— If  negative  numerators  are  allowed,  it  is  obvioue  that  pfab  can 
always  be  decomposed  (sometimes  in  more  ways  than  one)  into  an  algebraic 
sum  of  two  fractions  a'ja  and  Vjb,  where  a'  and  6'  are  nnmerically  less  than 
a  and  i  respectively.     ForeMmple,  we  have  8/36  =  3/5-3/7  =  4/7-2/5. 

Example  B.  If  the  n  integers  a,  6,  ^  rf  .  ,  .  be  prime  to  each  other,  tlie 
proper  fraction  pjabcd  .  .  .  may  be  resolved  in  one  way  only  into  the  form 
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where  a,  ^,  7,  i,  .  .   .  are  &I1  positive,  a<a,  p<b,  ■f<e,  S<:ii,  .  .  .  and  k 
has,  according  to  circumatancM,  one  or  other  of  the  integral  values, 

0,  1,  2,  .  .  .  jT^. 
(Gansa'B  lHfqninlunut3  ArithmOwa,  Th.  310). 

This  ma^  be  eitebluhed  b;  means  of  example  3. 

Example  6.   Work  oat  the  resolatiou  of   example   5   for  tlie  fraction 
10728/17017. 

§  16.]  We  conclude  this  chapter  with  a  proposition  which  is 
as  old  as  Euclid  (ix,  20),*  viz.— 

The  number  of  prime  itUegers  is  infinite. 

For  if  the  number  be  finite,  let  p  be  the  last  pnnie  integer, 
and  consider  the  product 

1.2.3.4  .  .  .p-\.p 
composed  of  all  the  integers  up  to  p,  this  product  is  exactly 
divisible  by  every  integer  less  than  p ;  hence  1.2.3.4  .  .  , 
J)  -  1 .  ^  +  1  is  not  divisible  by  p  or  by  any  integer  less  than  y. 
This  last  integer  is  therefore  either  a.  prime  or  is  divisible  by 
some  prime  greater  than  p.  In  either  case  the  hypothesis  that 
p  is  the  last  prime  breaks  down.  Hence  the  number  of  primes 
is  infinite. 


•J  (1. )  If  the  two  fractions  A/B,  ajb  be  equal,  and  the  I»tt«r  be  at  its  lowest  ^ 


EiRECISBS  IV.  A  -  f^;-£^ 

•est  ^  '  H  V 

!,  prove  that  A  =  f(a,  B=(ii,  where  >i  is  on  integer.  <^      '  fr  "/■ 

^  (2.)  Prove  that  the  sam  or  difference  of  two  odd  numbers  is  always  even  ; 
the  Enm  or  difference  of  an  odd  and  an  even  namber  always  odd  ;  the  product 
of  any  number  of  odd  nambets  always  odd  ;  the  quotient  of  one  odd  number  1 

by  another  always  odd,  if  it  be  integral  •f  ',,',',  ""■"     ■/    '^  ■'■"   ■''■■''  '-"*'  '    v' 
v  (8.)  Ifabeprimetofr,  then—  '"'"' 

1st    (o  +  ft)-and((i-4)-haveatmo8ttheG.C.M.  2-.      ,  )'-■"  '"J''"^  — *-Ji 

2ad.  a'*  +  fi»anda">-I)"  have  at  most  the  G.C.H.  2.         , 

Srd.   a  +  b  and  a*+i*-o6have  at  moat  the  O.C.M.  3.         \ 

V   (4.)  The  difference  of  the  squares  of  any  two  odd  numbers  is  exactly  , 

divisible  by  8.     ,''■^11'' K"'^>  ^If^^'^J  *  1(^ -.')  .  ^^  ^  •;-. .  -^'(^■.,)\ 

^  (£.)  The  sum  of  the  aqoareq  of  three  consecutive  odd  numbeta  increased 
by  1  is  a  multiple  of  12.    iit*ik;'.-»*t-fr;-ti-j"4.(  =  ,  i^*"*  ii-^  t-  ii. 

*  Most  of  the  foregoing  propositions  regarding  integral  numbers  were 
known  to  the  old  Greek  geometers. 
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(6. )  If  two  fractioDS  be  each  at  their  lowest  terms,  neither  their  snm  nor 
their  difference  can  b«  an  integer  anlesa  the  denomicatora  be  cquaL 
"   (7. )  Eesolve  46738  and  297675  into  thair  prune  factofi, 
"   (8.)  Find  the  G.C.M.  of  64el3  and  S1S19,  naiug  negative  remainders 
whenever  it  is  of  advantage  to  do  so. 

(8.)  Prove  that  the  LC.M,  of  two  int^iara  is  the  quotient  of  their  product 
by  their  G.C.M. 

(10.)  If  g^  9„  g,  be  the  G.C.H.'s,  ;„  l^  f,  the  L.C.M.'b,  of  6  and  e,  c  and 
a,  n  and  i  respectively,  G  the  Q.C.H.,  and  L  the  LC.H.,  of  the  three  a,  b, 
e,  show  that 

1..     J.^^: 


2nd. 


G     V  ^Si9^t'  ' 


V    (11.)  When  X  is  divided  by  y,  the  qnotient  is  w  and  the  p 

show  that,  when  x  and  uy  are  divided  by  o,  the  remainders  are  the  same,  and 

the  qaotients  differ  by  unity.  j. 
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CHAPTER   IV. 

Distribution  of  Products — Multiplication  of  Rational 
Integral  Functions— Resulting  General  Principles. 

QENERALISED  LAW  OF  DKirRIBUTION. 
v^J  1.]  We  proceed  now  to  develop  aome  of  the  more  important 
oonsequeoces  of  the  law  of  distribution.   This  law  haa  already  been 
stated  in  the  most  general  manner  for  the  case  of  two  factors, 
each  of  which  is  the  sum  of  a  series  of  terms ;  viz.,  we  multiply 
every  term  of  the  one  factor  by  every  term  of  the  other,  and  set 
down  all  the  partial  products  thus  obtained  each  with  the  sign 
before  it  which  results  from  a  certain  law  of  signs. 
Let  us  now  consider  the  case  of  three  factors,  say 
{a  +  b  +  c  +  ..  .)(n'  +  i'  +  c'  +  .  .  .) (n" +  6' +  c' + .  .  .). 
First  of  all,  we  may  replace  the  first  two  factors  by  the  process 
just  described,  viz.,  we  may  write 

(flo'  +  ai'  +  ac'  + . . .  +  6a'  +  66'  +  6c'  + .  .  .){a"  +  b°  +  tf  .  .  .). 
Then  we  may  repeat  the  process,  and  write 
aa'a"  +  aa'b"  +  aa'c"  -i 
+  ai'a'  +  ab'b"  +  abY  h 
+  oc'ffl'  +  ik'6"  +  ae!<r  ^ 


+  ba'a'  +  6a'6'  +  6a'c"  + 
where  the  original  product  is  finally  replaced  by  a  sum  of 
partial  products,  each  of  three  letters.  We  have  simplified  the 
matter  by  writing  4-  before  every  term  in  the  original  factors,  but 
the  proper  application  of  the  law  of  signs  at  each  step  will  pre- 
sent no  difficulty  to  the  student. 
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The  important  thing  to  remark  is  that  we  might  evidently 
have  arrived  at  the  fintd  result  hy  the  following  proceaa,  which 
is  really  an  extension  of  the  original  rule  for  two  factors  : — 

Form  ail  possible  partial  products  by  iaJdng  a  term  from  each 
factor  {never  more  than  one  from  each);  determine  the  sign  by  {he  law 
of  signs  {Le.,  if  there  be  an  odd  number  of  negative  terms  in  the  partial 
product,  take  the  sign  -  ,■  if  an  even  number  of  sudt  or  none,  take  the 
sign  4-  ).  Set  down  all  the  partial  products  thus  (Aiained. 
I  Cor.  The  nwrnftw  of  terms  resulting  from  the  distributvm  of  a 

I  product  of  brackets  which  contain  I,  m,  n,  .  .  .  terms  respectively  is 
I  xmxn  .  .  ,  For,  taking  the  first  two  brackets  alone,  since 
each  term  of  the  first  goes  with  each  term  of  the  second,  the 
whole  number  of  terms  arising  from  the  distribution  of  these  is 
Ixm.  Next,  multiplying  by  the  third  bracket,  each  of  the  I  x  m 
t«rmB  already  obtained  must  be  taken  with  each  of  the  n  terms 
of  the  third.  We  thus  get  (lxm)xn,  that  ia,  I  xmxn  terms. 
By  proceeding  in  this  way  we  establish  the  general  result. 

It  should  be  noted,  however,  that  all  the  terms  are  supposed 
to  be  unlike,  and  that  no  condensation  or  reduction,  owing  to  like 
terms  occurring  more  than  once,  or  to  terms  destroying  each 
other,  is  supposed  to  be  made.  Cases  occur  in  §  2  below  in 
which  the  number  of  terms  is  reduced  in  this  way. 

If  the  student  have  the  least  difficulty  in  following  the 
above  be  wiU  quickly  get  over  it  by  working  out  for  himself  the 
results  stated  below,  first  by  successive  distribution,  and  then  by 
applying  the  law  just  given. 

(2x2x2=8  terms), 
=  aee-a^-a4t-ttuff-bee+b^-t'ide~bd/, 

=  att+a^+aeg-ad*-a/^-a/lg-b<x-li</-b^  +  bde-i-b<ff+bdii 
(2x2x3=12  Umu). 
•>/  }  2.]  It  was  proved  above  that  in  the  most  general  case  of 
distribution  the  number  of  resulting  terms  is  the  product  of  the 
numbers  of  terms  in  the  diiferent  factors  of  the  product.  An 
examination  of  the  particular  cases  where  reductions  may  be 
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afterwards  effected  will  lead  ua  to  some  important  practical 
resuItB,  and  will  also  bring  to  notice  certain  important  principles. 
Consider  the  product  (a  +  b)(a  +  b).  By  the  general  rule  the 
distribution  will  give  2x2  =  4  terms.  We  observe,  however, 
that  only  two  letters,  a  and  b,  occur  in  the  product,  and  that 
only  three  really  distinct  products  of  two  factors,  viz.,  ax  a, 
a  X  b,  bx  b,  that  is,  a*,  ah,  b\  can  be  formed  with  these ;  hence 
among  the  four  terms  one  at  least  must  occur  more  than  once. 
In  fact,  the  term  axb  {oi  bxa)  occurs  twice,  and  the  result  of 
the  distribution  is,  after  collection, 

(<i  +  6)<a  +  J)!=o'+2oi  +  6'. 
This  may  of  course  be  written 

{a  +  b)'  =  a'+2ab  +  b'  (1). 

Similariy  (a  -  &)'  =  a'-2ai>  +  b'  (2). 

In  the  case  (a  +  6)  (a  -  6)  =  a'  -  6'  (3), 

the  term  ab  occurs  twice,  once  with  the  +  and  ag&in  with  the  - 
sign,  BO  that  these  two  terms  destroy  each  other  when  the  final 
result  is  reduced. 

Before  proceeding  to  another  example,  let  us  write  down  all 
the  possible  products  of  three  factors  tiiat  can  be  made  with  two 
letters,  a  and  b.     There  are  a*,  a'b,  ab',  b',  fonr  in  all. 

Hence  in  the  distribution  of  (a  +  bf,  that  is,  of  (a  +  b){a  +  b) 
(a  -f  b),  which  by  the  general  rule  would  give  2x2x2  =  8  terms, 
only  four  really  distinct  terms  can  occur.  Let  us  see  what  terms 
recur,  and  how  often  they  do  sa  a*  and  b'  evidently  occur  each 
only  once,  because  to  get  three  as,  or  three  ba,  one  must  be 
taken  &om  each  bracket,  and  this  can  be  done  in  one  way  only. 
a'(  may  be  got  by  taMng  b  from  the  first  bracket  and  a  from 
each  of  the  others,  or  by  taking  the  b  from  the  second,  or  from 
the  third,  in  all  three  ways ;  and  the  same  holds  for  ab'.  Thus 
the  result  is 

(a  +  6)*  -  a'  +  3t^b  +  3ai?  +  6'  (4). 

In  a  similar  way  the  student  may  establish  for  himself  that 

(«  -  b)'  =  a'-  3a^b  +  Zab'  -  b'  (5), 

{a  ±  by  =  a'  ±  ia'b  +  6a'b'  ±  iab'  +  b'  (6), 
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and,  remembenDg  that  the  possible  binary  products  of  three 
letters  abc  are  a',  b',  c*,  be,  ca,  ab,  ^  in  number,  that — > 

(a  +  J  +  c)'  =  a*  +  J'  +  c*  +  26c  +  2ca  +  2a4  (7), 

(a  +  b-c)'  =  a'  +  b'  +  <?-2bc-2ca+1iab  (8), 

&c 
The  ternary  products  of  three  letters,  afe,  are  a*   a'b,  a'c, 
ab*,  ac",  abc,  V,  b'e,  W,  c'.     The  enumeration  is  made  more  certain 
I  and  Bystematic  by  first  taking  those  in  which  a  occurs  thrice, 
then  those  in  which  it  occurs  twice,  then  those  in  which  it  occurs 
<  once,  and  lastly,  those  in  which  it  does  not  occur  at  all.  * 

Bearing  this  in  mind  the  student,  by  foUowing  the  method 
we  are  illustrating,  will  easily  show  that 

{o  +  6  +  f)'  =  (a  + J  +  c)  {a  +  6  +  c)  («  +  6  +  e), 

=  a'  +  b'  +  ^  +  Sb'e  +  Sfe*  +  3e*a  +  3ca' 

+  3a'b  +  Sab'  +  6abc  (9), 

from  which  again  he  may  derive,  by  substituting  (see  chap,  i 
§  24)  -  c  for  c  on  both  sides,  the  expansion  ot  (a  +  b-  c)*,  and  so 
on.     He  should  not  neglect  to  verify  these  results  by  successive 
distributions,  thus : — 
-       («+i  +  c)'  =  {a  +  6  +  .)>+&  +  c) 

=  (o*  +  6'  +  c"  +  26e  +  2effl  +  2ab)  {a  +  b  +  c) 
=  a'  +  aff+a^  +  2abe  +  2ca'  +  2c^b 
+  t^b  +  b'  +  b<?  +  26V  +  2o6e  +  2a6' 
+  ca'  +  b'c  +  (?  +  26c*  +  2<?a  +  2a6c 
=  &c. 
It  is  by  such  means  that  he  must  convince  himself  of  the 
coherency  of  algebraical  processes,  and  gain  for  himself  taste  and 
skill  in  the  choice  of  his  methods. 

*  There  it  another  w>j  of  daasifying  the  products  of  dilfereiit  ordera  irhich 
the  Btudeiit  shonld  notice,  viz.,  according  tajjgjt,^  All  the  Umu  that  can  be 
deriTsd  from  one  another  by  IntercbiingeB  among  the  Tiriables  an  nud  to  be 
of  the  eame  type.  For  example,  consider  the  ternary  prodocte  of  abe,  from  a*, 
we  derire  by  interchange  of  b  and  a,  &■ ;  from  tUg  egain,  by  interchange  i^  ' 
b  and  e,  ^ :  no  mora  can  be  got  in  this  vay,  bo  that  a*,  d*,  <^  form  one  ternary 
type ;  fc,  Ac*,  d'a,  ca',  a'b,  oi*,  form  another  ternary  type ;  and  abc  t,  third. 
Thoa  the  temaiy  prodacta  of  three  variables  fall  into  three  types. 
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Let  US  consider  one  more  case,  viz.,  (b  +  c){c  +  a){a  +  b). 
Here  eveo  all  the  ten  permissible  ternary  products  of  abc  cannot 
occur,  for  a',  b',  <?  are  excluded  by  the  nature  of  the  case,  since 
a  occurs  in  only  two  of  the  brackets ;  and  the  same  is  true  of  b 
and  e.  In  fact,  by  the  process  of  enumeration  and  counting  of 
recurrences,  we  get 
(b  +  e){e  +  a)(a  +  b)  =  lx?-\-b'c  +  ea'  +  c'a  +  ali'  +  a'b  +  2ahe  (10). 

In  the  product  (6  -c)(c-  a)  (a  -  b)  the  term  oIk  occurs  twice 
with  opposite  signs,  and  there  is  a  further  reduction,  viz., 
(J-c)(c-fl){a-6)=.6c'-6'c  +  ca'-e'a  +  a5'-a'6  (11). 

2  XoSaiitg^loMi^d  of  writing  out  at  length  the  aunt  of  Ul  the  temu  of 
tbe'smi^type,  aajbc-t-ta  +  ab,  the  abbreristion  Zbc  ii  often  need ;  that  ta  to 
say,  we  write  onl;  one  of  the  temu  io  queetion,  and  prefir  the  Oreek  letter 
2,  which  atands  for  "sum,"  or,  more  fully,  "aum  of  all  terms  nf  the  same 
type  aa."  The  eiact  meaning  of  Z  depends  on  the  nnmber  of  variables  that 
are  in  queatios.  For  example,  if  there  be  only  two  variablee,  a  and  b,  then 
£ai  means  mmply  ab  ;  if  there  be  four  Tsriables,  a,  b,  c,  d,  then  2ai  means 
ah+ac+ad+ie+bd+cd.  Again,  it  there  be  two  Tariables,  a,  b,  2a*J  meant 
a'i  +  ai»;  if  there  be  three,  a,  b,  c.  2o'S  means  o^+oip'+o'c  +  iM'  +  ft^  +  lc'. 
Usually  the  context  shows  how  many  variables  are  undentood  ;  bat,  if  this 
is  not  BO,  it  may  be  indicated  either  by  writing  the  variables  under  the  £, 
thus  Zoi,  or  otherwise. 

This  notation  is  much  used  in  the  higher  mathematics,  and  will  be  found 
very  useful  in  saving  labour  even  in  elementary  work.  For  example,  the 
results  (4),  (9),  and  (10)  above  may  be  written— 

(a  +  fc)'=Z<i'  +  32<i^; 
(o  +  6  +  <!)»=2«'  +  3Sa'ft+eoJe; 
(5+«)(e  +  a)(o+S)=So'6  +  2a4e. 
By  means  of  the  ideas  explained  in  the  present  article  the  reader  shonld 
And  DO  difflralty  in  establiebing  the  following,  which  are  ganaralisatioUB  of 
(l)aud(9):- 

[a  +  b  +  e+d+ .  .  .•?  =  'S^  +  SSab  (12), 

{a  +  b  +  c+d+.  .  .)'=Sa'  +  8So»ft  +  62o4i:  (13), 

the  number  of  variables  being  any  whatever. 
^^^^^^^^There  is  another  abbreviatiTe  notation,  cloeely  allied  to  the 
one  w^iave  just  been  ezplainiug,  which  is  sometimes  useful,  and  which  often 
appears  in  ContineDtal  works.  If  we  have  a  product  of  terms  or  functions  of 
a  given  set  of  variables,  which  are  all  different,  but  of  the  same  type  (that  is, 
dnirable  &om  each  other  hy  inlercbanges,  see  p.  EO),  this  is  contracted  by 
writing  only  one  of  the  terms  or  functions,  and  prefiziug  Qie  Greek  letter  II, 
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which  aUtnds  for  ' '  product  of  all  of  the  same  type  as. "    Thus,  to  the  caae  of 
thrao  variables,  a,  h,  e, 

no'6  means  a'J  X  06"  X  a'e  X  mJ  X  W:  X  ftc!  ; 

ll(i  +  c)  means  ( J  +  <:)  (e  +  a)  (a  +  ft) ; 

We  might,  for  example,  write  (10)  above — 

U{b  +  c)  =  Slfle  +  Sabe. 
V  §  3.]  Hitherto  we  have  conBidered  merely  fsctore  made  up  of 
letters  preceded  by  the  signs  +  and  - .  The  case  where  they  are 
affected  by  numerical  coefficients  is  of  course  at  once  provided 
for  by  the  principle  of  aaeodation.  Or,  what  comes  to  the  same 
thing,  cases  in  which  nomerical  coefficients  occur  can  be  derived 
by  substitution  from  such  as  we  have  akeady  considered.  For 
example — 

{3a +26)'=  {(3o)  +  (36)r 

=  (3a)'  +  3(3o)'(26)  +  3(3a)  (26)'  +  (26)', 
whence,  by  mles  already  established  for  monomials, 

=  27a'  +  bia'b  +  36a*'  +  8b'. 
{a-2b  +  5ey=  {(a)  +  (-2J)  +  (5c)} ' 

=  (a)'  +-  ( -  36)'  +  (6c)'  +  2(  -  26)  (5c)  +  2(5c)  {a)  +  2(a)  ( -  26) 
=  (1^  +  46'  +  25e*  -  206e  +  lOca  -  4a6. 
The  student  will  observe  that  in  the  final  result  the  general 
form  by  means  of  which  this  result  was  obtained  has  been  lost,  so 
far  at  least  as  the  numerical  co-efficients  are  concerned. 

>/  {  4.]  It  ifi  very  important  to  notice  that  the  principle  of 
substitution  may  also  be  used  to  deduce  results  for  trinomials 
from  results  already  obtained  for  binomials.    Thus  from  (a  +  6)'  = 
a*  +  3a'6  +  3o6'  +  6',  replacing  6  throughout  by  6  +  c,  we  have 
(a  +  (6  +  c)}'  =  a'  +  3a'(6  +  c)  +  3a<6  +  c)'+(6  +  c)' 
=  a'  +  3a'6  +  3(^c 
+  3a{b'  +  2bc-\-if) 
+  b'+  Sb'c  +Sb<?  +  c', 
(a  +  6  +  c)' =  a' +  6' +  c' +  36'c  +  Sfttf*  +  Sc'a  +  3ca' 
+  3a'6  +  3ai'  +  6061!. 
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B;  asBocifttioQ  of  parts  of  the  factors,  and  hj  pirHtU  distri- 
bution in  the  earlier  parts  of  a  reduction,  labour  may  often  be 
saved  and  elegance  attained. 
For  ezMnpU— 

(a  +  6  +  e-rf)(a-6  +  i!  +  ii) 

=  {(»  +  0  +  (S-'fll    {(a+<)-{6-<i)J, 
={<i  +  e)«-(6-rf)», 

by  fonaola  (8)  above, 

=o' -  i" +«' -  d"  +  2iu!  +  2W. 

Agtin, 

{o+i+c)(6+e-a)(e+o-J)(a+S-e) 

=  {(S+0+i}  {(6+«)-«}   {■*-(*-<)}   {«+(6-e)}, 

by  a  double  applicatioii  of  formula  (3), 
=  {6»  +  26e  +  e>-a'}   {  o'-i«  +  2J<:-c'}  , 
=  (2i<!  +  (6>+«»-o')}    {26e-(t»+i?-a*)}. 

by  forma]  B  {3), 
=  46V  -  (J«  +  c*  +  o*  +  aS'c"  -  2c»o' -  Safi*), 
=  2SM  +  2cW  +  2a'i'-a*-ft*-(!»,  ■--■■^ 

a  nault  which  the  student  Kill  moot  vrith  ag^.  bd<  f-^'^ 
'''  §  6.]  There  is  an  important  general  theorem  which  follows 
so  readily  from  the  results  established  in  §§  1  and  2  that  we  may 
give  it  here.  If  all  the  terms  in  all  itte  factors  of  a  prodvet  be 
simple  letlsrs  unaccompanied  by  nujnerical  coeffiaefnis,  and  all  affeded 
Kith  the  poiUive  sign,  then,  the  sum  of  the  axffideaU  in  the  di^riimted 
value  of  the  product  mil  be  I  x  m  x  n  .  .  .,  where  I,  m,  n,  ...  are 
the  numhera  of  the  terms  in  the  respective  factors. 

This  follows  at  once  from  the  consideration  that  no  terms 
can  be  lost  since  all  are  positive,  and  that  the  numerical  co- 
efBcient  of  any  term  in  the  distribution  is  simply  the  number  of 
times  that  that  term  occurs. 

Thus  in  formnlte  (4),  (6),  and  (10)  in  §  2  above  we  have 
1  +  3  +  3  +  1  =2x2x2,         '- 

1  +  4  +  6  +  4  +  1        =2x2x2x2. 
1+1  +  1  +  1  +  1  +  1  +  2  =  2x2x2, 
&c. 
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In  fonnalie  (S)  and  (11)  of  §  2,  and  in  the  formnlte  of  §  3, 
the  theorem  does  not  hold  on  account  of  the  appearance  of 
negative  signs  and  numerical  coefficients. 

ESEKCISES  V. 

■^(1.)  How  many  terms  are  there  in  the  distribnted  product  (oj  +  aj) 
(6,  +  ft,  +  i,)(e,  +  e,  +  «,+e^)(<i,  +  d,+<i,  +  d^+d,)t 

Distribute,  condense,  and  arrange  the  fallowing : — 
■^  (2.)  (j;  +  !,)(z-y)(^-!^)('^  +  !/»)'. 

(6.)  {x  +  2yn^-2yy. 

[7.)  l^f-i-x  +  lf.         «) 
(8.)  (Sa  +  Ht-l)". 


-/  (B.)  (^+x  +  l+l+yf- 


(10.)  (a+6+e)*,  «nd(a-ft-c)*. 
v^(Il. )  Write  down  all  the  quaternary  products  of  the  three  letters  x,  f,  !; 
point  out  how  majiy  different  typos  thc^  fall  into,  and  how  many  products 
there  are  of  each  type. 
^(12.)  Dothesame  thingfor  the  ternary  products  of  thefonr]ettersa,&,c,fI. 

(13.)  Extend  the  theorem  of  9  5  to  the  case  where  there  aro  numerical 
coefBcienta  (all  poutive). 

Find  the  enm  of  the  coefficiente  in  the  expausion  ot  {2a  +  3b  +  4cf. 

Distribute  and  condense  the  following,  arranging  terms  of  the  same  type 


'"■'{^.*^,*^Mih*d-.*^:t 


(ie.){b-c){b  +  c-a)+('-'')((  +  a-b)  +  l<^-b){a  +  b-c). 
,/{17.)(J  +  0(!/  +  i)  +  (B  +  a)(s+^)  +  (a  +  6){i  +  p)-(a  +  6  +=)(:f +  ?/  +=]. 
(^S.)2a{b  +  c-arn{b  +  c-ay  ^ 

(le.)  Showthttt(K+y)*=2(iB'  +  y>)(3r  +  i,)>-(z»-!,')'.    U-yl -'■**> -""i"  . 

(20.)  Show  that  ..jfaj 

a*{x-b)'-ia.'b(x~a)(x-bf-\-6aH\x-a)\x-bf-ia£>(x-a)'(x-b)  +  b\r-a)'J^^ 
=  (a*-4a»i  +  aii»6'-ta*>4-M>B*, 
(21.)  Show  that 

(j?-ay")'=(«^  +  Sa3^)S-a(SjrV+o^)'; 

*  Wherever  in  this  set  of  exercises  the  abbreriative  symbols  S  and  n  are 
used,  it  is  undeistood  that  three  letters  only  are  involyed.  The  student  who 
finds  difficulty  with  the  latter  part  of  this  set  of  eiercLses,  ehonld  postpone 
them  until  he  has  read  the  rest  of  this  chapter. 
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{a>-By»-CW  +  BO«')(^-B!^-(V  +  BCu'') 

~C{!>=f-Bipi-±l,a^-'Buy')y  +  BC{yi'-xu'±{vx'-zy')}'. 
Lagrange. 
These  theareUB  an  of  great  importance  in  the  theory  of  numbers ;  they 
show  that  the  prodncts  and  powers  of  nnmbera  haviDft  a  certain  fonn  are 
nnmbera  of  the  same  farm.     They  are  genetaluatiDUB  of  tjie  fonnule  numbered 
V.  in  the  table  at  the  end  of  thiB  chapter. 

Distribnte,  condense,  and  arrangt^ — 
J  m.)  2:oEi(-n(6+e).     =  >•*■'  --■•'■'  —It     (^■") 
(23.)  2a(2ki'+26e)  +  2a2o»-2:(i  +  e)».    «/.  5  t  C  f-^'-' 

(25.)  Dutribate 

and  arrange  the  result  in  the  form 

Aic* + BaiV + d^y" + DV+ El/*- 
(26.)  Showtbat 

{i!>-ff>  +  &ey(2»;+y)i' +  J!/=-;£»  +  3i<i9(2!,+a!)}' 

(27.)  Show  that 

J.{il,7?+xy+^){,^+xi-y^-{,'^+yz+^?}  =8)2^1}'. 
(2S.]  Showtbat 

i{Za\h+ef  +  2aheZa}  =  {  2fc }'. 
(28.)  Showthat  £(o-6){a-e)=  {Za'-Ziej. 

(SO.)  Showthat 

(3oie -2^oy P +  4(<K! - i»)»_ (Sid -  2«» - d^)"  +  4(dS - e")" 


THEORY  OF  INTEORAL  FDNCTIONS. 

%/§  6.]  As  we  have  now  made  a  begmning  of  the  inTeetigation 
of  tlie  properties  of  rational  iotegral  algebraical  fuDctions,  it  will 
be  well  to  define  precisely  what  is  meant  by  this  term. 

We  have  already  (chap.  ii.  §  5)  defined  a  rational  integral 
algebraical  term  as  the  product  of  a  number  of  positive  integral 
powers  of  various  letters,  x,y,z,  .  .  .,  called  the  variables,  multi- 
plied by  a  coefficient,  which  may  be  a  positive  or  negative  number, 
or  a  mere  letter  or  function  of  a  letter  or  letters,  but  must  not 
contain  or  depend  upon  the  variable& 

A  ratumal  iateffral  aigd>raical  function  is  the  algebraical  sum  0/ 
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a  series  of  rational  integrai  algehraieal  terms.  Thus,  itx,y,z, . .  .be 
the  variables,  t,m,n  .  .  .,  l',m',n'  . .  .,  rim'tn' ,  .  .  positive  in- 
tegral numbers,  and  C,  C,  C"  coefficients  as  above  defined,  then 
the  type  of  such  a  function  as  we  have  defined  ia 

,  Ct^f"^  . . .  +  C'ar^y"'^''' . . .  +  C'a^y"V''. . .  +  &c. 
For  shortnesa,  we  shall,  when  no  ambiguity  ia  to  be  feared,  speak 
of  it  merely  as  an  "  integral  function." 

To  fix  the  notion,  we  give  a  few  epeciai  examples.  Thus 
(a)  Sa^  +  S^  +  tiy' is  sn  integral  function  of  z  sod  y. 
(|8)  a«'  +  izy+ev*,  n,  b,  e  being  independent  of  land  ^,  is  an  integral 

function  of  x  and  y. 
(7)  3a?-2ii?+8a;+J  is  an  integral  fonction  of  zttlone. 

{S)   -  +  ^H 1  isan  integral  function,  if  x,y,i  be  regarded  as  the 

Tamblea ;  but  is  not  u 
to  be  oi  y,  2,  a,  6,  «,  01 

Each  term  has  a  "degree,"  according  to  the  definition  of 
chap.  ii.  §  6,  which  ia  in  fact  the  sum  of  the  indices  of  the  vari- 
ables The  degrees  of  the  various  terms  will  not  in  general  be 
alike ;  but  the  decree  of  an  iniegrai  fimciicm  is  defined  to  be  the 
degree  of  the  term  of  highest  degree  that  occurs  in  il 

For  example,  the  dc^^ree  of  (a)  above,  in  2  and  y,  ia  the  3rd,  of  (p)  the 
2Qd  in  xandy,  and  the  latin  a,b,c,  of  (y)  iu  x  the  3rd,  of(!)iu!E,  ]/,  zthelat. 
^  §  7.]  From  what  has  abeady  been  shown  in  this  chapter  it 
appears  that  in  the  result  of  the  distribution  of  a  product  of  any 
number  of  integral  functions,  each  term  arises  as  the  product  of 
a  number  of  integral  terms,  and  is  therefore  itself  integral. 
Moreover,  by  chap,  il  §  7,  the  degree  of  each  such  term  is  the 
sum  of  the  d^reea  of  the  terms  from  which  it  arises.  Hence 
the  following  general  propositions : — 

Hie  pTodact  of  any  nimber  of  integral  fmdions  is  an  iniegrai 
fanctitm. 

The  highest  *  farm  in  the  distrJinded  prodwi  is  the  product  of  the 

'  By  "highetrt  term"  ia  meant  term  of  higbeat  degree,  bj  "lowest  term  " 
term  of  lowest  degree.  If  there  be  a  term  which  does  not  contain  the  vari- 
«ble«  at  aU,  ita  degree  is  said  to  be  leio,  and  it  of  eottne  would  be  the  lowest 
term  in  an  integral  function,  for  example,  -i-l  in  (7}  above. 
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higher  terms  of  the  sevmU  factors,  and  the  lowett  term  is  the  product 
of  their  hwest  terms. 

The  degree  of  the  product  of  a  number  of  inttgral  funditms  is  the 
mm  of  the  degrees  of  the  several  fitdtrrs. 

Eveiy  identity  already  given  in  this  chapter,  and  all  those 
that  follow,  will  afford  the  student  the  means  of  rerifyisg  these 
propositions  in  particular  cases.  It  is  therefore  needless  to  do 
more  than  call  his  attention  to  their  importance.  They  form,  it 
may  be  said,  the  oomer-atones  of  the  theory  of  algebraic  forms. 

INTEGRAL  FUNCTIONS  07  ONE  VARUBLE. 
\^  §  8.]  The  simplest  case  of  an  integral  function  is  that  where 
there  is  only  one  variable  x.     As  this  case  is  of  great  importance, 
we  shall  consider  it  at  some  length.    The  general  type  is 

jt^af+jts.iz"-*  +  . . .  -^p^x-i-po, 
where y^,^,,..  .j>„  are  the Tarions coefficients  and  n  is  a  positive 
integral  wunber,  which,  being  the  index  of  the  highest  tOTm,  is 
the  degree  of  the  function.  The  function  has  in  general  n  +  1 
termi,  but  of  course  some  of  these  may  be  wanting,  or,  which 
amounts  to  the  same  thing  one  or  more  of  the  letters  Pa,  p„  ■  •  ■  pn 
may  have  zero  value. 

%/  S  9.]  When  products  of  integral  functions  of  one  variable 
have  to  be  distributed,  it  is  usually  required  at  the  same  time  to 
arrange  the  result  according  to  powers  of  x,  as  in  the  typical 
form  above  indicated.  We  proceed  to  give  various  instances 
of  this  process,  using  in  the  first  place  the  method  described  in 
the  earlier  part  of  this  chapter.  The  student  should  exercise 
himself  by  obtaining  the  same  results  by  successive  distribution 
or  otherwise. 

In  the  case  of  two  factors  {x  ■t-a){x  +  b),  we  see  at  once  that 
the  highest  term  is  x*,  and  the  lowest  ab.  A  term  in  z  will  be 
obtained  in  two  ways,  viz.  ax  and  bx ;  hence 

{x  +  a){x  +  b)=^  +  {a  +  b)x  +  ab    .     .     .     (\). 
This  rirtoall;  Includes  all  pouible  cuaa ;  e^g. ,  puttitig  -  a  for  a  we  g«t 
(^+(-«))(ir  +  S)  =  i^  +  ((-a)  +  6)ar  +  (-<i)6, 
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Simau-lj  {x-a)(x-b)  =  ^  +  l-a-b)x  +  ab, 

=  a!'-(a  +  i)a  +  «i. 
(x-a)(x-a)  =  ;^  +  l-<l-a}x-la\ 
=  3?-2ax+a\  etc 
Caaei  in  which  snmben  occnr  in  place  of  a  and  ^  oi  in  which  x  ia  tffected 
with  coefficients  in  the  two  foctora,  majr  be  dednced  by  epedftlieatiaD  or  other 
modification  of  formnla  (I),  e.g., 

(*-2)(*  +  3)  =  i^  +  (-2  +  S)i  +  (-2){-H8), 

\p     Tl  pt 

=  pn?-t-(rg+ps)x+q», 
which  might  of  course  be  obtained  more  qoickl;  by  directly  distributing  the 
product  and  collecting  the  powera  of  x. 

In  the  case  of  three  factora  of  the  first  degree,  say  (x  +  a,) 
(x  +  aj  (x  +  a^),  the  highest  term  is  z*; '  terms  in  a;*  are  obtuDed 
hj  takJDg  for  the  partial  products  x  from  two  of  the  three  brackets 
only,  then  an  a  must  he  taken  from  the  remaining  bracket ;  we  thus 
get  a,^,  a^,  aj^ ;  that  is,  (a,  +  a,  +  u,)  a?  is  the  term  in  a?.  To  get 
the  tenn  inz,x  must  he  taken  from  one  bracket,  and  as  from  the 
tvo  remaining  in  every  possible  way ;  thia  gives  (afl,  +  a,a,  +  ajt^ 
The  last  or  absolute  term  is  of  coarse  aflji^. 
Thus  (a;  +  a,){x+  a,)  {x  +  a^ 

=  aj"  +  (a,  +  a,  +  ff^  k'  +  (0,0,  +  afi^  +  a^a^  x  +  a,afi,  (2). 
By  substitution  all  other  cases  may  be  derived  from  (2),  e.g., 
{x-a)(x-aj{x~aj 

=  a^  -  (o,  +  a,  +  o,)»^  +  (((,a,  +  a^a^  +  aji^x  ~  a,o,a,    (3), 
(!i;+l)(a!  +  2)(a!-  3)  =  a^  -  Ta:  -  6,  and  so  on. 
After  what  has  been  said  it  is  easy  to  find  the  form  of  the 
distribution  of  a  product  of  n  factors  of  the  first  degree.     The 
result  is 

{x  +  a.)(x  +  a.)...(x  +  a„) 

=  a!-  +  P^a*-i+P^-»  +  ...  +  p,_,ai  +  p,  (4), 
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where  P,  signifieB  the  algebraic  siun  o£  all  the  ob,  P,  the  alge- 
braic sum  of  all  the  products  that  can  be  formed  by  taking  two 
of  them  at  a  time,  P,  the  sum  of  all  the  products  three  at  a  time, 
tind  BO  on,  P^  being  the  product  of  them  all. 
y/  §  10.]  The  formula  (4)  of  §  9  of  course  includes  (1)  and  (2) 
already  given,  and  there  is  no  difficult;  in  adapting  it  to  special 
cases  where  negative  signs,  &c.,  occur.  The  following  is  par- 
ticularly important : — 
(;t-<i,)(^-a.)...(^-«„) 

=  a:--P.j;"-»-HP^->~..  .  +  (-l)-»P,,ia:-H{-l)''P„(l). 
Here  F,  P^  &c,  have  a  slightly  different  meaning  firom  that 
attached  to  them  in  g  9  (4),  viz.,  here  P^  for  example,  is  not  the 
sum  of  all  the  products  of  -  a,,  -  a^  .  .  .  -  a,,  taken  three  at  a 
time,  but  the  sum  of  the  products  of  -h  Oj,  -h  a,, .  .  .-^o,^  taken 
three  at  a  time;  and  the  coefficient  of  a;"-^  is  therefore -P,, 
since  the  concurrence  of  three  negative  signs  gives  a  negative 
sign.     As  a  special  case  of  (1)  let  us  take 

(»  -  a)  (a;  -  2a)  {x  -  3a)  (a;  -  4a)  =  a'  -  P^a:"  +  P/  -  P^  +  P,. 
Here  P,  =  a  +  2a  -i-  3a  -i-  4(i  =  10a, 

P,  - 1  X  2a'  +  1  X  3a'  +  1  X  4a'  -^  2  X  3a^  +  2  X  4a'  -(■  3  X  4a' 
=  35a', 

P,=  2x3x4tt'+1  x3x4a'+l  x2x4a'  +  l  x2x3a' 
=  50o', 

P,  =  1  X  2  X  3  X  4o*    =  24o'. 
So  that        (a:  -  a)  (a;  -  2a)  (a;  -  3a)  (x  -  4a) 

=  !e'-  lOoa^-t-  35(1'/ -  SOa'a:  +  24a'. 
v'  §  11.]  Another  important  case  of  §  9  (4)  is  obtained  by 
making  a,  =  a,  =  o, . .  .  =  a^,  each  =  a.  say.  The  left-hand  side 
then  becomes  (a;  -f  a)".  Let  us  see  what  the  values  of  P,,  F^  .  ,  . 
F„  become,  F,  obviously  becomes  na,  and  P„  becomes  a".  Consider 
any  other,  say  P^ ;  the  number  of  tenns  in  it  is  the  number  of 
different  seta  of  r  things  that  we  can  choose  out  of  n  things. 
This  number  is,  of  course,  independent  of  the  nature  of  the 
things  chosen ;  and,  although  we  have  no  means  as  yet  of  calcu- 
lating it,  we  may  give  it  a  name.     The  symbol  generally  in  use 
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for  it  is  ^G^  the  first  suffix  denoting  the  number  of  thii^  chosen 
from,  the  second  the  number  of  things  to  be  chosen.  Again, 
each  tenn  of  P^  consista  of  the  product  of  r  letters,  and,  since  in 
the  present  case  each  of  these  is  it,  each  term  will  be  a^.  All 
the  terms  being  equal,  and  there  being  ^C^  of  them,  we  hare  in 
the  present  case  P^  =  „C/t''.     Hence 

(:i  +  a)"=i"  +  )KeE"-'  +  „CaaV"'  +  ,C3aV"^  +  . .  .  +  «"; 
or,  if  we  choose,  since  ^Cj  =  w,  bC„  =  1,  we  may  write 

(3;  +  tf)«  =  i"  +  ^Ciaa:"-'  +  ,C^V-''  +  .  .  .+„C„.,a''-'i:  +  „C„ft''(l). 

This  is  the"  binomial  theorem  "  for  positive  inU^al  exponents,  wnd 
the  nun^ers  ^C^,  ^Cj,  „Cj ...  are  called  the  binomial  coefficienis  0/ 
the  nth  order.  They  play  an  important  part  in  algebra;  in  fact, 
the  student  has  already  seen  that,  besides  their  frmction  in  the 
binomial  expansion,  they  answer  a  series  of  questions  in  the 
theory  of  combinations.  When  we  come  to  treat  that  subject 
more  particularly  we  shall  investigate  a  direct  expression  for  ^C, 
in  terms  of  n  and  r.  Later  in  this  chapter  we  shall  give  a  pro- 
cess for  calculating  the  coefficients  of  the  different  orders  by 
successive  additions. 

By  substituting  successively  —  a,  +1,  and  — 1  for  a  in  (1) 
we  get 

(a;_a)»  =  iB«-_^Ci(w''-'  +  „CiaV-'-„CsaV-»  +  .  .  - 

+  (-l)%C„a-  (2); 

(a:+l)"  =  a*  +  ^C,a:"-'  +  ,Cj^-'  +  .  .  .+,C„  (3); 

(x  -  !)•  =  X*  -  ,C,a:"-'  +  ^Cji"-*  -...+(-  1)\C,  (4) ; 
and  an  infinity  of  other  results  can  of  course  be  obtfdned  by 
substituting  various  values  for  x  and  a. 
v'  §  12.]  In  expanding  and  arranging  products  of  two  integral 
functions  of  one  variable,  the  process  which  is  sometimes  called 
the  huff  niie  far  muiUpliaiiiffn  is  often  convenient.  It  consista 
sunply  in  taking  one  of  the  functions  arranged  accordmg  to 
descending  powers  of  the  variable  and  multiplying  it  successively 
by  each  of  the  tenns  of  the  other,  beginning  with  the  highest 
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and  proceeding  to  the  lowest,  arranging  the  like  tenna  nnder 
one  anotiieF.     Thus  we  arrange  the  distribution  of 


•8  Mow,;  — 

/+2/  +  2a?+    ^ 

•t    i'+2a:'+2»+l 

5 

>?+    :t'+    >?+    J»+    J!+li 
■  (Tw^  +  jJ  +  rXf^  +  fE+^i) 
+  51               +r 

pn.- 

+  Sr^             +,V 

prx*  +  (p3  +  ^r)!*  +  (y'  +  ?'  +  »^)i:'  +  (pq  +  gTye  +pr. 
The  advantage  of  this  scheme  consists  merely  in  the  fact  that 
like  powers  of  x  are  placed  in  the  same  vertical  column,  and  that 
there  is  an  orderly  exhaustion  of  the  partial  products,  so  that 
none  are  likely  to  he  missed.  It  possesses  none  of  the  fdnda- 
li  mental  importance  which  might  be  suggested  by  its  prominent 
I  position  in  English  elementary  text-books. 

\/§  13.]  Mdhod  of  Detached  Ooeffidenis. — When  all  the  powers 
are  present  a  good  deal  of  labour  may  be  saved  by  merely 
writing  the  coefficients  in  the  scheme  of  §  12,  which  are  to  be 
multiplied  together  in  the  ordinary  way.  The  powers  of  x  can 
be  inserted  at  the  end  of  the  operation,  for  we  know  that  the 
highest  power  in  the  product  is  the  product  of  the  highest  powers 
in  the  two  factors,  and  the  rest  follow  in  order.  Thus  we  may 
arrange  the  two  multiplications  given  above  as  follows  : — 
1+2+2+1 
1-1  +  1 


+1+2+2+1 
l  +  l+l  +  l+'l  +  l; 
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Again, 

p  +q  +r 


+M  +Pr 


whence 

{px?  +qx  +  r)  (n?  +  ^+p) 

=jm^*  +  {pq  +  qT)3*  +  (p'  +  ^  +  r^;^  +  (pq  +  p)x-i-pr. 

The  student  should  observe  that  the  use  of  brackets  in  the 
last  line  o!  the  scheme  in  the  second  ezampk  is  necessary  to 
preserve  the  identity  of  the  several  coefficients. 

It  has  been  said  that  this  method  is  applicable  directly  only 
when  all  the  powers  are  present  la  both  factors,  but  it  can  be 
made  applicable  to  cases  where  any  powers  of  x  are  wanting  by 
introducing  these  powers  multiplied  by  zero  coefficients.  For 
example — 

(a:'-2a:'+l)(^'  +  2a^+l) 

=  {x'*0ii?-2x'  +  0z+l){x'  +  0<i?  +  2i^-i-0x+l\ 
1+0-2+0+1 
1+0+2+0+1 


1+0-2+0+1 
+0+0+0+0+0* 
+2+0-4+0+2 
+  0  +  0  +  0  +  0  +  0* 
+1+0-2+0+1 

1+0+0+0-2+0+0+0+1 

a:'  +  Oa;*  +  0**  +  Oz*  -  2a:'  +  Oa*  +  Oa:"  +  0; 

a;'-2a^+l)(i*  +  2a:"+l)  =  a:'-2a;'  +  l. 


byGooglc 


IV.]  DETACHED  COEFFiaEKTS.  63 

The  process  might,  of  course,  be  abbreviated  by  omitting  the 
lines  marked  *,  which  contain  only  zeros,  care  being  taken  to 
place  the  commencement  of  the  following  lines  in  the  proper 
columna;  and,  in  writing  out  the  result,  the  terms  with  zero 
coefficients  might  be  omitted  at  once.  With  all  these  simplifica- 
tions, tbe  process  in  the  present  cass  is  still  inferior  in  brevity 
to  the  following,  which  depends  on  the  use  of  the  identities 
(A -i- B)  (A  -  B)  =  A' -  B",  and  (A  +  B)*  =  A"  +  SAB  +  B'. 

(z' -  2a^  +  1)  {z*  +  Sz"  +  1)  =  (?n  -  2i£0  (?"+l  +  2aO 

li^■^n>■%,r*\^''l^         =a:* + ac* + 1  -  ix' 

'-^'-^nVi  =a?-3a:'+l. 

The  method  of  detached  coefficients  can  be  ^q>lied  with  ad- 
vantage in  the  case  of  integral  functions  of  two  letters  which  are 
homogeneous  fsee  below,  §  20),  as  will  be  seen  by  the  following 
example : — 

{x'-7y  +  y*)  (a"  -  2^y  +  2^/  -  y^ , 
1-2+2-1 
1-1  +  1 


^l-2+2-l 


1-3+5-5+3-1, 
=  sK*  -  3a:'y  +  Sir'y'  -  fia^y*  +  3ay'  -  y*. 

If  the  student  will  work  out  the  above  distribution,  arrange 
his  work  after  the  pattern  of  the  long  rule,  and  then  compare, 
he  will  at  once  see  that  the  above  scheme  represents  all  the 
essential  detail  required  for  calculating  the  coefficients. 

The  reason  of  the  applicability  of  the  process  is  simply  that 
the  powers  of  x  diminish  by  unity  from  left  to  ri^t^  and  the 
powers  of  y  in  like  manner  from  right  to  left. 

We  shall  give  some  further  examples  of  the  method  of 
detached  coefficients,  by  using  it  to  eatablisb  several  important 
results. 
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^$  14.]  AddUioa  Rvle  for  ealeulaiing  the  Binomial  Coefficimls. 
We  have  to  expand  (x  +  1)',  (x  +  1)',  .  .  .  (x+l)*.     Let  ns 
proceed  by  auccesaive  distribution,  using  detached  coefficients. 


1  +  2+1         (Tlie  coefficients  of  (ar  +  1)*), 


1  +  3  +  3  +  1  (The  coefficients  of  (x  +  1)'). 

The  rule  which  here  becomes  apparent  is  as  fallows : — 
To  (Main  the  binomial  coefficients  of  any  order  from  those  of  the 
previous  order  (\st)  write  down  the  fird  coeffideKt  of  the  premffus  order 
(2nd)  add  the  second  of  the  premous  order  to  the  jini  of  the  same 
(Zrd)  add  the  third  of  the  prevums  order  to  the  second  of  the  same 
and  so  on,  taking  zeros  when  the  coefficients  of  the  preeious  order  nm 
out.  We  Qms  get  in  sacee&don,  the  first,  second,  third,  etc.,  coefficients 
of  the  new  order.     For  example,  those  of  the  fourth  order  are 

1  +  {1  +  3)  +  (3  +  3)  +  (3  +  1)  +  (1  +  0) , 
that  is,  1  +  4  +6  +4  +1, 

which  agrees  with  the  result  obtained  by  a  different  method 
above,  S  2  (6). 

We  have  only  to  show  that  this  jH^^cess  ia  general  Suppose 
we  had  obtidned  the  expansion  of  (x  +  ])",  viz.,  using  the  nota- 
tion of  §  11, 

{a!+l)*-!e*  +  ,CiiE"-»  +  „C/'-»  +  ^C^-»+  .  .  .+,C^.i«  +  „C„. 
Hence 
(x+l)-  +  '  =  {a.+  l)-x(z  +  .l) 

=  (*"  +  S'v^'^  +  »C^-^  +  . .  .  +  ,C,_j3;  +  JCJ(x  +  1); 
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QBing  detached  coefficiente,  we  have  the  scheme 

1  +  1 

1      +  „c,       +  „c, +  „c„ 

+  1        +  „c, +„c„.,  +  „c„ 

1+{1+»C,)  +  („C,+„C.)+  ....  +(„C„-,  +  „C„)  +  {„C„  +  0). 
Hence  (a;  +  l)"+» 

=  3*  +  i  +  (l+„Ci)a:*  +  {,C,  +  ^Cj)«"-U(^Cj  +  ,Cg)j?'-*  +  .  .  .  , 
in  which  the  coefBcients  are  formed  from  the  coefficients  of  the 
nth  order,  precisely  after  the  law  stated  above,  namely, 

This  law  is  therefore  general,  and  enables  us  whenever  we 
know  the  binomial  coefficients  of  any  rank  bo  calculate  those  of 
the  next ;  from  these  i^ain  those  of  the  next,  and  so  on.     A  /- 
table  of  these  nombeiB  carried  to  a  considerable  extent  is  given  (' 
at  the  end  of  this  chapter,  among  the  results  and  formula  col- 
lected for  reference  there. 

*/ 5  16.]  We  may  calculate  the  powers  of  a^  +  i'  +  ai+l  by 
means  of  the  following  scheme,  in  which  the  lines  of  coefficients 
of  the  constantly-recnning  multiplier,  namely,  1  +  1  +  1  +  1,  are 
for  brevity  omitted. 


lit. 

1+1+1+  1 

+1+1+  1+  1 

+1+  1+  1+  1 

+1+1+1 

Slid. 

1+2+3+    4+    3+    2 

+1+2+    3+    4+    3 

+1+    2+    3+    4 

+  1+  2+  3+  4+  3+  2+  1 
3rd.  1+3  +  6  +  10+12+12+10+  6+  3+  1 

+  1+3+  6+10+12  +  12+10+  6+  3+  1 
+  1+  3+  6  +  10+12  +  12  +  10+  6+  3  +  1 

+  1+  3+  6  +  10+12+12  +  10+  6  +  3+1 

4th.  1  +  4  +  10  +  20  +  31  +  40  +  44  +  40  +  31  +  20  +  10  +  4  +  1 
and  so  on. 
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The  rule  clearly  is — To  get  from,  ike  eoegieieats  of  at^  order 
Iht  rth  of  the  muxxeding,  add  to  the  tik  of  thai  order  the  three  preced- 
ing coeffiaents,  takiag  zeros  when  the  coefficients  required  by  the  rule  do 
iwt  exist. 

The  rule  for  caiculating  the  coefficients  of  the  powers  of 
2"  +ie"-i+£''-s+  .  .  .  +Z+  1  is  obtained  from  the  above  by 
putting  ji-X:Iin  place  of  3. 

These  results  may  be  regarded  as  a  geDeralisation  of  the  pro- 
cess for  tabulating  the  binomial  coefficients.     They  are  useful 
in  the  Theory  of  Probability. 
^^  §  1 6.]  As  the  student  will  easily  verify,  we  have 

{x-y)(^-^x,j-^/)  =  x'-^  (1), 

{a;  +  y)(«'-xy-Hy")=i^  +  y'  (2). 

The  following  is  a  generalisation  of  the  first  of  tJiese : — 
If  n  be  any  integer, 
{z-y)(3?'-' +af-V  +  ^"V+  ■  ■  ■  +3:^""^  +  ^""*), 
1+1+1+     ...+1+1 
1-1 


(3> 


1+1+1+    ...  +1+1 

-1-1-    ...  -1-1-1 

1  +  0  +  0  +  0.  .  .   +0  +  0-1 

.i"-S- 

Agniii, 

n  being  an  odd  number, 

(«  +  y)(if->-i-!i,  +  i"-y-  .  .  .  -xy 

{ -  sign  going  with  odd  powers  of  y) 

I-l+l- . . .-1+1 

1  +  1 

1-1+1- .. .-1+1 

+  1-1+  .  .  .  +  1-1  +  1 

1  +  0  +  0+  .  .  .  +  0  +  0+1 

(4). 
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And,  similarly,  n  being  an  even  number, 

=  ^-y»     ......       (6). 

Tbe  last  two  may  be  coDsidered  as  generalisaUona  of  (2),  and  of 

(ar  +  y)  (a:  -  y)  =  x*  -  y"  respectiyely. 


'^  (1.)  Th«  TuiablM  being  ^  y,  z,  point  oat  the  inbignl  ftuietiDnB  among  the 
Tollowiiig,  and  state  tiiair  degree : — 

(a)  3x"  +  23!0+3y'; 

fSl   ^  +  ^  +  ^  ■ 

(7)  3V+!/^+^+'«'+y*+*'; 

(8}  'lS^  +  ^^  +  '^V^. 
a^yi      3^       ayz" 
Distribute  the  faUowing,  and  arrange  according  to  powera  of  x ; — 

^ (8. )  '^'  +  ^)(''  +  ») _ ^»^  +  l)(!to-H). 

(4.)  {Ci-2)('!-8)  +  {a!-3)(''-l)  +  (^-])(»!-a)} 

(6.)  {[a!+y)(«-s}(«  +  I)}{{*-p)(«+i)(iB-l)l. 
(7.)  (a'-»')(!t'-2!^)(=^-3y')(:^-4y>)(^-6j/»). 

(8.)   {az  +  (ft-c)y}{&i+(e-o)yJ{«+(«-*)l'l;*   «ld   *•><•"   that   the 
enm  of  the  coefficients  of  z't'  '^'^  V*  '^  ^xito. 
(9.)  Show  that 

(a!+ (o)*  - 1  Oo{a!+ |o)»  +  36o^a!  +  |o)»  -  SOo'(ii!+ io)  +  340* 
=  (It? -!»•)(»:> -la'). 
(10.)  Bhonthat 

(-W"/)(.i»)-("i.X"W("|^) 

_jiy(j-y)(g-r)(r-y)(y-g) 

Distribnt«  and  ammge  according  to  powera  ofx,  the  following:— 

(ll.){(i  +  .)^  +  (.  +  o>i:+(o  +  «}{(i-<:>^  +  (<!-»)^+(a-6)}. 
»/(12.)  (rf'_a+i)(i>  +  a!+])(aJ-aa!  +  l)(3!»+2!B+l). 

*  Id  working  some  of  these  exercises  the  student  will  find  it  cooTsnient  to 
refer  occasionally  to  the  table  of  identities  giren  at  the  end  tA  this  chapter. 
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(18.)  {Bx"-t«(z-p)  +  (x-i,)«K2i  +  3»)- 
*^(14.)  (2i»-3iBi/  +  2B»)(ae'  +  3aT  +  2y')- 

(16.)  (if-i?  +  x-lf(,i^  +  7?  +  x+l]y 

(18.)  {x*~aai^  +  aix^  +  iiq^  +  j/*){a3^-abl!!/  +  bjf^ 

(19.)  {a^  +  (Lr+S')"  +  CK'  +  <»!^6>)'+(i»-<Lr+6')»+(i>-aj:-*»)». 

(20.)  (i'-2aV  +  a*)'. 

(21.)  lx>-a^y. 

(22.)  (te^-i)'. 

(28.)  (o+fe*)». 

(2*.){(»^  +  »*)("^-»')!'. 

(26.)  (l  +  iB  +  i^  +  ^'  +  i*)'. 

(20.)  Calculate  the  caefflci«Dt  of  «*  in  fbeexpannon  of  (l+x4-^)*. 

(27.)  Calcolate  the  coefficient  of  i«iii  (l-at+Sa?+4z'-»*)'. 

(28.)  Show  that 

{a  +  6)»(o'+6')  +  6oft(o  +  Wo*  +  6')  +  15o'f'(o  +  S)(a?  +  J') 
+  86a^J»(o'+J')  +  70o«6«=(a  +  i)". 
(29.)  Show  thftt 

,C,+.C,  +  ,<:^+  .  .   ,   +  ,C,  =  2--1; 
1  +  ,C,  +  .C*+-  -  .  =.Ci  +  ,Ci  +  ,C.+   .  :  .; 

.C,=,_,C,+2..iC,_,+._,C,_i. 
(80. )  There  an  fire  boxes  each  containiiig  Sto  conntere  marked  with  the 
nnmbera  0, 1,  2,  3, 1 ;  a  counter  it  dnwn  from  e«ch  of  the  boie»  and  the 
DDmbera  drawn  are  added  together.     In  how  miny  different  ways  can  the 
drewing  be  made  so  that  the  aom  of  the  numbers  shaU  be  811Cf<f  V  .f'-^''.**'-^ 
{81. )  Show  that  Vf-M^t*'**'!^ 

(z-j)Ha!"-'+aJ'-'y+  ■  ■  ■  +a!S"-*+y"-')=af -af-'y-iy- '  +  V". 


Distribate  the  following,  and  amnge  according  to  descending  powers 

tx:— 

(1.)  {3r+4)(4i  +  6)(6a:  +  8){fa  +  7). 

(2.)  ipx  +  q-r){qx  +  r-p)[rx+p~q). 

(8.)  (ai-a)(ie-2o)(z-Sa)(z-4a){K  +  a}(z  +  2a)(j!+Sa)(i  +  4a), 

(4.)  {a*  +  33!'  +  3z  +  l)(i'-8a!'  +  3ic-l). 

(fl.)  {!J!-i)(z'-ix+l)(>i  +  l)[a!'  +  iz  +  i). 

(S.)(I1»-!)". 
(».)  !<"  +  «("'-»»  +  »'»■• 
(10.1  (rf-l^«.  +  »r 
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(11.)  lathe  prodact  (x  +  a}(ic-|-A}(K+c],  3^du&ppean,uid  in  the  product 
(x-  n){x  +  b)(x  +  e),  x  ditsppearB ;  also  the  coefficient  of  x  in  the  former  is 
eqiul  to  the  coefficient  of  x>  in  the  latter.     Show  that  a  ia  either  0  or  1. 

ProTB  the  following  identitdea : — 

(12.)(i-c)(j;-a)>  +  («-o)(»!-ft)'+(o-6)(»-e)>  +  (*-c)(c-o)(«-ft)=0. 

(14.)  {«-a)»+(s-ft)>  +  (.-e)'  +  8ate=«», 
where  2»=o  +  J+t 

(IB.)  (.-o)*+(.-l)•  +  (.-e)<=2(4-6)»(«-<!)«■^-2(»-«)^s-a)* 
+  2(»-o)S,-J)', 
where  3t=a+b  +  c 

(18.)  (<M  +  6e)(i«+«)(M+ai)=(8  +  e)>(<!+o)^a  +  i)"  where  »=o  +  i+e. 

(17.)>(»-a-a){<,-d-b)li,-t-d)=(t-a){»-h){,-c){t-d)-abat. 
where  2i=B+6+c+rf. 

(18.)  Wli-a)(*-b){*-c){t-d)=Hbe  +  adf-ib'  +  t?-a'-<P'p, 
where  2i=a  +  b  +  e  +  d. 

(IS.)  S(S-e)«=8n(6-c)>  +  2(Zo'-2fc)«. 

(20.)  IfU.  =  (ft-«)-+(e-o)-  +  (o-S)-.  then 

U,+,-(a'+*»  +  c'-i«-<!ri-a6)U,^t-(*-c)(e-n)(«-i)U„=0. 

(21.)  If Pi=a  +  b  +  e,  p,  =  be+(!a  +  ab,  p^xzaie,  i^=a'  +  ti^+^,  (how  that 

»,=ft«»-i  -  JV«  - 1 + W— I  ■ 
(22.)  Ifp,-{6-(!)(e-a)  +  (c-a)(o-6)  +  (o-J)(*-e), 
Pt={i-c)lc--a)ia-b), 
#,=(*-c)-  +  (<-o)-  +  (o-in 
show  that 


HOMOGBNBITT. 

^  §  17.]  .^n  integral  futietion  of  any  nvmier  of  variahlea  u  said 
to  be  homogeneous  when  the  degree  of  every  term  m  it  is  the  same. 
!□  such  a  fanctioa  the  degree  of  the  function  (§  6)  is  of  course 
tlie  same  9s  the  degree  of  every  term,  and  the  number  of  terms 
which  (in  the  most  general  caee)  it  can  have  iB  the  number  of 
different  products  of  the  given  degree  that  can  be  formed  with 
the  given  number  of  variables.  If  there  be  oaly  two  variables, 
aad  the  degree  be  n,  we  have  seen  that  the  number  of  possible 
terms  is  r+  1. 
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For  Giample,  the  most  guneral  liomofjeneous  integral  functioiu  ofx  and  y 
of  the  1st,  2nd,  and  3rd  dagrees  are* 

Aai  +  By  (1), 

Aai'+arj  +  Cjr'  (2), 

Aa?  +  at^  +  Qcj('+-Dy'  (3), 

&c 
A,  B,  C,  etc,  representing  the  coefficients  as  usual. 
For  three  TuUblea  tlie  coireepandiog  fUuctions  are 

Ax  +  By+Cz  (*), 

Jki?  +  By*  +  C!l'  +  T)yz  +  'Ea:  +  Fxy  (B), 

Ai'  +  By'  +  C!'  +  P|ff*+Fy>2  +  Q=i"  +  Q'A:  +  ILq(»  +  R'3!^  +  ai!yi  (6), 
Ac 
As  the  case  of  three  variables  is  of  considerable  importance,  we  Bhall  in- 
vestigate an  expression  fur  the  number  of  terms  when  the  degree  is  n. 

Wb  may  classify  them  into — (Ist)  those  that  do  not  coataJn  x  ;  (2nd}  those 
that  contain  X  ;  (Srd)  those  that  contain  z* .  .  .  (n  +  lth)  those  that  contain  x-. 
Tb»  first  set  will  simplj  be  the  terms  of  the  nth  degree  mads  ap  with 
y  and  »,  m  +  I  in  number  ;  the  second  set  will  be  the  terms  of  the  (a-lth)  de- 
gree made  up  with  y  and  t,  n  in  number,  each  with  z  thrown  in  ;  the  third 
set  the  terms  in  y  and  £  of  (n  ~  £th)  degree,  n  - 1  in  number,  each  with  i? 
thrown  in  ;  and  so  on.     Hence,  if  N  denote  the  whole  number  of  terms, 

N  =  n"+l  +  n+J^  +  )r^+  .  .  .  +2  +  1. 
Bereraing  the  right-hand  side,  we  may  write 

N  =  l       +2  +  3  +*+ +«  +  tt  +  r. 

Now,  adding  the  two  left-hand  and  the  two  right-hand  sides  of  these  equali- 
tiee,  we  get 

2N=n  +  2+^^^  +  n  +  2+  .  .  .  +n  +  2+'J+2=(n  +  I)(ii  +  2), 
since  then  aren+1  terms  eacb=n+2. 
Whence  N-l(n  +  l){n  +  2). 

For  example,  let  n=3i  N=i(3+1)(3+2}=10,  which  is  in  feet  the  number 
of  terms  in  (S),  above. 

In  the  above  investigation  ws  have  been  led  incidentally  to  sum  an 
Mitbmetioal  series  (see  the  chapter  on  ArithmeticBl  and  Oeometrical  Pitigres- 
sion) ;  if  we  attempted  the  same  problem  for  4,  S  ...  m  variables,  we  shonld 
have  to  deal  with  mor«  and  more  complicated  series.  A  complete  solution 
for  a  function  of  the  nth  degree  in  m  variables  will  be  given  in  the  second 
part  of  this  work. 

*  Homogeneous  integral  functions  are  called  binary,  ternary,  Ac.,  accord- 
ing  as  the  namber  of  vm*hlM  is  2,  3,  ^  ;  and  guadrie.  cubicle. ,  according 
as  the  degree  is  2,  3,  iic  Thus  (3]  would  be  called  a  binary  cubic ;  (5)  k 
ternary  quadric ;  and  so  on. 
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I  The  following  is  a  fundamental  proper^  of  homogeneous 
I  functioDB : — If  each  of  the  variables  in  a  hoinogeneous  fundum  of  the 
\  wth  degree  be  muUi^Ud  by  the  sixme  qaaidUy  p,  the  remit  it  the  easw 
\  as  if  the  function  itseif  were  multiplied  by  p". 

Let  us  consider,  for  »mplicity,  the  case  of  three  Tori&blee ; 
and  let 

¥  =  Ax^sT  *  k'xfyi'^' + .  .  ., 

where  p  +  q-t-r  =p'  +  {'  +  »'  =  Ac^  eRch  =  n. 

If  we  multiply  x,  y,  z,  each  by  p,  we  have 

r  =  f^(px)P{py)i{pzY  +  A!{pz)V{pyY{j^y  ^  .... 

=  A/>P+9+'":cP)/«2'  +  A'/jy'+3'+''xJ^y«'a^+ .   .  ., 

by  the  laws  of  indices.     Hence,  since  p  +  q  +  r  =p'  +  5'  +  /  =  &c. 
=  »,  we  have 

=  P-F, 

which  establishes  the  proposition  in  the  present  case.      The 
reasoning  is  clearly  general* 


*  Thu  property  might  be  made  the  definition  of  a  homogeneoos  Tunction. 
Thus  WG  might  define  a  homogeneoua  ranctiou  to  be  such  that,  when  each 
of  its  variables  ia  multiplied  by  f>,  its  value  ii  multiplied  by  />"  ;  and  define  n 
to  he  it»  dqjree.  If  we  proceed  thua,  we  naturally  arrive  at  the  idea  of  homo- 
Heneona  funstLona  whicli  are  not  integral  or  even  rational ;  and  we  extend  the 
notion_of..jf^(iaB  ia -a  oerreaponding  way.  For  eiainple^-{3^  -  ^)/(x  +  ^1  is 
a  homogeneona  ftuction  of  the  2nd  degree,  for  (CfH!)'-(py)')/((pi)  +  (ps)) 
=^^  -  y*)/(a:  +  y).  Similarly  Vz"  +  j*,  l/{:^  +  y']  are  homogeneooa  fnnctions, 
whose  degreea  are  \  and  -  2  respectively  (sea  chap.  i).  Although  these  ei- 
tensiona  of  the  notions  of  homogeneity  and  degree  have  not  the  importance  of 
the  ampler  cases  discnssed  in  the  text,  they  are  occasioiially  usefuL  The 
diatinctiOD  of  homogeneous  functions  ae  a.  separate  class  ia  made  by  Enler  in 
his  ItUrcduetio  in  Analysm  InfinUorum  (1748],  (t.  i.  chap.  v. ),  in  the  conne 
of  an  elementary  classification  of  the  various  Icinds  of  analytical  functiona. 
He  there  apeaka  not  only  of  homogeneous  integral  l^nctioua,  but  also  of 
homogeneous  fractional  functions,  and  of  homogeneous  functions  of  fractional 
or  negative  degrees. 
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BrAmplA 

ConEider  tb«  hnmogeneoiu  mtegra.1  function,  3a^-2xy4-^,  of  the  2ud 
degree.    We  have 

8(i«)' -  20«)  (ro)  +  0'V)»=3/ft=' -  2^!/+ pV- 

iu  accorduice  iritli  the  theorem  sbove  stated. 

Tbe  following  property  is  characteristic  of  homogenants jntegaX 
fuQctiona  of  the^^r^f  degrot. 

1/  toe   suiisUtate  for  th^  variaUes  x,  y,  z,  .  .  .  \zi*  [iXt,  Ay, 

+  ^y„  Xti  +  /iz„  .  .   .   respectiveli/,  the  rtsidl  is   the  same  as    that 

obtained  by  adding  the  remilts  of  substihtlinff  x„  y„  ^^,  .  .  .  and  x,, 

y^  Zb  •  ■  ■  Tespedively  for  x,  y,  z,  .  .  .  in  the  function,  after  maUi- 

I  plying  these  resvlte  by  A  and  /t  respedively. 

I         Example. 

I         Consider  the  fbnctiou  Az  +  By-i-Cx. 

I         W«  have 

I        •  A(JLt,  +  *u:,)  +  B(Ai,,  +  w.)  +  C()«,  +  ;«,) 

=  AXa^  +  BXy,  +  CXa,  +  AXa^  +  BXy,  +  CX±, 
=  X(A*,  +  By,  +  Ci,)  +  KA»^  +  By,  +  Ci,). 
This  property  is  of  great  importance  in  Analytical  Geometry. 

V  §  18.]  Law  of  Homogauiiy. — Since  every  term  in  the  product 
of  two  homogeneonB  functions  of  the  tnth  and  nth  degrees  re- 
spectively ia  the  product  of  a  term  (of  the  mth  degree)  taken 
from  one  function  and  a  term  (of  the  nth  d^ree)  taken  from 
the  other,  we  have  the  following  important  law : — 

I  The  product  of  tarn  homogeneous  inte^al  functions,  of  the  mth  and 

nth  degrees  respectively,  is  a  homogeneous  inte^al  function  of  the 
{m  +  n)<ft  degree. 

The  student  should  never  fail  to  use  this  rule  to  test  the 
distribution  of  a  product  of  homogeneous  functions.  If  he  finds 
any  term  in  hia  result  of  a  higher  or  lower  degree  than  that 
indicated  by  the  rule,  he  has  certainly  made  some  mistake.  He 
should  also  see  whether  all  possible  tenns  of  the  right  degree  are 
present,  and  satisfy  himself  that,  if  any  are  wanting,  it  is  owing 
to  some  peculiarity  in  the  particular  case  in  hand  that  this  is  so, 
and  not  to  an  accidental  omission. 

The  rule  has  many  other  tises,  some  of  which  will  be  illus- 
trated immediately. 
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x/§  19.]  If  the  Btudeat  has  fully  grasped  the  idea  of  a  homo- 
geoeouB  integral  fimcdon,  titB  most  general  of  its  kind,  he  will 
have  no  difficulty  in  rising  to  a  somewhat  wider  generality, 
viz.,  the  moat  general  integral  fonction  of  the  nth  degree  in  m 
rariables,  unrestricted  by  the  condition  of  homogeneity  or  other- 
wiaa 

Since  any  integral  term  whose  degree  does  not  exceed  the 
nt^  may  occur  in  such  a  function,  if  we  group  the  terms  into 
such  as  are  of  the  0th,  1st,  2nd,  3rd,  .  .  .  nth  degrees  respectively, 
we  see  at  once  tliat  we  obtain  the  most  general  type  of  such  a 
function  by  simply  writing  down  the  sum  of  all  the  homogeneous 
integral  functions  of  the  m  variables  of  the  0th,  Ist,  2nd,  3rd,  . .  . 
nth  degrees,  each  the  most  general  of  its  kind. 

For  ex&mple,  the  most  general  integnl  fnnctioi)  of  x  and  y  of  the  third 
iegneia 

A  +  ac  +  Oy  +  DiB'  +  Eay  +  Fy'  +  GaJ  +  arV  +  Iay+V. 

The  student  will  have  no  difficulty,  after  what  has  been  done 
in  §  17  above,  in  seeing  that  the  number  of  tenns  in  the  general 
integral  Ainction  of  the  nth  degree  in  two  variables  is 

i(n+l){n  +  2). 

SymirrRT. 

v^§  30.]  There  is  a  peculiarity  in  certain  of  the  functions  we 
have  been  dealing  with  in  this  chapter  that  calls  for  special  notice 
here.  This  peculiarity  is  denoted  by  the  word  symmeiry;  and 
doubtless  it  has  already  caught  the  student's  eye.  What  we 
have  to  do  here  is  to  show  how  a  mathematically  accurate 
definition  of  symmetry  may  be  given,  and  how  it  may  be  used 
in  algebraical  investigations. 

1st  Definition. — An  tniegnU  function*  is  said  to  be  syTivmetncal 
with  resped  to  any  two  of  its  variables  when  the  iiUercKange  of  these 
two  throughoui  the  funelion  leaves  its  vaive  vnaltered. 

*  Ab  a  matter  of  fact  th«ae  definitioiiB  and  much  of  what  follova  an 
applicable  to  functiooa  of  aoy  kind,  m  the  etndent  will  aftervrarda  leam. 
According  to  Baltzeni^lAcroii  (I7S7)  was  the  first  to  use  the  term  Bymmelrie 
Function,  the  older  name  having  been  Invariable  Function. 
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For  example,  2a  +  Sb  +  Sc 

bocomeB,  by  the  interchange  of  b  and  c, 

2a  +  5e  +  Zb, 
which  is  eqnaJ  to2a  +  ib  +  Sebj  the  commnUtive  law.  Hence  2a  +  Zb  +  iei» 
rrmntstrical  with  respect  to  b  and  e.  The  same  ii  not  tme  with  respect  to 
a  and  t,  or  a  and  e ;  for  the  interchange  of  a  and  b,  for  esunple,  would 
produce  2i  +  Sa  +  Sc,  that  is,  3a  +  2b  +  Sc,  which  is  not  in  general  eqnal  to* 
2a+SA-)-!tc 

2nd  DefinitioD. — An  mlegrai  fimdwti  is  said  id  he  s^nmeMcal 
(toiih  respect  to  all  Us  varioMes)  urhen  Ike  vnierehange  of  any  pair 
vihaiever  of  its  variahles  vxndd  leave  its  value  unaltered. 

For  example,  3x  +  Sy  -f  8i  is  a  symmetrical  fnnotion  of  x,  y,  3.  So  is 
yt+as  +  xy,  and  2(z*  +  y*  +  ^  +  3zy;.  Taking  the  list,  for  instance,  if  we 
interchange  y  and  £,  we  get 

thatis,  2(a?+y=+f)  +  83i«, 

and  BO  for  any  other  of  the  three  poaailjle  interchanges. 

On  the  other  hand,  i^  +  y%  +  z*iE  is  not  a  aymmetrical  function  of  x,  y,  i, 
for  the  three  intetchangea  x  with  y,  x  with  z,  y  with  x  give  respectively 

A+^  +  yh, 
and,  although  these  are  all  equal  to  each  other,  no  one  of  them  is  eqoal  to  the 
original  fOnction.  It  will  be  obeerred  from  this  instance  that  asymmetrical 
fonctioDS  have  a  property — which  symmetrical  functions  have  not — of  assnming 
different  valaes  when  Uie  variables  are  interchanged  :  thns  ^+y*t  +  A!  is 
SDsceptible  of  two  different  values  under  this  treatment,  and_iB  therefore  a 
two-valaed  function.  The  stady  of  functions  from  this  point  of  view  has 
developed  into  a  great  branch  of  modem  algebra,  called  the  theory  of  snbetitn- 
tions,  which  is  intimately  related  with  many  other  branches  of  mathematics, 
and,  in  particular,  forms  the  baais  of  the  theory  of  the  alfwbpifl  solution  of 
equations.  (See  Jordan,  TraiU  da  SabtUtaHOTU,  and  Serret,  Caan  iAlgibre 
Supirieart.) 

All  that  we  require  here  is  the  definition  and  its  mwt  elementary  coji- 
seqncncea. 

3rd  Definition. — A  fiaidion  is  said  to  be  coUaUrally  symmetrical 
in  two  sets  of  variables  -J    '  *  '  *  '    "  !■ ,  each  of  the  same  number, 


*  It  may  not  be  amiss  to  remind  the  student  that  for  the  present  "  equal 
"  means  "  tramfonuabls  by  the  fundameutal  laws  of  algebra  into." 
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whea  the  stmullamovs  ijderchaTtges  of  tioo  of  l/te  first  set,  and  of  the 
correspoadUig  two  of  the  seamd  set,  leave  its  valve  unaitered. 

For  example,  o^+i'y  +  A, 

and  {i  +  c)x  +  (e  +  a)y  +  {a+b)z, 

are  evideatlj  s^metrical  in  tbia  sense. 

Other  varieties  of  symmetry  might  be  defined,  but  it  is  need- 
lees  to  perplex  the  student  with  further  definitions.  If  he  fully 
master  the  Ist  and  2nd,  he  will  have  no  difficulty  with  the  3rd 
or  any  other  case.  At  first  he  should  adhere  somewhat  strictly 
to  the  formal  use  of,  say,  the  2nd  definition ;  but,  after  a  very 
little  practice,  he  will  find  that  in  moat  cases  his  eye  will  enable 
him  to  judge  without  conscious  effort  as  to  the  symmetry  or 
asymmetry  of  any  function." 

v^$  21.]  From  the  above  definitions,  and  from  the  meaning  of 
the  word  "  equal "  in  the  calculation  of  algebraical  identities,  we 
have  at  once  the  following : — 

Stde  of  Symmetry.^The  aigebrakal  sum,  prodvel,  or  quotient  of 
two  symmetricai  functuma  ia  a  symmeiTical  functiofi. 

Observe,  however,  that  the  product,  for  example,  of  two 
atymmetricai  functions  is  not  necessarily  asymmetrical 

Thus  a  +  b  +  c  and  be  +  ea  +  ab  being  both  BTininetrical,  their  prodnct, 
to+S+e){ft<!+oi  +  ai)  =  (i'e  +  6c«  +  An-ea'+oi'6  +  ai'  +  8irie, 
is  sjinmetTical. 

Again,  a*be  and  oiV  are  both  UTmnietrical  functions  of  a,  b,  c,  jret  their 

(«•(«)  x{iiiV)  =  a»6W. 
is  a  symmetriesl  functdoo. 

^^§  22.]  It  will  be  interesting  to  see  what  alterations  the 
restriction  of  symmetry  will  make  on  some  of  the  general  forms 
of  integral  functions  written  above. 

Since  the  question  of  symmetry  has  nothing  to  do  with 
degree,  it  can  only  affect  the  coefficiente.     Looking  then  at  the 

*  There  ig  a  closa  of  functions  of  great  importuice  dosel;  allied  to  aTnune- 
trical  functions,  which  the  stadent  shonld  note  at  this  stfige,  viz.,  those  that 
change  their  sign  merely  when  any  pair  of  the  variables  are  interchanged. 
Snch  functions  are  called  "  alternating. '|_    An  example  is  (y-z)(z-z]  (jB-y), 

IObviouBly  tbe  product  or  qnotient  of  two  alternating  functions  of  the  same 
sat  of  varinbles  ie  s  Hymmetric  function.  The  term  AUertuUing  Fu7\elion  is 
due  to  Qinchy  (1812). 
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homogeneous  integral  functionB  of  two  variables  on  page  70,  we 
Bee  that,  in  order  that  the  interchange  of  x  and  y  may  produce 
no  change  of  value,  we  must  have  A  =  B  in  §  17  (1)  j  A  =  G  in 
I'.t-tf^      (2);  A  =  D,  and  B  =  C  in  (3). 

AT(t,  ^orrJ.  nM     Hence  the  tjfmm^rieal  homogeueoiiH  integral  fonctioiu  of  x  and  y  of  1st, 

U.fM  •)  ---Wnd,  Brd,  4c.  Jegreea  are 

'  Aa^  +  Biy  +  Ay"  (2), 

Ai'+BieV  +  Ba^  +  Ay'  (8), 

&o. 
The  correeponding  functions  of  z,  y,  i  are 

Az+Ay  +  Ai!  (*), 

Ax'  +  Ay'  +  Ai'  +  Bya  +  Bsi+Bay  (5), 

'ia'  +  Ay'  +  At'  +  Ps^  +  Pi/^  +  rto'  +  IVi  +  Piy'  +  PaV  +  Saijfli    (fl), 
&c 
The  most  general  sjlumetrical  integral  AlnctioD  of  z,  y  of  the  3rd  degree 
will  be  the  algebraic  sum  of  three  fimctioni,  such  as  (1),  (2),  ami  (S) ;  namel;, 

it  +  Ap  +  Ba" -H  Cei/ +  Bi/' +  ItE* + EiB»y  +  EV  +  Dji". 
And  so  on. 

If  the  student  find  any  difficulty  in  detecting  what  temiB 
ought  to  have  the  same  coefficient,  let  him  remark  that  they  are 
all  derivable  from  each  other  by  interchanges  of  the  variables. 
Thus,  to  get  all  the  terms  that  have  the  same  coefficient  as  x*  in 
(6),  putting  y  for  x,  we  get  y" ;  putting  z  for  x,  we  get  2* ;  and  we 
cannot  by  operating  in  the  same  way  upon  any  of  these  produce 
any  more  terms  of  the  same  type.  Hence  z^,  y,  s*  form  one 
group,  having  the  same  coefficient.  Next  take  y^;  the  inter- 
changes X  and  y,  x  and  s,  y  and  z  produce  2»',  yT^,  /z ;  applying 
these  interchanges  to  the  new  terms,  we  get  only  two  more  new 
terms — asr",  x^ ;  hence  the  six  terms,  yz*,  y*?,  21",  t^x,  ly*,  ai'y,  form 
another  group ;  xyz  is  evidently  unique,  being  itself  symmetrical. 

1liiiU-->"t*i)      V  §  23,]  The  rule  of  symmetry  is  exceedingly  useful  in  abbre- 

«Mi4,;.K>4'/     viating  algebraical  work. 

Let  it  be  reqntred,  for  example,  to  diitribate  the  prodnct  (a  +  i+e) 
{i^  +  l^  +  ^~be-ea- ah),  each  of  whose  factora  ia  Bymmetrical  in  n,  i,  c  The 
distributed  piodnct  will  be  sjmmetrical  in  a,  i,  «.  Now  we  see  at  once  that  the 
term  #  occara  wiHi  the  coefficient  unit;,  hence  the  same  must  be  true  of  &* 
and  e*.  Again  the  t«rm  i^  haa  tho  coefficient  0,  ao  also  b^  the  principles  of 
ijmmetry  mnat  the  five  other  terms,  f>i?,  d'a,  ca',  a^,  a*b,  belonging  to  the 
same  group.  Lastly,  the  term  -  061;  is  obtained  by  taking  a  fraja  the  first 
bracket,  benefit  most  occur  by  taking  b,  and  by  taking  e,  that  is,  the  oie 
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term  mnst  have  the  coefficient  -  3.  We  have  therefore  ihown  that  (a+i-t-c) 
(o'+W+^-6e-oa-a4)  =  o'+ft*  +  ^-8ii4e;  and  the  principlos  of  ayiiiinetrf 
have  enabled  us  to  abbreviate  the  work  by  about  two-thirds. 

FRlNCIPtE  OF  INDBTBBUINATX  COEFFICIENTS. 
v  §  24.]  A  still  more  strikiDg  use  of  the  general  principles  of 
homogeneity  and  symmetry  can  be  best  illustrated  in  conjunction 
vith  the  ttpplicatioa  of  another  principle,  which  is  an  immediate 
consequence  of  the  theory  of  integral  functions. 

Wb  have  laid  down  that  the  coefficients  of  an  integral  function 
are  independent  of  the  variables,  and  therefore  are  not  altered  by 
giving  any  special  values  to  the  variables.  If,  tha-efore,  on  either 
side  of  any  algebraic  identity  involving  integrai  functions  we  determine 
the  coeffidents,  either  by  generai  condderaiions  regarding  the  forms  of 
the  fundions  involved,  or  by  considering  pariicalaT  eases  of  the  ideniity, 
then  these  coefficients  one  determined  once  for  ail.  This  has  (not  very 
happily,  it  must  be  confessed)  been  called  the  princ^le  of  imie- 
iermnate  coeffici^ts.  As  applied  to  integral  functions  it  results 
from  the  most  elementary  principles,  as  we  have  seen ;  when 
infinite  series  are  concerned  its  use  requires  further  examination 
(see  the  chapter  on  Series  in  the  second  part  of  this  work). 

The  following  are  examples : — 

(x  +  y)'  =  (a;  +  y)  (z  +  y),  being  the  product  of  two  homogeneous 
symmetrical  functions  of  x  and  y  of  the  1st  degree,  will  be  a 
homogeneous  symmetrical  integral  iiuiction  of  the  Snd  degree, 
tiierefore  (a:  +  y)' —  Aa;' +  Bay  +  Ay*  (1). 

We  have  to  determine  the  coefficients  A  and  B. 

Since  the  identity  holds  for  all  values  of  x  and  y,  it  most 
hold  when  x  =  1  and  y  =  0,  therefore 

(1  +  0)'  =  Al'  +  Bl  X  0  +  AO', 
1  =  A 
We  now  have        (sc  +  y)'  =  k"  +  Ba^  +  y*; 
this  must  hold'when      x=\  and  y=  -  1, 
therefore  (1  - 1)'  =  1  +  B.l.(  -  1)  +  I, 

that  is,  0  =  2  -  B, 

whence  B  =  2. 

Thus  finally  (i  +  y)'  =  x"  +  Say  +  y". 
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ThU  method  of  working  ma^  «eem  at  first  sight  Mmenkat  atartlinib  bnt 
k  little  reflection  will  convince  the  leuner  of  its  soimdnesB.  We  know,  bj 
the  prindplea  of  homogenei^  and  Bymmetiy,  that  a  ganeni  identity  of  the 
form  (1 )  exiats,  and  we  determine  the  coefficients  bj  the  considerstion  that 
the  identity  must  hold  in  njxj  particular  case.  The  stndent  will  naturally  aak 
how  he  is  to  Iw  guided  in  selecting  the  particular  cases  in  qtteetjon,  and 
whether  it  is  material  what  cases  he  selects.  The  answer  to  the  latter  part  of 
this  qnestioii  is  that,  except  as  to  the  labour  involved  in  the  calculation,  the 
choice  of  cases  is  immaterial,  provided  enough  are  taken  to  determine  all  the 
coefficients.  This  determination  will  in  general  depend  upon  the  aolntion  of 
a  system  of  limultaneouB  equations  of  the  Ist  degree,  whose  nomber  is  the 
number  of  the  coefficients  tc  be  determined.  (See  below,  chap.  xvL )  So  tar 
■a  possible,  the  partictdar  cases  should  be  chosen  so  as  to  give  equations  each 
of  which  contains  only  one  of  the  coefficients,  so  that  we  can  determine  them 
one  at  a  time  as  was  done  above. 

The  student  who  is  already  fiuniliar  with  the  aolntion  of  simultaneous 
eqnationa  of  the  Ist  degree  may  work  out  the  values  of  the  coefficienta  by 
means  of  particular  cases  taken  at  random.     Thus,  for  example,  putting  x=  i, 
ysS,  and  z=l,  y=i  saccessively  in  (1}  above,  we  get  the  sqaations 
26  =  13A  +  6B. 
26  =  17A  +  4B, 
which,  when  solved  in  the  usual  way,  give  A  =  l,  and  B  =  2,  as  before. 

We  give  one  more  eztunple  of  this  important  process : — 
B;  the  principles  of  homogeneity  and  symmetry  we  must  have 

=  A{x'  +  j/«+2»)+B(vt'  +  iA  +  s«'  +  i^  +  !ty'  +  a?y)  +  Caq». 
Putting  ii:=l,  y=0,  e=0,  we  get  1=A. 
Using  this  value  of  A,  and  putting  x  =  \,  |r=l,  z=0,  we  get 

2x1^2  +  8x2, 
tluti^  2=2  +  Bx2, 


Using  these  valnes  of  A  and  B,  and  putting  z=:l,  y=l,  t^i,  we  get 

3x0  =  3  +  0, 
that  la,  0  =  8  +  0, 

therefore  C=-3; 

and  we  get  finally 

(j!  +  y  +  j)(jr>  +  ^  +  i'-ire-w-iy}=it'  +  y'+«»-3ijw  (2), 

as  in  S  23. 

V  §  25.]  Rtferma  Table  of  IdeniUiet. — Most  of  tlie  results  given 
below  will  be  found  useful  by  the  student  in  his  occasional  calcu- 
lations of  algebraical  identities.      Some  examples  of  their  nse 
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have  already  been  given,  and  others  will  be  found  among  the 
Exercises  in  this  chapter.  Such  of  the  resalts  as  have  not 
already  been  demonstrated  above  may  he  established  by  the 
student  himself  as  an  exercise. 

^  {x  +  a)ix-^b)^3?  +  {a  +  b)x+ab; 
-^  {x-i-a){x+  b)\x  +  c)  =  x'  +  (a  +  b  +  c)3* 

+  (6c  + 1»  +  ah)x  +  aic; 
and  generally  M    ' 

^    (a:  +  o,)  (a;  +  a,) .  .  .  {x  +  a^)  =  3f  +  F,x''-^ +  P,x*-^ 
+  .  .  .  +P„_ia:  +  P,  (see  §9). 
{x±y)'  =  i^±2x>/  +  f; 
{x±p)'  =  a^-±  3a^y  +  3ay  ±  y'; 
&c ; 
the  numerical  coefBcients  being  taken  from  the  following 
table  of  binomial  coefBcients : — 

CoefficientB. 


1 


1 


1  6  15  20  15   6 

1  7  21  36  36  21 

1  8  28  56  70  56 

1  9  36  84  126  126  84  36   9   1 

1  10  45  120  210  262  210  120  46  10  1  ' 

1  11  66  165  330  462  462  330  166  65  11  1 

1  12  66  220  495  792  924  792  495  2^0  66  12  1 


Kii.) 


■  This  t&ble  Gnt  ocean  in  the  Ariihrtutim  Integra  of  Stifsl  (1544),  in 
1  nith  the  extractioii  of  roots.  It  does  not  appear  that  he  was 
airare  of  the  application  to  the  ezpansion  of  a  binomial.  The  table  was  dU- 
coBsed  and  mach  nsad  by  Pascal,  and  now  goes  bj  the  name  of  Paacal'a 
Aritbmeljcal  Triangle,  The  factorial  fonnulffi  for  the  binomial  coefficisnts 
(see  the  second  part  of  this  work)  were  diaoovered  bj  Newton. 
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and  generally 

(ii;-y)(z-'  +  iE-«y+  ..  .  +«y"''+ J/"" ')  =  *"-?"; 
{j:  +  y)(z"-'-a:"-^+  . .  -  Tzy"-*±y"-')  =  x"±y"; 
upper  or  lower  eign  according  as  n  is  odd  or  even. 

(a^  + /)  (z*  +  y^  =  (a»' T  SWT  +  (^' ± !«')' ; 
(ai'-y")(a^-y^  =  K±yyO'-(V±y=:Ti 
(a;' +  /  +  /)  (ai*  +  y* + O  =  (iK^  +  yy" +  ■»')'  + 0/s' - /«)' 

+  (z3f-z'xy  +  (xy''3fyy; 

(j^  +  y"  +  a"  +  O  (ik"  +  j^  -i-  a"  +  «'*)  =  (ke'  +  yy"  +  22"  +  wm'}' 

+  (zy'-yZ  +  ^a' -««:')■ 

+  (aa*  -  y«'  -  an'  +  uy")' 

+  (xu'  +  yz'  -z>f  -  v£)'. 

(i)^  +  xy  +  ^){3?-xs  +  /)'=x'  +xy  +  y\ 

(a  +  6  +  c  +  d)'  =  tt'  +  6'  +  c"  +  «**  +  2a4  +  Sue  +  2<Mi 
+  2bc+2bd+2cd; 
and  goDerally 

{a,  +  a,  .  .  .  +  a„)'  =  Bum  of  squares  of  a,,  a^  .,.(»„  + 
twice  sum  of  all  partial  products  {iwo  and  two. 

:   (a  +  J  +  c)'  =  ffl'  +  6'  +  c'  +  Sb'c  +  3b^  +  3(?a  +  3ca'  +  3a'S 


(III.) 


(IV.) 


(V.>* 


(VI.) 


(TIL) 


(VIIL) 


=  a*  +  6'  +  c'  +  &bc(b  +  e)  +  3ca(c  +  o) 

+  3oJ(o  +  6)  +  Safe.  J 

(a  +  6  +  e)  («■  +  6'  +  c"  -  6c  -  ea  -  ofi)  =  o'  +  J'  + 1^  -  3ote.    (IX). 

(6-e)(c-»)(a-J)=  -o'(ft-c>-6'(tf-a)-(^(a-6), 

'(X.) 


:  -bc(b-c)-ca(c-a)-ab{a-b),       V 
=  +  b<f  —  b^c  +  a^  -  c'a  *■  al^  -  a'b.        i 


'  Theaa  identitiM  farniah,  inter  alia,  proois  of  a  sarles  of  propontioDs  in 
th«  tbeoT7  of  nnmbeiB,  of  which  the  following  ia  tTpical : — [f  each  of  two 
integeTB  be  the  mm  of  two  iqiureB,  their  prodnct  can  b«  exhibited  in  two 
w«js  la  the  ram  of  two  integral  aqoarea.    ( '  .  _ 
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(6  +  e)(c  +  <i){a  +  6)  =  a'(ft  +  c)  +  6*(c  +  a)  +  c>  +  J)  +  2aAc  j 

=  ^6  +  c)  +  ca(e  +  a)+a6(a  +  6)+2aie,  WXL) 

=  6<^  +  6*6  +  ca*  +  c'a  +  oi'  +  o'6  +  2a4c.  ' 
(o  +  6  +  c)  (a' +  i' +  <;•)  =  6£:(6  +  c)  +  «<(!  +  o)  +  a*(o  +  6) 


+  (^  +  fi*  +  (?. 

(a  +  i  +  c)  (6c  +  6B  +  oi)  =  a'(5  +  e)  +  6'(c  +  o)  +  e^a  +  6) 
+  3aAc 


(XII.) 


(XIII.) 


-a'-J'-c*-2a*c. 

(a  +  6  +  e)  ( -  a  +  6  +  c)  (a  -  6  +  c)  (tt  +  S  -  c)  =  26*5*  +  St'o*       ( 
+  SaV  -  a'  -  y  -  c*. 


(XV.)' 


a{b-c)*b{c-a)  +  c{a-b)^0;  MXVI.) 

(6  +  c)(6-c)  +  {c  +  a)(<;-a)  +  (a  +  6)(fl-6)  =  0.        ) 


VIII, 

^(1.)  Write  dawn  tlie  most  genenl  ntional  integral  symmetrical  function 
of  x^  y,  2,  u  of  the  third  degree. 

(2.)  Distribute  the  product  {a!V  +  J%+A!)(V+y^+=«')-  Stour  thM 
it  is  BTmmetrical ;  count  the  nnmber  of  types  into  vhich  its  terms  fall ;  and 
state  how  msu;  of  the  tjpes  corresponding  to  its  degree  are  missing. 

\/  (3.)  Construct  a  homogeneous  integrol  function  of  x  and  y  of  the  first 
degree,  which  shall  vanish  when  x— y,  and  become  1  when  ;c  — 5  and  y  =  2. 

•/  (4.)  Construct  an  integral  function  of  x  and  y  of  the  ftrst  degree  which 
shall  vanish  when  x—i!,  y  —  Tf,  and  also  when  ie=:^,  j  =  b". 

(G.)  Construct  a  homogeneous  integral  function  of  x  and  y  of  the  second 
dc^;r«e  which  shall  vanish  when  x—i!,  j  =  v',  and  also  when  a^af,  j  =  y",  and 
shall  become  1  wheoz^l,  y=l. 

{e,}  If      A(ii;-a)(3;-6)  +  B(z-6)(»!-7)  +  C(3r-7)(«-3)  =  8i-130, 
for  oil  values  of  x,  determine  the  coefficients  A,  B,  C. 
v^7. )  Show  that  6a^  +  IBa;  + 18  can  be  pnt  into  the  form 

i(!e-2){«-8)  +  m(a-3)(*-l)  +  n(i-l)(«-2); 
and  find  I,  m,  n.   *■) 

(8.)  Assuming  that  (IE- 1)(«- 2)  (a- 8)  can  be  put  into  the  form 
i(a-l)(x  +  2)(x  +  3)  +  m(x-2)(j:  +  3)(a:  +  l)  +  n<x-3)(ir+l)(ic+2), 
determine  the  numbeis  I,  m,  n. 

*  Important  in  connection  with  Hero's  formula  for  the  area  of  a  plane 
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(e.)  Find  B.  rational  integral  fanction  of  z  of  the  thin)  degree  which 
shall  have  the  valnes  P,  Q,  R,  S  when  x^a,  x-b,  x^c,  x-d,  reapeotiTBly. 
(10.)  Find  the  coefficients  of  ^  and  yz^in  the  eipanaion  of 

(11.)  Expand  and  simplify  S(y"  +  T'-a!")(y  +  j-iE). 
Pnna  the  following  identitiea  : — 

(12.)  {ad-^bc)^  +  {a  +  b-^t-d){a-i-b-c  +  dt'>  +  df,b-d)  =  (f?-iP-Vab+cdf. 

■(13,)  2(6>  +  c"-a>  +  6c  +  ai  +  a6)V-»')  =  4(*^-<^)(t^-"')(a'-6»). 

(H.)  2(™-ft')(<ii-e')  =  (Z*c)(2Sc-Xa=). 

(16.)  2(6e'-i'e)(W-ft"e)  =  2o'La'o'-2;aa'2a<i'. 

(16.)  3n(y+i)-82yi=Sx(S*-l)(2j;-2)^Si<a;-l)(»-2). 

(17.)  S(y+c*-o')/2*e  =  (4jiii>,-p,»-8pi}/2ft,  where  j.,=  -2a,  j),  =  2ie, 

(18.)  n{y+=)'+a<Vi"-2z\!/+i)'=2(rjfi!)'. 

(19.)  :&{x  +  y-x)\{y-zf-lt-x){x-y))=-S.^-S^^ 

(20.)  n{a±i±«±d)  =  l;o'-4So"ft'  +  82a'M+42a*iV-i0o'6V(P. 

(21.)  Show  that 

(3^  +  y»  +  !^-8x!P!)'  =  X>  +  Y'  +  Z>-8XYZ,  where  X=!i!'  +  2!W,  tc. 
Also  that 

(25^ -^  33^)  (Se^  -  Sar'!/'*')  =  S(™' +  ti- +  y"*)"  -  8n(ra!' +  jtt- +  y-i). 
{These  identities  have  an  important  meaaing  in  the  theoiy  of  nambers,) 
(22.)  Show  that,  if  n  be  a  positive  integer,  then 


l-J+i-- 

..-!(.„.»).!(  J;,+  jl-,+  . 

-a- 

1-1+1-. 

•-l<-->-U,-a3- 

*  In  this  example  2  is  not  used  in  its  strict  sense,  bat  refers  only  to 
cyclical  interchanges  of  oAc.  Thus,  Za^b  -  e)  is,  strictly  ^waking,  =0  ;  but, 
if  2  be  used  in  the  pi«seDt  sense,  iti»  aVJt-  c)+i?(i:-a)-v<?{a-b). 
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CHAPTER  V. 

Division  of  Integral  Functions— TrauBformation  of 
Quotients. 

^§  1.]  The  operations  of  this  chapter  are  for  the  moBt  part 

inverse  to  those  of  last     Thus,  A  and  D  being  any  integral 

functions   of  one   variable  x^   and  -Q   a  function   such   that 

D  X  Q  =  A,  then  Q  is  called  the  qiutitnt  of  A  b;  D  ;  A  is  called 

the  divuiaid  and  D  the  divisor.     We  symbolise  Q  hy  the  nota- 

A 
tion  A  -r  D,  A/D,  or  |r,  as  expltdned  in  chap,  i 

The  operation  of  finding  Q  is  called  divisiw,  but  we  prefer 
'that  the  student  should  class  the  operations  of  this  chapter  under 
the  title  of  transformati&n  of  guoHettts. 

A  and  D  being  both  integral  functions,  Q  will  be  a  rational 
function  of  x,  but  will  not  necessarily  be  an  inteffral  function, 

fHien  the  qwtiaU  can  be  tTansformed  so  as  to  become  integral,  A 
is  taid  to  be  exactly  divisible  by  D. 

/f'A«n  the  quotient  cannot  be  so  transformed,  the  quotient  is  said 
to  be  fractional  or  essentially  fractional 
Ij        It  is  of  course  oimms  that  an  esseniiaUy  integral  function  cannot 
1  he  equal,  in  the  identical  sense,  to  an  essentially  fractional  function. 

-J  §  2.]  Whim.  &e  quotient  is  integral  its  degree  is  the  excess  of  the 
degree  of  the  dividend  over  the  degree  of  the  divisor.     For,  denoting 

*  For  reaaona  partlj  eipltuned  beloir  tho  atodeat  mnst  be  caDtdoni  in 
appl;riiiS  man;  of  the  propositioui  of  tMs  chsptw  to  foncHona  of  more  vari- 
«blei  than  one  ;  or  at  least  in  anch  cases  he  must  aelect  oue  of  the  varisblcs 
&t  a  time,  and  think  of  it  u  the  variable  for  the  pnrpowa  of  this  chapter. 
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the  degrees  of  the  fiinctionB  represented  by  the  various  letters 
by  suffixes,  we  have 

therefore,  by  chap.  iv.  ^  7,m-p-t-n,  that  is, p  =  m - n. 
v*  §  3.]  If  the  degree  of  the  dividend  be  less  than  thai  of  ^  dvritor 
the  quoHeut  is  essentially  fradwmai.     For,  m  being  <  n,  suppose,  if 
possible,  that  the  quotient  is  integral,  of  degree  p  say,  then 

therefore  m^p  +  n;  \sat  p  catmot  be  less  than  0  by  our  hypo- 
thesis, and  m  is  already  less  than  n,  hence  the  quotient  cannot 
be  integral,  that  is,  it  must  be  fractional 
^  ^^:\  If  A,  D,  Q,  R,  be  all  iiUegrai  fwuivms,  wnd  if  J  ^ 
QD  +  R,  then  E  will  be  exactly  divis^de  by  D  ornot  according  as  A 
is  exactly  divis^  by  D  or  not. 

For  since  A  =  QD  +  R, 

A     QD  +  R  R 

D~      D      "'^■^D' 

.      ,  E     A     „ 

therefore  B  ~  T>  ~  ^' 

Now,  if  A  be  exactly  divisible  by  D,  A/D  will  be  integral,  and 
A/D  -  Q  will  be  integral,  that  is,  E/D  will  be  integral,  that  is,  B 
will  be  exactly  divisible  by  D. 

Again,  if  A  be  not  exactly  divisible  by  D,  A/D  will  be 
fractional.  Hence  B/D  mast  be  fractional,  for,  if  it  were 
integral,  Q  +  R/D  would  be  integral,  that  is,  A/D  would  be  in- 
tegral, which  is  contraty  to  hypothesis. 


INTEGRAL  QUOTIENT  AND  REMAINDER. 
«/  §  C]  The  following  is   tJie   fundamental   theorem  in    the 
transformation  of  quotients. 

A  „  ami  Dnbemg  integral  functions  of  tiK  degrees  m  tmdnrespect- 
ively,  uu  can  always  transform  the  qmlietit  A^jDn  as  follows.- — 
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where  P„-nisan  iiUegrai  fundum  of  degree  m-n,  and  B  (if  it  do 
not  vanish)  an  mieffrtU  ftmciion  whose  degree  m  n  -  1  at  &e  vinwsi 

Thifl  transformation  is  effected  by  a  series  of  steps.     We  shall 
first  work  out  a  particular  case,  and  then  give  the  general  proof. 

Lot  A,=&i*  +  iaf-2(ke'  +  it>i?~6th?+S0x-10, 

D,  =  23!*  +  32'-*!J?+&E-8, 

moltipl;  tha  dirisor  D^  by  the  ijaotient  of  tiie  highest  term  of  the  dividend 
by  the  higbe«t  teim  of  ^e  divigor  (that  ia,  multiply  D,  by  8x*/^=*^i 
and  sabtract  the  result  from  the  dirideiid  Ac     We  hare 

taTOj  =  Sx*  +  12x*  -  18a:*  +  2fa?  -  32i» 


A«-*afl>4=       -   ix*-   *!r*+lftd»-18x'+80B!-10 

therefore  A«=*eT),+A,  (1). 

Repeat  the  same  ^x>oe8B  with  the  residue  Ag  in  place  of  A«  and  wa  hare 

A,=  -4t"-4^*  +  iea:"-l&i!'  +  80a!-10 
-2a!D4=-*r'-&c«+  8z»- 12i*+16ie 


A,  +  2«Dj=  2i«+V  -   6i^  +  14iE-10 

=A4Bay; 
therafore  A,=  -a«!D,+A, 

Aod  again  wilh  A4, 

Ix 


At-D,=         6a»-2a?+  te-   2 
=  A,Bay; 
therefore  A, = D, + A,  (S). 

Here  the  procesa  must  stop,  nnlesa  we  ^ree  to  admit  fictional  mnlti- 

pllers  of  Dt ;  for  the  quotient  of  the  highest  term  of  A,  by  the  highest  term  of 

D,  is  6z>/^i  th&t  is,  i/x,  which  is  &  fractioaat  function  of  x.     Such  a  con- 

timution  of  the  process  does  not  concern  as  now,  but  will  be  considered  below. 

Meantime,  from  (1)  we  have 

A,-4i>Dj  +  A,  (4); 

and,  nsing  (2)  to  replace  Ag, 

A<=  4!(^4  -  2*0,  +  A,  (6) ; 

and  finally,  nsing  (3), 

A,= iitW,  -  23^)4+ D4  +  A„ 

Henee  A,_(to^-B^  +  l|D.-f  A._ 
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r,  repliuang  the  lettera  b;  the  fHinctioDB  the;  represent, 
&t'  +  B3*-a0j'  +  40j'-S03^+30!i;-10 
Ixi  +  Sx'-ix'  +  ex-S 

6a'-2z'->-8g-' 


Since  fl  -  4  =  2  it  will  lie  seeo  thftt  tie  have  establislied  the  above  theorem 
for  this  apeciAl  case.  It  bo  happeBs  that  the  degrees  of  the  residues  Ag,  A^, 
A,  diminish  at  each  opetation  by  unity  only ;  but  the  atndent  will  easilj  see 
that  the  dimiuntioD  might  happen  to  be  mora  rapid  ;  and,  in  particnJar,  that 
the  degree  of  the  first  residae  whose  degree  falls  under  that  of  the  divisor 
might  happen  to  be  less  than  the  degree  of  the  divisor  b;  more  than  unit?. 
But  none  of  these  possibilities  will  affect  the  proof  in  any  way. 

We  shall  return  to  the  pr«sent  case  immediately,  bat  in  tiie  first  place  we 
may  give  a  general  farm  to  the  proof  of  the  important  propodtion  which  we 
are  illuatiatijig. 

v/Jfi.]  Let      A,B=i';''"+p,af*"'+p/""'  +  &c.; 
Dn=?,a^  +2ia^"^  +j/"~'  +&c. 
MnltiplTiog  D„  \ij  the  quotient  ^^li^,  that  ia,  by  (pjq^  s""", 
and  anbtracting  the  result  irom  A„,  we  get 

A„-?-'^-«D„=  (^,-M)^-i+  (j,,-M,y-U  &c.. 

=  A,„.,  say, 
whence,  denoting  pjq^  by  r  for  shortnesB,  we  get 

A™  =  «™-''D„  +  A„..  (1). 

Treating  A„-,  in  the  same  way,  we  get 

A„.,=SE"— »D„  +  A„.,  <2). 

And  so  on,  so  long  as  the  degree  of  the  residue  is  not  less 
than  n,  the  last  such  equation  obtained  being — 

A„  =  wD„  +  R  (3), 

where  B  ia  of  degree  n  - 1  at  the  utmost.      Using  all  these 
equations  in  snccesgion  we  get 

A„  =  rai"-"D„  +  si?»-"-^D„  +  .  .  .  +  teD„  +  E 
=  (ra!"-"  +  sa?"-"-^  +  .  .  .+w)D„  +  R; 
whence,  dividing  both  sides  by  D^  and  distributing  on  the 
right, 
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^.^-»,^-.-,,,..,„„|, 

which,  bearing  in  miud  the  character  of  B,  gives  a  general  proof 
of  the  proposition  in  question. 
^/  §  7.]  We  have  shown  that  the  tranHformation  of  §  5  can 
alwaya  be  effected  in  a  particular  way,  but  this  gives  no  assur- 
aace  that  the  final  result  will  always  be  the  same.  The  proof 
that  this  really  ia  eo,  is  fumiahed  by  the  following  proposition  : — 

The  qvotient  A/D  of  two  integral  funUions  can  he  put  into  the 
form  P  +  BjD,  where  F  and  E  are  hUtgral  fundvms,  and  the  dt'gree 
of  It  is  less  than  that  of  D,  in  one  way  aidy. 

If  possible  let 

D"        D' 
where  P,  B,  and  P*,  K',  both  satisfy  the  above  requirements ; 


Bubtracting  ^  "^  fS  ^"^^  ^"^  sides,  we  have 

^    *^     D     D' 

whence  — sr—  =  P  -  F. 

Now,  rince  the  degrees  of  B  and  B'  are  both  less  than  the  degree 
of  D,  it  follows  that  the  degree  of  B'  -  B  is  less  than  that  of  D. 
Therefore  by  §  3,  the  left-hand  side,  (K'-E)/D,  is  essentially 
fractional,  and  cannot  be  equal  to  the  right,  which  is  integral, 
unless  B'  -  B  -  0,  in  which  case  we  must  also  have  P  -  P'  =  0, 
thati8,B  =  B',  andP-P'. 
•J  §  8]  The  two  propositions  of  §§  5,  7,  give  a  peculiar 
importance  to  the  functions  P  and  B,  of  which  the  following 
definition  may  now  legitimately  be  given : — 

If  the  gVfOtieuU  AjD  be  transformed  wdo  P  +  EjD,  P  and  B  being 
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integral  and  M  of  degree  less  than  D,  P  is  called  the  integral  guotient, 
and  R  the  remainder  of  A  wh^n  divided  h/  D. 

%/§  9.]  We  can  now  express  the  condition  that  one  integral 
function  A  niay  be  exactly  divisible  by  another  D.  For  if  B 
bo  the  remainder,  as  above  defined,  we  have,  P  being  an  integral 
function, — 

D    '^^D' 
whence,  eabtuKting  P  from  both  sides, 

Now,  if  A  be  exactly  dirisible  by  D,  A/D  will  be  int^;ral,  and 
therefore  A/D  -  F  will  be  integral  Hence  R/D  must  be  integral ; 
but,  since  the  d^;ree  of  R  is  lees  than  that  of  D,  this  cannot  he 
the  case  unless  R  vanish  identically. 

The,  necessary  and  sufficient  amdiiitm  for  exact  divisiiilitif  U 
therefore  that  the  remainder  shall  vanish. 

When  the  divisor  is  of  the  nth  degree,  the  remainder  will  in 
general  be  of  the  (n  —  l)th  degree,  and  will  contain  n  coefficients, 
every  one  of  which  must  vanish  if  the  remainder  vanish,  /n 
general,  therefore,  when  the  divisor  is  of  ihenik  degree,  n  conditions 
art  necessary  to  secure  exact  divisibility. 

\/  §  10.]  Having  examined  the  exact  meaning  and  use  of  the 
integral  quotient  and  remainder,  we  proceed  to  explain  a  con- 
venient method  for  calculating  them.  The  process  is  simply  a 
succinct  arrangement  of  the  calculation  of  ^  6,  6.  It  will  be 
sufficient  to  take  the  particular  case  of  §  5. 

The  work  may  be  arranged  as  follows : — 
&e'+    8a^  -  20g'  +  JOz* -  SOj:*  +  30a! -  lOl  2x'  +  53?~i!i?  +  Sz-B 
8a:' +123^-1 6a;' 4- 2 42' -3 2a;'  4a!'-2a!+l 


-  4a^-    4a;'+16ai'-18a:'+30a!-10 

-  i3^-    6x'+    &i^-12i'+16a: 

2a:'+    8a?-    6a!'+14a!-10 
2a;' +    Sz^-    4a:;' +    6a:-    8 
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Or,  obBfiTving  tliat  the  term  - 10  is  not  Tranted  till  the  last 
operation,  and  therefore  need  not  be  taken  down  from  the  upper 
line  until  that  stage  is  reached,  and  ohserving  further  that  the 
method  of  detached  coefficients  is  clearly  applicable  here  just  as 
in  multiplication,  we  may  arrange  the  whole  thus : — 

8+    8- 20  +  40 -fiO  + 30 -10  12  +  3-4  +  6-8 


8+12- 

16  +  24-32 

-    4- 

4+16-18  +  30 

-   4- 

6+    8-12  +  16 

2+    8-    6  +  14- 

10 

2+    3-    4+    6- 

■    8 

Therefore,       Integral  quotient  =  4x*- 2z+l. 

Bemainder  =  5a;'  -  2a^  +  8a:  -  2. 

The  process  may  be  verbaUy  described  aa  follows : — 

Arrange  both  dividend  and  divisor  according  to  descendioff  powers 
of  X,  JiUvag  in  missing  poieers  vtith  zero  coefficients.  Find  the  qiwtient 
of  the  highest  term  of  the  dimdend  h/  the  highest  term  of  the  divisor; 
the  result  is  the  highest  term  of  the  "integral  qwttent." 

Mutiny  the  dimsor  by  the  term  thus  obtained,  and  mtbtracf  the 
result  from  the  dividend,  taMng  dotea  only  one  term  to  the  right  beyond 
Oiose  affected  by  the  subtraction ,-  the  restilt  thus  obtained  will  be  less  in 
degree  than  the  dividend  by  one  at  least.  Divide  the  highest  term  of 
this  result  by  the  highest  of  the  divisor;  the  result  is  the  second  term 
of  the  "  integral  quotient." 

Multiply  the  divisor  by  the  new  term  just  obtained,  and  subtract, 
£c,  as  before. 

The  process  continues  until  the  result  after  the  last  subtraction  is 
less  m  degree  than  the  divisor ;  this  last  result  it  the  remainder  as 
above  defined. 

V  §11.]  The  following  are  some  examples  of  the  use  of  the  "  long 
rule  "  for  division : — 
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{'■-'r-P-ie'*kH''-i--'i> 

l-l+tt-A+Ali-l+J 

-i  +  A-A 
-i+l-A 

l-A+A 
1-A+A 

The  lemuuder  ranialies,  therefore  the  division  ig  exact,  and  the  qnotient  ia 


^     -/    Examine  2. 

1+p       +9                 +r 

■{x-a). 
Il-o 

1-a 

|l  +  (a+p)  +  (B'  +  ap  +  ?) 

la+pHq 

Hence  the  integral  qnotient  is 

and  the  remainder  ia 

The  atudent  shonld  ohserre  the  use  of  brackets  throughout  to  preMrre  the 
identitj  of  the  coefficients. 
^  Ezample  8. 

(o*  -  Sa»  +  Bo's*  -  Sof + 6*) -^  {o' -  ai  +  i»). 
Ist.  Let  us  consider  a  as  the  variable.     Since  the  ezpresaiona  are  homo- 
geneous, we  may  omit  the  powera  of  ft  in  the  coefficients,  and  use  the  Durabers 


i-s+6-8+i:i- 

1-1+1        [1- 

-1  +  1 
-2  +  3 

-2  +  6-3        o» 

-a»ft+ 

.3ft> 

-2+2-2 

3-1  +  1 

3-3  +  3 

2-2 

2o6»-2(r'. 
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a'-ab  +  H'  " 


-2ai  +  S6'  + 


2nd.  L«t  na  consider  b  as  the  vamble.  We  must  then  arrange  according 
to  descending  powers  of  b,  thaa — 

{6'-3a*'  +  6a'6'-3o'i  +  a')4-(J'-o4  +  a'). 
Detach  the  coefficients,  and  proceed  oa  before.  It  happens  in  this  particnlar 
case  that  the  mere  numeric&I  part  of  the  work  is  exactly  the  same  as  before  ; 
the  onlj'  diflereuce  ia  in  the  insertioQ  of  the  powers  of  a  and  h  at  the  end. 
Thus  the  integral  quotient  is  M  -  2ba  +  Sa',  snd  the  remainder  is  2b<^  -  2a*, 
whence 

^^r^M^ =  ^'-2-*+*"  +  ^r^M^- 

v§  12.]  The  procesH  of  long  division  may  be  still  farther 
abbreviated  (after  ezpertness  ajid  accuracy  have  been  acquired) 
by  combining  the  operations  of  multiplying  the  divisor  and  sub- 
tratsting.  Then  only  the  successive  residues  need  be  written. 
Thus  contracted  the  numerical  part  of  the  operations  of  example  3 
in  last  paragraph  would  run  thus : — 

1-3+6-8+1 11-1+1 


BINOMIAL  DIVISOR — REMAINDER  THEOREM 

'  ^§  13.]  The  case  of  a  binomial  divisor  of  the  first  degree  ia  of 
special  importance.     Let  the  divisor  be  x  -  a,  and  the  dividend 

J)^+J>|lf*-'+j)^-'  +  .  .  .  +Pn-iX+Pn' 

Then,  if  we  employ  the  method  of  detached  coefficients,  the 
calculation  runs  as  follows ; — 

Po+Pi  +Pi+---  +J'n-i+Pn     l-« 

Po  ~Po^  Po 

{py  +  p,a -i- Pi)  +  p^ 

(p,a'  +p^<L  +pj-  {py  +pa  +p^)a 

(y^'+J),a'+i»^+p,) 
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The  int^intl  quotient  ia  therefore 

pj^-i  +  (jt^a  +p,)ir"-*  +  (p,a'  +p,a  +^,)l*'-'  +  .  .  . 

The  law  offoTTnatum  of  the  coeffieienfa  is  evidently  as  follows : — 

The  first  is  IKe  first  coefficient  of  the  dividend. 

The  second  is  obtained  hy  multiplying  its  predecessor  by  a.  asid 
adding  the  second  coefficient  of  the  dividend. 

The  third  by  multiplying  the  second  just  obtained  by  a,  and  adding 
the  third  coefficient  of  the  dividend.    And  so  on. 

It  is  also  obvious  that  the  remainder,  which  in  the  ja^esent  case  is 
of  zero  degree  in  x  (thai  is,  does  not  ccmtain  x),  is  obtained  from  the  last 
coefficient  of  the  integral  quotient  by  mvlliplying  thai  coefficient  by  a. 
and  adding  the  last  coefficieni  of  Ike  dividetid. 

The  operatioDB  in  any  numerical  instance  may  be  conreniently 
arranged  as  follows : — * 

Example  1. 

I  (2i>!*-8a»+&e-4)-i-{a!-2). 
I  2+0-8+  6-  4 

'l  0  +  *  +  8  +  10  +  32 

2  +  4  +  6  +  16  +  2S. 
Integral  quotient  =  2«'  +  *iii'  +  Ba!+19. 
BeDuiuder  =  28. 

I         The  figuree  id  the  first  line  are  the  coefficients  of  the  diTidend. 

The  firat  coefficient  in  the  second  line  is  0. 

The  Gist  coefficient  in  the  third  line  results  &om  the  addition  of  the  two 
above  it. 

The  second  6gaie  in  the  second  line  is  obtained  by  multiplying  the  Gret 
coefficient  in  the  third  line  by  2. 

The  second  figtire  in  the  third  line  by  adding  the  two  oTer  it. 

And  BO  on. 

Example  2. 

If  the  divisor  be  z  +  2,  we  have  only  to  obeerve  that  this  is  the  same  as 

*  The  student  should  observe  that  this  arrangement  of  &e  calculation  of 
the  remainder  is  virtually  a  handy  method  for  calculating  the  value  of  an  in- 
tegral fnnctian  of  z  for  any  particular  value  of x,  for  28  is  2x2*-Sx2* 
+  6x2-4,  tbat  is  to  say,  the  value  of  2k*- Sa? +  62 -4  when  z^ 2  (see  B  14)- 
This  method  is  often  need,  and  alwaye  saves  arithmetic  when  some  of  the 
coeffidenta  are  negative  and  othen  poaitlre. 
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m~i-2);  and  wa  Bee  that  the  proper  TSBolt  will  be  obtained  by  opeMtiug 
thiooghoat  u  before,  neiug  -  2  for  onr  mnltiplier  uuteod  of  +  2. 


(2r«- 

■3a?  +  te-*)-7-(a  +  2) 
■&c*  +  «K-4)4-(a-(-2)). 

2+0-8+  8-4 

0-4+8-10+8 

2-4+5- 

Integ»lqootiBnt  =  £i^ 

4  +  4. 

Ejc&mple  S. 

The  following  example  will  show  the  stadent  how  to  brmg  the  a 
binomial  difiMr  or  the  first  degree  nnder  the  cue  of  x-o. 

8g*-23!'  +  to'-2z  +  3_  az*-2ic'  +  3j'-2!r  +  3 
Zx+2  ~  3(iE  +  i) 


8z*-2i'  +  33J-2a;+S  | 


n«mlbnnliig  now  the  qnotieiit  inaide  the  bracket  j  }  >  we  hare 

3-2+8  -2+8 

0-2+g-V  +  W 

8-4+V-V  +  W- 
Integral  quotient  =  3«'-4!i^+V«!-V- 
Bemoinder  =  W- 

Hence,  for  the  dirision  originally  propoeed,  we  have — 

Integral  quotient  =  z'-|r'  +  V»!-H-  \/ 

Bemainder  —  Vi* ' 

The  proceas  employed  in  examples  2  and  3  aboTe  is  clearly 
applicable  in  general,  and  the  student  should  study  it  attentively 
as  an  instance  of  the  use  of  a  little  transformation  in  bringing 
cases  apparently  distinct  under  a  common  treatment 

^  §  14.]  Reverting  to  the  general  result  of  last  section,  we  see 
that  the  remainder,  when  written  out  in  full,  is 

J>,a»+;),a»-»+  .   .   .  +Pn-,<L+p^ 
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Gomparing  thia  with  the  dividend 

P^+Py^'^+    ■    •    •    +Pn-i^+Pn, 

we  have  the  following  " reJsaiaid£rJb£(^em" : — 
I  /  j  When  wn,  integral  fundum  of  x  is  dtvidtd  by  x- a,  (he  remainder 

m^     is  obtained  by  substHuUng  a  for  x  in  the  fimdion  m  quesiion. 
-jM^  "Av"        ^^  other  words,  the  remainder  is  the  same  function  of  o  as 
the  dividend  ia  of  x. 

Partly  on  account  of  the  great  importance  of  thia  theorem, 
partly  as  an  ezerciae  in  general  algebraical  reasoning,  we  give 
another  proof  of  it. 

Let  us,  for  shortness,  denote 

A^+J',i^"'+  ■  -  -  +Pn-.a;+j>„by/<3;), 
f{a)  will  then,  naturally,  denote  the  result  of  substituting  a  for 
X  in  /{x),  that  is, 

i'.*"  +  i'i""~'+   ■    ■    ■    +Pn-fi-^Pn- 

Let  xi")  denote  the  integral  quotient,  and  E  the  remainder, 
when  /{x)  is  divided  hyz-  a.  Then  x(^)  is  &n  integral  function 
of  X  of  degree  n  -  1,  and  B  is  a  constant  (that  is,  is  independent 
of  x),  and  we  have 


M , 


xW  + 


whence,  multiplying  by  a;  -  a,  we  get  the  identity 

/M-(i-")xW  +  K. 

Since  this  holds  for  all  values  of  a^  we  get,  putting  x  =  a 
throughout^ 

/(.)-(«-.)xW  +  E, 

where  It  Temuns  the  same  as  before,  since  it  does  not  depend  on 
X,  and  therefore  is  not  altered  by  giving  any  particular  value 
to  X. 

Since  x{a)  is  finite  if  a  be  finite,  (a  -  a)x(ii)  =  0  x  x{")  =  0  j 
and  we  get  finally 

/W  =  K, 
which,  if  we  remeubw  the  meaning  of  /(a),  proves  the  "  re- 
mainder theorem." 
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Cor.  1.  Since  x  +  a  =  x-{-a),it  follows  that 

The  remainder,  lehm  an  wUegral  JwKtUm  f{x)  is  divided   by 

z  +  <t,ts/(-a). 

For  example,  the  remainder,  when  3^-  3z'-h2^-5z-f  6iE  divided  b7z  +  10, 
i8(-10)*-S(-10)»  +  2{-10)"-6(-10)  +  6  =  13256. 

Cor.  2.  The  remainder,  when  an  inieffral  ftatdwn  of  x,  f{x),  is 

divided  by  ax  +  b,  isfl j  . 

This  Ib  simply  the  generalisation  of  example  3,  §  13,  above. 

By  substitution  we  may  considerably  extend  the  application 

of  the  remainder  theorem,  as  the  following  example  will  show  : — 

Conaider  y»(z")"+ji«-i(K")'"'*+  .  .  ■+p,{^)+Pa  """*  f-a''-  ■Writing 
for  a  moment  {  io  place  of  if",  and  a  in  place  of  a",  ve  have  to  deal  with 
li«P"+p«-if'"'+  ■  ■  ■  +Pii+ftand  i-a.  Now  the  remainder,  when  the 
formerof  these  ie  divided  by  the  latter,  is  ^ir'+;)«-ia'"-'+ ■  .  -  +Pi'+Pf 
Henee  therernainder,  whenp„(3?')"'+p„.i(ic")"'-'+ ,  .  .  +7)i!if"+j(,  is  divided 
bya!"-o",  isp„(o")-+;)«.i(a")--"+  .  .  .  +Pia'*p^ 

AFFLICATION  OF  BEHAINDER  THEOREM  TO  THE  DECOMPOSITION 
,     OF  AN  INTEQRAL  FCNCTION  INTO  LINEAR  FACTORS. 

^""^  §  15.]  If  a^,  a^,  .  .  .  a,  be  r  differeTit  values  of  X,  for  which  the 
\  integral  functum  of  the  nth  degree  f{x)  vanishes,  r  being  <  n,  then 
!/(i)  =  (z-aj(a:-a,)  .  .  .  (^ - a,)*„-/a;),'^n-r(*)6«'K?a»»«fe?«ii 
■  fwKtion  of  X  of  the  (n-  r)tk  degree. 

For,  since  the  remainder,  /(ni),  when  f{x)  is  divided  hyx-  o„ 
vanishes,  therefore  f(x)  is  exactly  divisible  by  »  -  o,,  and  we  have 

where  ^.i(a;)  is  an  integral  function  of  x  of  the  (b  -  l)th  degree. 
Since  this  equation  subsists  for  all  values  of  ie,  we  have 

/(.,)  =  (»,-.,)*..,W, 

that  is,  by  hypothesis,    0  ■=  (a,  -  ai)i^,,(a,). 

Now,  since  a,  and  a,  are  different  by  hypothesis,  a,  -  ai  +  0  ; 

therefore  ^„_,{ a.)  =  0, 

Hence  ^ii-i(i'')  is  divisible  by  (a;  -  a^ 

that  is,  1>n-,{x)  =  {x-  a,)0„.,(a:) ; 

whence  f{x)  <-{x-a,)(x-  a.)^.,(ii!). 
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From  this  again, 

which  gives,  since  a,,  a,,  a,  are  all  unequal,  ^-.(oj  =0;  whence 
*»-.(«) -(s-'0*.-W;  so  that 

/W-(.-a,)(«-...)(«-.H)*.-.W 
Proceeding  in  this  way  step  by  step,  we  finally  eetablisti  the 
theorem  for  any  number  of  factors  not  exceeding  n. 

Cor,  \.  If  an  integral  fimction  be  divisiiU  by  the  factors  x  -  a„ 
K-a,  .  .  .  x~o^,aU  of  the  first  degree,  and  all  different,  it  is 
dimible  by  their  product ,-  and,  conversely,  if  it  is  dmsa>k  by  the 
product  of  amy  number  of  such  factors,  aU  of  the  first  degree  and  all 
different,  it  is  diviai^  by  each  of  them  separately.  The  proof  of 
this  will  form  a  good  exercise  in  algebraical  logic. 

Cor.  2.  The  particnlar  case  of  the  above  theorem,  where  the 
number  of  factors  is  equal  to  the  degree  of  the  function,  is  of 
special  interest.     We  have,  then, 

Here  P  is  of  zero  degree,  that  is,  is  a  constant.  To  determine  it 
we  have  only  to  compare  the  coefficients  of  x"  on  the  left  and 
right  hand  sides,  which  must  be  equal  by  chap.  iv.  §  24.  Now 
f{x)  stands  for  p^+p,a?*-'  +  .  .  . ■*■  pn-,x  +  p„.  Hence  P=i»^ 
and  we  have 

m=p,(z-',){i—.) . . .(»-%). 

In  other  words — If  n  dxfferad  valves  of  x  can  be  found,  for  which 
the  iniegral  fimdioa  fix)  vamkhes,  then  f(x)  can  be  resolved  into  n 
factors  of  the  first  degree,  all  d^erent. 

The  student  must  observe  the  "if"  here.  We  have  not 
shown  that  n  such  particular  values  of  x  can  always  be  found, 
or  how  they  can  be  found,  bat  only  that  if  ihey  can  be  found  the 
factorisation  may  be  efiFected.  The  question  as  to  the  finding  of 
a,,  a.^  .  .  .  &a.,  belongs  to  the  Theory  of  Equations,  into  which 
we  are  not  yet  prepared  to  enter. 

^/§  16.]  The  student  who  has  followed  the  above  theory  will 
natdrally  put  to  himself  the  question,  "  Can  more  than  n  values 
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of  z  be  foond  for  which  an  mtegral  function  of  x  of  the  nth  degree 
vanishes,  and  if  so,  vhat  thenl"  The  following  theorem  will 
answer  this  question,  and  complete  the  geneial  theory  of  factorisa- 
tion so  far  OS  we  can  now  follow  it. 

If  an  integral  Jimdum  of  x  of  the  nth  degree  va/aUk  for  more  than 
n  different  valves  of  x,  it  must  vanish  ideniicaUy,  that  is,  each  of  its 
co^iaents  must  vanish. 

Let  a,,ae  .  .  ■  a„  be  n  of  the  values  for  which  f{x)  Taniahes, 
then  bj  $  15  above,  if ;,  be  the  coefficient  of  the  highest  power 
of  a:  in  f{x),  we  have 

/(«>-?>-« ,)(«-»^  ■••(«-•.>  (!)■ 

Now  let  ^  be  another  value  (since  there  are  more  than  n)  for 
which /(x)  vanishes,  then,  since  (1)  is  true  for  all  values  of  x,  we 
have 

0  -m  'Pif  -ov-',)  ■  ■  ■  v-o     (2). 

Since,  by  hypothesis,  «,,%■■■  on  and  0  are  all  different, 
none  of  the  differences,  /?  -  a,,  j8  -  a^  .  .  .  j8  -  on,  can  vanish,  and 
therefore  their  product  cannot  vanish.     Hence  (2)  gives  p^  =  0. 

This  being  so, /(z)  reduces  to  ^,3?*"'+^^"*+  ,  .  .  +Pn~iX 
+P„  We  have  now,  therefore,  a  function  of  the  (»  -  l)th  degree 
which  vanishes  for  more  than  n,  therefore  for  more  than  (»  —  1), 
values  of  ita  variable.  We  can,  by  a  repetition  of  the  above 
reasoning,  prove  that  the  highest  coefficient  j),  of  this  function 
vanishes.  Proceeding  in  this  way  we  can  show,  step  by  step, 
that  all  the  coefficients  oif(x)  vanish. 

Ae  an  ezample  of  thu  cue  the  student  may  take  the  followiag : — 
(a!  +  l)(»!-l)-!c'+lTrill  be  found  toTaniahforii!=l,  31  =  2,  x=S;  that  ig, 
for  three  particular  valnes  of  x,  but  its  degree  is  the  aeeond,  hence  it  must 
I    raoisb  identically ;  and  this  it  evidently  does,  for 

(ie+l)(ie-l)-i?+l=je'-l-a?+l 

1  that  U,  the  funetiou  vauiihea  for  all  values  of  z. 

Cor.  ^  tteo  integral  functions  of  x,  whose  detfrees  are  m  ajid  n 
re^eetively,  m  being  >n,be  egual  in  value  for  more  thm  m  different 
tuques  of  X,  &  fortiori,  if  thei/  be  eqadlfor  all  values  of  x,  that  is  to 
VOL.  I.  H 
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say,  idertiicalii/  equal,  then  the  co^KienU  of  like  paaers  of  x  in  the 
two  must  be  equal. 

We  may,  without  lose  of  generality,  suppose  the  two  functions 
to  bo  each  of  degree  m,  for,  if  they  be  not  equal  in  degree,  this 
simply  means  that  the  coefficients  of  3f+\  i"+*  .  .  .  i",-  in  one 
of  them  are  zero.     We  have  therefore,  by  hypothesifl, 

p^  +J),k"-'  +  .  .  .  +p„  =  q^  +  5,z"-»  +  .  .  .  +q„, 
and  therefore 

(p-  -  q^  +  (?,  -  SiK*''  +  ■  ■  ■  +  Om  -  ?«)  =  0, 

for  more  than  m  values  of  x. 
Hence  we  must  have 

;'o  -  5=  =  0.    i")  -  3>  =  0.  ■  - .  i'm  -  ff».  =  0 ; 

that  is. 

This  is  of  course  merely  another  form  of  the  principle  of  t»- 
determinate  coefficienls.      The  present  view  of  it  is,  however,  im- 
I  portant  and  instructive,  for  we  can  now  say  that,  if  any  fuTictim 
\ofx  can  be  transformed  wiio  an  inteqral  function  of  x,  then  this  trans- 
I  fonnatian  is  unique. 
^^  17.]  The  danger  with  the  theory  we  have  just  been  ex- 
pounding is  not  so  much  that  the  student  may  refuse  his  assent 
to  the  demonstrations  given,  as  that  he  may  fail  to  apprehend 
folly  the  scope  and  generality  of  the  oonclnaions.     We  proceed, 
therefore,  before  leaving  the  subject,  to  illustrate  very  fully  the 
use  of  the  remainder  theorem  in  various  particular  cases. 
</  Example  1. — To  dstermius  the  value  of  the  constant  i  in  order  tlitt 

may  be  exactly  diviaible  by  x+2. 

The  remainder,  after  dividing  by  x+2,  that  i^  by  x-{-2),  ii  (-S)* 
+  e{-2)'+4(-2)  +  t,  that  ia,  8  +  i.     The  condition  for  eiact  divisibility  is 
therefora  S+£=0,  that  ia,  I^=  -  S. 
V  Example  2. — To  deteimine  whether 

Z3?-^-7x-2  11) 

U  divisible  by  (a:  +  l)(z~2). 

If  we  put  ii!=  - 1  in  the  fnnc^n  (1)  we  get 
-3-2  +  7-2=0, 
hence  it  is  divisible  by  x+l. 
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Ifwepnt«=2w«get 

hence  it  u  divisible  hfx-2. 

HeDce  by  gl5  it  U  diTiaible  b7{a:  +  I)  {x-2).  The  qootaent  in  this  cass 
ia  eaailj  obtained,  for,  since  the  degree  of  (1)  is  the  third,  ws  must  have 

&i?-^-7x-2={x+l){x-2){aa-t-b)  (2), 

where  a  and  b  are  numbers  to  be  detennined. 

If  we  obserre  that  the  bluest  term  33^  on  the  left  must  be  equal  ta  the 
product  x  x  z  x  oz  of  the  three  highest  t«rms  of  the  factors  on  the  right,  we 
see  that  3ii^=a;c*,  hence  o=3.  And,  since  the  product  of  the  throe  lowest 
terms  of  the  lactorg  on  the  right  must  be  equal  to  -  2,  the  lowest  term  on  the 
left,  weget-2fr=-2,  that  is,  b=l.     Hence  finally 

3a!'-2!C»-7a-2={!B+l){iE-2)(8iB+l). 
*^  Example  8. — If  n  he  s  positive  integer. 


when 

is  divided  by 

the  rem.  is 

thatis 

If -a' 

z-a 

a*  -a" 

0  always. 

a-i-o- 

sr+a 

(-ay-a^ 

0  if  n  be  even,  -  2a"  if  »  be  odd. 

af  +  a" 

x-a 

a"  +n" 

20"  always. 

^+a- 

x+a 

{-a)-  +  o- 

0  if  n  be  odd,  2a- if  n  be  even. 

Hence  af  -  a"  is  exactly  divisible  by  x  -  a  for  all  integral  values  of  n,  and  by 
x  +  a  if  n  be  even,  af+o"  is  exactly  divisible  by  x  +  a  if  n  be  odd,  bat  la 
never  exactly  divisible  by  z  -  a  (so  long  as  a  ^  0).  These  results  agree  with 
tliose  given  above,  chap.  iv.  g  18. 

Example  4. — To  prove  that 

First  of  all  regard  P  =  a'(i-e)  +  6'(<!-o)+(J(a-i)  as  a  function  of  o,     P 
ia  an  integral  function  of  a  of  the  3rd  degree ;  and,  if  we  put  a=b, 
P  =  J»(i -e) +  *'(':- S)  +  c^*  - 1) 
=  0; 
and  similarly,  if  we  pnt  a=e,  P=0  ;  therefore  F  is  exactly  divisible  both 
by  a  -  i  and  by  a  -  «. 

Again,  regard  P  as  a  ftinctiOQ  of  b  alone.  It  is  on  integral  function  of  b, 
and  vanishes  when  b=e,  hence  it  is  exactly  divisible  by  b-e.  We  have, 
therefore, 

P=Q(»-i)(»-<!)(»-c). 
Since  F,  regarded  as  a  function  of  a,  b,  and  <^  is  of  the  <lth  degiee^  it ' 
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followa  that  Q  mnst  be  *a  integral  function  of  a,  6,  «  of  the  firtt  degree. 
Hsnce,  I,  nt,  n  being  mere  nnmbere  which  we  have  atill  to  determine,  we 

=  -lla  +  mb  +  ne)(b~e)(e-a)<,a-b). 

To  detarminfl  I  wa  have  marelj  to  compara  the  coefficients  of  a,*b  on  both 
aides.  It  than  results  by  inspecdon  that  1  =  1  ;  and  similarl;  ni=I,  n=l ; 
the  last  two  inferences  being  alao  obrioiis  by  the  ]aw  of  symmetrr.  We  haTe 
therefore  finally 

^b-c)  +  ^c-a.)  +  <^a-b)~-la+b  +  <:)(fi-c)(c-a)ia-b). 
Example  6. — To  show  that 

P=2iV+ aAi" +2o'i' -  o*  -  6*  -  c« 
=  la+b  +  c)l-a  +  i  +  i){a-b+c){a  +  h-c). 
First,  regarding  P  aaan  integral  function  of  a,  and  dividing  it  by  a +  £  + c, 
that  is,  by  a-(-i-c),  we  have  for  remainder 
2W  +  2i^-b-cf+2l^-b-e)'-(-b-cy-b*~et 

=2iV+2W!'+iJ«»+2e*+ai*+*Wc+2iV 
-  i*- «^  -  8iV- 46<!»-e»-i*-i:« 
=0. 
Hence  P  is  euctly  divisible  by  ct+b+e. 

Observing  that  the  change  of  a  into -a,  or  of  b  into-&,  orof  einto-c, 
does  not  alter  P,  all  the  powets  of  these  letters  therein  occnning  being  even, 
we  see  that  F  mnat  also  be  divisible  bj~a  +  b+c,  a-b  +  e,  and  a-¥b-c. 
We  have  thus  foond  four  factors  of  the  Ist  degree  iaa,  b,  a,  and  there  can 
be  DO  more,  since  P  itself  is  of  the  ith  degree  in  thcee  letters.  This  being 
established,  it  is  easy  to  prove,  as  in  example  4,  that  the  constant  mnltipliei 
ia-f-1  ;  and  thns  the  result  is  eatabtished. 


EXFAH8I0N  OF  EATIONAL  FRACnONS  IN  SERTBS  BT  XEANS  OF 
CONTINUED  DIVISION. 

$  18.]  If  we  refer  back  to  §§  5  and  6,  and  consider  the  analjaia 
there  given,  we  shall  see  that  ereiy  step  in  the  process  of  long 
divirion  gives  ns  an  algeta^sical  identity  of  the  form 

B-*4'  (■)■ 

where  Q'  is  the  part  of  the  quotient  already  found,  and  K'  the 
'residue,  at  tiie  point  where  we  suppose  the  operation  arrested. 
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For  example,  if  we  stop  at  the  end  of  the  saoond  operation, 
:'  +  8a^ -  20a:'  +  40a^ -50^  +  SQx-lQ 


2x' +  Sa?  -  i-jl"  +  6x  -  B 

_      .  2x'  +  8a:'-6z'+14a;-I0 

Again,  instead  of  confining  ourselves  to  integral  terms  in  x,  and 
therefore  arresting  the  process  when  the  remainder,  strictlg  m- 
eaiUd,  16  reached,  we  may  amtmtie  the  operation  to  any  extent 
In  this  case  if  we  stop  after  any  step  we  get  an  identity  of  the 
form  (I).     The  part  Q'  will  he  of  the  form 


AxP  +  BxP-^ 

..+Ka;  +  L-t-— +-j  +  ...  +  ^ 

(2), 

and  R'  of  the  form 

^-n+i^^.,+,..--t-^ 

(3)- 

For  example,  consider 

nf-t-in^+Sx  +  i 
z'  +  i  +  I       ' 
and  let  ns  conduct  the  diruion  in  the  contracted  mumer  of  %  12,  but  iiuert 
ths  powers  of  x  for  greater  cleameM. 


+a:'  +  aE  +  *   x+1 


an  identity  which  the  Btodent  ehoald  verify  by  moltiplying  both  aides  by 
x'+x  +  l. 

§  19.]  When  we  prolong  the  operation  of  division  indefinitely 
in  this  way  we  may  of  course  arrange  either  dividend  or  divisor, 
or  both,  according  to  ascending  powers  of  z.    Takdog  the  latter 
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arrangement  vb  get  a  new  kind  of  result,  which  may  be  illua- 
trated  with  the  fraction  used  above. 
We  now  have 

l  +  8x  +  2i'+  ^  I  l+g  +  j" 

-   a!-2ie>+  jJI  i-x-3?+Za? -2a* -3* 

-  3f  +  ia* 

whence  r^^^±P±*  =  ,-..^^J'.Jij^^J-^  (6,. 

And,  in  general,  proceeding  in  a  similar  way  with  two  integral 
fnnctioiiB,  A  and  D,  we  get 

D     '^  *D 
where  Q'  =  A  +  Bz  +  .  .  .  +  KkP  (6), 

R'  =  LatP+i  +  MiP+2  + . .  .  +  TiBi'+"  (7). 

g  20.]  The  results  of  §§  18,  19,  show  m  that  we  can,  by  the 
ordiwm/ process  of  amliniud  long  dinsion,  expand  any  raiUmal  fraction 
as  a"  series "  either  of  deseendijiff  or  of  ascending  powers  of  x,  con- 
taining as  mam/  terms  as  we  please,  plus  a  "  residue,"  which  is  itself 
a  raUotial  f racoon. 

These  series  (the  Q'  or  Q'  parts  above)  belong,  as  we  shaU 
Bee  hereafter,  to  the  general  class  of  "  Recurring  Series." 

The  foUoTing  are  duple  exMUples  of  the  processes  we  have  been  describ- 
ing :— 

^'-  =  l+3:+a!'+.  .  .+ie"+^_*'  (8). 

-^y^=i-,t^-...ti-ir^-<--lTr"        ,10,. 


l-t-x+.  .  .+if 


(I!). 
■  H.2.t!lJt....K.t.)^tl""^':gtll-g 
<13). 
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EXPRBSStON  OF  ONE   INTEaRAL  FUNCnON  IN   POWERS  OF 
ANOTHER. 

g  21,]  We  shall  have  occasioa  in  a,  later  chapter  to  use  two 
particular  cases  of  the  following  theorem. 

If  P  and  Q  be  inUgral  functions  of  the  mth  and  fdh  degrees 
Tespedivdy  (m  >  n),  then  P  may  tUioays  be  put  inio  the  form 

P  =  R.  +  R,Q  +  E,Q*+...  +  EyQP      :     .     (1), 
wA«re  B^  Sj,  .  .  .  Rp  ars  inte^al  fMndwns,  the  degree  of  each  of 
Khieh  is  n~l  at  uw^,  ami  p  is  a  positive  integer,  which  cannot  exceed 
m/n. 

Ptoof ;  Divide  F  by  Q>  ^uid  let  the  quotient  be  Q^  and  the 
remainder  B^ 

If  the  degree  of  Q,  be  greater  than  that  of  Q,  divide  Q,  by 
Q,  and  let  the  quotient  be  Q,,  and  the  remainder  £,. 

Neit  divide  Q,  by  Q,  and  let  the  quotient  be  Q^  and  the 
remainder  E^  and  so  on,  until  a  quotient  Qp_i  ia  reached, 
whose  degree  ia  less  than  the  degree  of  Q.  Qp-,,  for  convenience, 
we  call  also  E^     We  thus  have 

J'-Vi  +  A  1 

(i,-Q,Q  +  K, 
Q,-Q,Q  +  K, 


(2)- 


Now,  nsing  in  the  first  of  these  the  valne  of  Q,  given  by  the 
second,  we  obtain 

P  =  <Q,Q  +  E,)Q-!-E^ 
=  E.  +  E,Q  +  Q'Q,. 
Using  the  valne  of  Q,  given  by  the  third,  we  obtain 

P  =  E,  +  E,Q  +  E,Q'+(yQ,  (3). 

And  so  on. 

We  thna  obtain  finally  the  required  result ;  for,  E,,  E,,  .  .  . 
Ep  being  remaindera  after  divisions  by  Q  (whose  degree  ia  n), 
none  of  these  can  be  of  higher  degree  than  n- 
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since  the  degrees  of  Qj  Q,,  Q^  .  .  .  Q^-i,  are  tn~n,  m~2n, 
m-Sn, .  .  ,  m-np,p  cannot  exceed  m/n. 

The  two  most  imporbuit  puticnlar  cues  are  tboee  in  which  Q^z-o.  and 
Q=a^-fjai:  +  7,     Wa  then  haTe 


'bere  a^  Oy.  ■  .  a,,l>^bf,  .  .  .  J^  aie  constanta,  Bo<lp>m/2. 


Let 
The 

P 
Q 

calcttlatiou  of  the  s 

6- 

0  + 

dve  remainders 

11  +10-2 
5-6+4 

proceeds 

0  + 

6+   4|  +  2 
6-   1 

l  +  Si 
and  we  find 

6it^-llii?+I(te-2=2+3(z-l)+4(a-I)*+B{a!-l)*.      ■/ 

Biunple  2. 

P= a* + &(' + 4t'+ 4a? + 81+ 1, 

The  rtodent  wUl  find 

B,  =  lla!,B,=  -22B+7,  B,=lto:-22,  E,=  7a;  +  IB,  E,  =  l ; 

P=ll»  +  (-22a!  +  7){3?-i  +  l)  +  a8a!-22Ka!'-a!  +  l)*       ' 
+  (7x  +  lS){ie=-«  +  l)«  +  (3?-ai+l)*. 


ESEEOIBBB   IX. 

Transform  the  following  quotients,  finding  both  integral  qnotient  and 
remainder  where  the  qnotieut  is  fractionoL 

(1.)  {z'-&K'  +  («»-l)/(a>  +  8a;  +  l). 

(2.)  (6a?  +  2x'-lte*  +  Slz>-87a?  +  27iB-7)/(ar'-to+l). 

(3.)  (fc!"-2a!«  +  83!>-a  +  l)/(ai'-2a!  +  l). 

(4.)  (ii'-8a!  +  16}(a'  +  8ii!  +  16)/(a?-26). 

(6,)  {(z-l)(a!-2)(a!l3)(>i-4)(2-6)-760{*~6)  +  120{i-7)K(='-B) 
(x-n 
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(8.)    {i^  +  il*-S3f'-16x'  +  23?+X  +  8)H3f+ili'  +  Sx+l). 

(7.)  (27x*  +  10z'  +  l)/(3!i!>-2x  +  l}. 

(8.)  {2»-fla'  +  23z^l5)(i-7)/(a?-83!  +  7). 

(fl.)  (:^  +  H^  +  A^  +  A^  +  i)/{x'-i«  +  l). 
(10.)  (z*  +  ij:'  +  K  +  +a:  +  l)/(«>  +  £«  +  l). 
(II.)  (:='  +  iH)A2»'  +  l)- 

(12.)   (_3?-X+l)l,3?-l)l(^-t-^  +  l). 

{13.)(^V-^'V)/(>;-!')- 

(14.)  (Ba*  +  2«»y  +  6«)/(3o'  +  2ai  +  i'). 

(15.)  W  +  b'yiai-b). 

(16.)  [j^  +  j/^-r^VW^  +  Sxif  +  y"). 

(17.)  (x»-ax*j(  +  4zV-B3V  +  18V-8V)/(a!'-8l/'). 

(18.)  (3T<  +  6a!V  +  7r4,*-i-lS^  +  lV)/(«  +  *y)- 

(19.)  (l+!t  +  ^»  +  ia  +  i'  +  z«  +  «?+j«  +  aJ>  +  K'»)/(l -*•  +  «•). 

(20.)  {x>'-5x'  +  S)/{3?  +  x+2). 

(21.)  (afa'  +  (iM-M>i»-(itf'+«rf>K  +  d/}/(oLa!-rf). 

(22.)  {a'i=+aV  +  iV  +  2a'fa-2i(W:-2oi>:'}->{o'-{a-t){a-e)}. 

(23.)  (l+i  +  i!-fe-6'e-i«')/(l-&:). 

(24.)  J(ox  +  &i/)"  +  {<ii^Sy)'-(O3/-ta)'  +  (oy  +  to)»|/i(<.  +  *)W-«0K«*-i/^)l. 

(2S.)  {(a'  +  i')'  +  ya'(/Uo  +  i)'-M- 

(26.)  ((«'+a!y+y")'-(^-aT,+(/«)*(/{;=*+8A'+y*l- 

(27.)  Hr+yy-,?-3f)H^  +  xg  +  y'^ 

(28.)  {(z  +  l)'-^-U/i^  +  ^  +  l}. 

(29.){ai(*'+i/^  +  s^a»  +  6')f/{ai(ai=-!/")-aj(a'-(i»)!. 

(30.)  (a'  +  SaW  +  2a>i»-Si«)/(a'-2ai  +  i'). 

(31.)  («'^3z>-2z  +  4)/[s  +  2). 

(32.)  (a:»-4a^-S4ar'  +  76a:  +  106)/(K-7). 


(83.)  Find  tiiereiBundembeQic'~aa^.fS«-9iB  divided  by  2z+S. 

(34. )  Find  the  nnuinder  when  jn^  +  ga^  +  qx  +p  is  divided  bj  z  - 1 ;  and 
find  the  condition  that  the  fimctian  in  qaeatlon  be  oxactlj  divleible  b;^-l, 

(85. )  Find  the  conditioa  thit  Aaj*" + Bx^V + Cj*  be  ewcOy  diraiblo  by 
Pa?*  +  <j!r. 

(SS.)  Find  the  conditions  that  sf  +  a^+bx+e  be  exactly  divimble  b; 

(37.)  Ifz-abea&ctoiofz>  +  2aa:~3fr>,  thena=±fr. 

(88.)  Determine  \,  ;<,  r,  in  order  that  a:' +  8a^  +  Xa!' +(«  +  >'  be  exactly 
diviaible  by  {o^  -  l){a:  +  2). 

(89.)  If  x^+i3f-i-6px'  +  4p!+r  be  exactly  diTiaible  by  a?  +  3»?  +  9a:+3, 
find  p,  g,  r. 

(40.)  Show  that  pjf  +  <jif  +  qyj?  +  {2pg  +  r)z+^  +  3,  and  jaf-i-{i?~q)x? 
+rs6-}*+»,  either  both  are,  or  both  are  not,  exactly  divisible  by  ai'+jw+j. 

(41.)  Find  the  condition  that  (ie*  +  z«-'+.  .  .  +I)/(af +!ir^i+ .  .  .  +1) 
be  integral. 

(42.)  Expand  l/(3x  +  l)  in  a  series  of  ascending,  and  also  in  a  series  of 
deacen^ng,  powers  of  r;  and  find  in  each  case  tbertsidne  after  n  terms. 
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(«,)  Divide  H-«+^+ -^3+ .  .  .byl-^. 

/      <45.)  Show  tlut,  if  y<l,  then  approiiiiiately  l/(l+3/)  =  l-v,  l/(1-y) 
f  =1  +y,  the  error  in  the  former  cm«  being  leaa  thui  10(V  pel  cent 

,  Find  nmilar  approiimationB  for  1/(1 -t-y)"  uid  l/(l~i/]',  where  n  is  a 
posiUTe  integer. 

(46,)  If  a>l,  show  that  o">l+n(a-]),  n  being  a  positiTB  integer. 
Hence,  show  that  when  n  is  increased  without  limit  a"  becomes  infinitely 
great  or  infinitely  small  according  as  a  >  or  <  1. 

(47.)  Show  Uiat  when  an  integral  function  /[x]  a  divided  bj  (z-a,) 
(n-a,),  the  remainder  is  {;Ta,)(a:-ii,)-/i;ii,)(3;-o,)|/(o,-Oi),  Generalise 
this  theorem. 

(4S.)  Show  that /[x) -/[a)  is  exactly  divisible  by  x-a;  and  that,  if 
/[x)=p^+p^^^+p^ir-'+  .  .  ,  +jt„  then  the  qnottent  is  x(^)=Pr'^' 
+  (poa+Pl)W^  +  (p^'+Pia+p,)i— •+  .  .  .  +(po«— '+Pi«"-'+  .  .  .  +p^). 

Hence  show  that  when  ^if )  is  divided  by  (x-af,   the  remainder  ia 
x(«)(a:-»)+yi:«), 
where  yl[»)=JV"+A»''^'+  ■  ■  ■  +P„. 

X(a}=ny^»-'  +  (n-Hpia"-'+ ,   .   .+?,_,. 

(49.)  If  af"+y,z— '+  .  .  .  +p„  and  t--'  +  JiZ"-'+ .  .  .  +y^i,  have  the 
same  linear  factors  with  the  exception  of  x  -  n,  which  is  a  factor  in  the  first 
only,  find  the  relations  connecting  the  coefficients  of  the  two  functions. 

(W.)  If,  when  y  +  e  is  BBbatitutfid  for  x  in  if  +  a,3f-^+  .  ,  ,  +a^  the 
result  ia  y"  +  ft,y"~'  +  .  .  -  +  *,,  show  that  6„  h^,, .  .  .  (,  are  the  remainders 
when  the  original  function  is  divided  by  x-c,  and  the  succesaive  quotients 
by  a-c.  Hence  obtain  the  result  of  substituting  y +  3  for  at  in  xf-l&if 
+  2(te»-17i'-3!  +  3, 

(61.)  Express  (z»  +  3a!  +  l)*  in  the  form  A  +  B(n-2)  +  C(3;  +  2)*  +  ic.,  and 
also  in  the  form  Aa:  +  B  +  (Cte  +  D){i'+a!  +  l)+{E*  +  F)(aJ  +  3!  +  i:f'  +  Ac. 

(52.)  If,  when  F  and  P  are  divided  by  D,  the  remaindera  are  R  and  B', 
show  that,  when  PP'  and  BB'  are  divided  by  D,  the  remainders  are  identical. 

(53.)  When  P  is  divided  by  D  the  remainder  is  B ;  and  when  the  int^ral 
quotient  obtained  in  tliis  division  is  divided  by  D'  the  remainder  is  S  and  the 
integral  quotient  Q.  B',  S',  Q',  are  the  corresponding  functions  obtained  by 
first  dividing  by  D'  and  then  fay  D.  Show  that  Q-Q',  and  that  each  is  the 
integral  quotient  when  P  is  divided  by  DD';  also  that  SD  +  B  =  8'D'  +  R', 
and  that  each  of  these  is  the  remainder  when  P  is  divided  by  DD'. 
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CHAPTER  VI. 

Qreatest  Oommon  Measure  Eind  Least  Oomznon 
Multiple. 

§  1.]  Having  seen  how  to  test  whether  one  given  Integra] 
function  ia  exactly  divisible  by  another,  and  seen  how  in  certain 
cases  to  find  the  divisors  of  a  given  integral  function,  we  are 
naturally  led  to  consider  the  problem  —  Given  two  integral 
functions,  to  find  whether  they  have  any  common  divisor  or  not. 

We  are  thus  led  to  lay  down  the  following  definitions : — 

Aiu/  iniegrai  fv/ndion  of  z  which  divides  exactly  two  or  more  given 
itUegral  fmtctionB  ofxis  called  a  common  measwe  of  these  functions. 

The  initial  fimction  of  highest  degree  in  x  which  divides  exacii^ 
each  of  two  or  more  given  integral  fmeOons  of  zi&  eaited  the  greatest 
common  measwe  (G.  C.  M.)  of  these  functions. 

§  2.]  A  more  general  definition  might  be  given  by  suppos- 
ing that  there  are  any  number  of  variables,  x,  y,z,tt,  &e.;  in 
that  case  the  functions  must  all  be  integral  in  x,y,z,u,  &&,  and 
the  degree  must  be  reckoned  by  taking  all  these  variables  into 
account.  This  definition  is,  However,  of  comparatively  little 
importance,  as  it  has  been  applied  in  practice  only  to  the  case  of 
monomial  functions,  and  even  there  it  is  not  indispensable.  As 
it  has  been  mentioned,  however,  we  may  as  well  exemplify  its 
use  before  dismissing  it  altogether. 

Let  the  monomials  be  i32a*bVi/\  370a'6VyV,  DOa'ia'y'a', 
the  variables  being  x,  y,  z,  then  the  G.C.M.  is  i^t^ss,  or  (Vy*?, 
where  C  is  a  constant  coefficient  {ie.,  does  not  depend  on  the 
variables  x,  y,  z). 

The  general  role,  of  which  the  above  is  a  particular  case,  is 
as  follows : — 
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The  G.C.M.  of  any  number  of  mnumUals  is  the  produci  of  the 
varioMes,  each  raised  to  the  hwtst  potoer  *  in  which  it  occurs  in  any 
one  of  the  given  fwacUtms. 

This  product  may  of  course  be  multiplied  by  any  constant 


G.C.M.  OBTAINED  BY  INSPECTIOK. 
$  3.]  Betuming  to  the  practically  important  cue  of  integral 
functions  of  one  variable  x,  let  as  consider  the  case  of  a  number 
of  integral  functions  P,  P',  P*,  &c.,  each  of  which  has  been  re- 
solved into  a  product  of  positive  integral  powers  of  certain  factors 
of  the  Ist  degree,  say  a:  -  a,  k  -  jS,  a;  -  y,  &c  ;  so  that 

p  =p{x~aY{x-m=^'yY-  ■  -. 

P"=i.-(^-ar(^-^^{z-yr.   .    ., 


By  §  15  of  chap,  v.,  we  know  that  every  measure  of 
P  can  contain  only  powers  of  those  factors  of  the  1st  degree 
that  occur  in  P,  and  can  contain  none  of  those  factors  in  a  higher 
power  than  that  in  which  it  occurs  in  P,  and  the  same  is  true  for 
P,  P",  &c.  Hence  every  common  measure  of  P,  P*,  P*,  &&,  can 
contun  only  such  factors  as  are  common  to  P,  P',  P',  &c.  H&ux 
the  greatest  common  measure  of  P,  P",  P",  &&,  contains  simplp  aU  the 
fact(ffs  that  are  ammon  to  P,  P,  P*,  &c.,  each  raised  to  the  lowest 
power  in  leMch  it  occurs  in  any  one  of  these  functions. 

Since  mere  numbers  or  constant  letters  have  nothing  to  do 
with  questions  relating  to  the  integrality  or  degree  of  algebraical 
functions,  the  G.C.M.  given  by  the  above  rule  may  of  course  b« 
multiplied  by  any  numerical  or  constant  coefficient 

Ezampls  1. 

P  =2iB'-to+4=2(ir-l)0B-2), 

F=8ii»-6i-12  =  6(j!+l)(a:-2). 
Hence  the  G.C.M.  of  P  «nd  F  ia  i  -  2. 

*  If  snj  variable  does  not  occur  at  all  in  one  or  more  of  the  given  filno- 
tiom,  it  must  of  coutm  be  omitted  sltogetlier  xa.  Qxt  O.O.  H. 
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ExatDpIe  2. 

F=j!'-7^  +  17K*-lSz»-l(te»  +  20ic-8  =  (i!-l)'(a!  +  l)(i-2)*, 

TbBG.CM.  i»{z-l)(x+l)(x-2)»,  th«tiB,i«*-4a!'+8a!'+««-*. 
§  4.]  It  will  be  well  at  thifi  stage  to  caatioa  the  student 
against  being  misled  by  the  analogy  between  the  algebraical  and 
the  arithmetical  G.C.M.  He  should  notice  that  no  mention  is 
made  of  arithmetical  magnitude  in  the  definition  of  the  algebraical 
G.C.M.  The  word  "greatest"  used  in  that  definition  refers 
merely  to  degree.  It  is  not  even  true  that  the  arithmetical 
G.CM.  of  the  two  numerical  values  of  two  given  functions  of  x, 
obtained  by  giving  x  any  particular  value,  is  the  arithmetical 
value  of  the  O.C.M.  when  that  particular  value  of  x  is  substituted 
therein ;  nor  is  it  possible  to  frame  any  definition  of  the  alge- 
brsical  G.C.M.  so  that  this  shall  be  true.* 

The  Btndent  will  beat  satiiify  himself  of  the  truth  of  this  remark  by  stndy- 
iog  the  following  example  : — 

The  algebraical  G.C.M.  of  z»-Bz+2  and  z*-z-2  ii  1-2,  Now  put 
x=Sl.  The  Dumerical  valaes  of  the  two  functioiiB  are  870  and  928  reapact- 
ivsly ;  the  numerical  value  of  2-2  is  29  ;  but  the  arithmetical  G.C.M.  of 
870  and  928  i«  not  29  but  GS. 

LONG  RULE  lOR  G.aiL 

§  6.]  In  chap.  v.  we  have  seen  that  in  certain  cases  in- 
tegral functions  can  be  resolved  into  factors;  but  no  general 
method  for  accomplishing  this  resolution  exists  apart  from  the 
theory  of  equations.  Accordingly  the  method  given  in  §  3 
for  finding  the  G.C.M1  of  two  integral  functions  is  not  one  of 
perfectly  general  application. 

The  problem  admits,  however,  of  an  elementary  solution  by 
a  mediod  which  is  fundamental  in  many  branches  of  algebra. 
This  solution  rests  on  the  following  proposition : — 

If  A^BQ  +  B,  A,B,Q,B  being  oil  integral  fmdiora  of  x, 
then  the  G.C.M.  of  A  and  B  U  the  tame  as  the  6.O.M.  of  B  and  R. 

To  prove  this  we  have  to  show— ^lat)  that  every  common 

*  To  avoid  thia  confusion  some  wiiten  on  olgehra  have  used  instead  of  the 
woids  "greatest  common  maaiure"  tha  term  "hi^tatoommonfadpr," 
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diviaor  of  B  and  R  dividea  A  and  B ;  (2nd)  that  every  common 
divisor  of  A  and  B  divides  B  and  R. 

Now,  since  A  =  BQ  +  R,  it  follows,  by  §  i,  chap,  v.,, that 
every  common  divisor  of  B  and  R  divides  A,  hence  every  common 
divisor  of  B  and  R  divides  A  and  B. 

Again,  R  =  A  -  BQ,  hence  every  common  divisor  of  A  and  B 
divides  R,  hence  every  common  divisor  of  A  and  B  dividea  B  and  R 

Let  nffw  A  and  B  be  two  inte^alfundtom  whose  0.  CM.  is  required; 
and  let  B  be  the  one  whose  degree  is  not  freaier  than  that  of  the  dher. 
Divide  A  by  B,  and  let  the  quotient  be  Q,,  attd  the  remainder  R^. 

Divide  B  iy  R^,  and  let  the  qnotient  be  Q^  and  the  remainder  R^. 

Divide  R^  by  £„  and  let  the  quotient  be  Q^  and  the  remainder  R^ 
and  so  on. 

Since  the  degree  of  each  reTnainder  it  less  by  unity  at  least  thaa  the 
decree  of  the  eorre^onding  divisor,  Bi,  R^  R„&cgo  on  dimimshing  in 
degree,  and  the  process  must  come  to  am  end  in  one  or  other  of  two  wai/s. 

L  Either  the  division  at  a  certain  stage  becomes  exad,  and  the 
remainder  vanishes  ; 

U.  Or  a  stage  is  reached  at  which  the  remainder  is  rednced  to  a 
constant. 

Now  we  have,  by  the  process  of  derivation  above  described, 
A       =B(i  +  R. 
B       =R,Q,  +  R, 
R,      =E.Q.^R,       y  (1.) 


R»..  =  R»-,Q«  +  R»J 
Hence  by  the  fundamental  propoaitJon  the  pairs  of  functions 

b}e,}I:}|}- •■  fcji:-}'" '""''' -'°'^"- 

In  Case  L  R„  =  0  and  E,..  =  Q„K,.,.  Hence  the  G.C.M.  of 
Rn.,  and  Rn-i,  that  is,  of  Qn^n-i  and  Rn-n  is  Rb-„  for  this 
divides  both,  and  no  function  of  higher  degree  than  itself  can 
divide  R,.,.     Hence  R„_,  is  the  G.C.M.  of  A  and  B. 

In  Case  II.  R„  =  constant  In  this  case  A  and  B  have  no 
G.C.M.,  for  their  G.C.M.  is  the  G.C.M.  of  K,_,  and  R,^  that  is, 
their  G.C.M.  divides  the  constant  R„.     But  no  integral  function 
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(other  tiian  &  constant)  can  divide  a  constant  exactly.     Hence 
A  and  B  have  no  Gr.C.M.  (other  than  a  constant). 

If,  therefore,  the  process  ends  loith  a  zero  remainder,  the  last  divisor 
is  the  Q.C.M.;  if  H  ends  vnih  a  amstard,  there  is  no  G.G.M. 

%  6.]  It  is  important  to  remark  that  it  follows  teom  the 
nature  of  the  above  process  for  finding  the  G.C.M.,  which  con- 
sists essentially  in  snbstituting  for  the  original  pair  of  functions 
pair  after  pair  of  others  which  have  the  same  G.C.M.,  that  we 
may,  at  any  stage  of  the  process,  midtiply  either  the  divisor  or  the 
remainder  by  an  inte^rai  fvndion,  provided  we  are  sure  that  this 
fimdion  and  the  remaimier  or  divisor,  as  the  com  may  be,  haw  no 
commcn  fador.  We  may  similarly  remove  from  either  the  divisor  or 
the  reTtiainder  a  fador  which  is  not  common  to  both.  Wt  may  remove 
a  fador  which  is  ccmimon  to  both,  provided  we  introduce  ii  into  the  Q.  O.M. 
as  ulHmalely  fouiuL  It  follows  of  course,  a  fortiori,  thai  a  numeriad 
factor  may  be  introduced  into  or  removed  from  divisor  or  remainder  at  any 
stage  of  the  process.  This  last  remark  is  of  great  use  in  enabling  us 
to  avoid  fractions  and  otherwise  simplify  the  arithmetic  of  the  pro- 
cess. In  order  to  obtain  the  full  advantage  of  it,  the  atndent 
should  notice  that,  in  what  has  been  said,  "  remainder"  may  mean 
not  only  the  remainder  properly  so  called  at  the  end  of  each  sepa- 
rate division,  but  also,  if  we  please,  the  "  remainder  in  the  middle  of 
any  such  division,"  or  "  residue,"  as  we  called  it  in  §  18,  chap.  t. 

Some  of  these  remarks  are   exemplified  in   the  following 
examples : — 
Example  1. 


2) 

-az'- 

2r*  + 

2a?-l(h:  +  2 

x* 

x^- 

-   ix+S 

z* 

-67*  + 

91" 

&^+   ft.-4 
te-t-SIa!'- 

«• 

4x       \x  + 

9;^           +3' 

9)  So" 

lSx  +  » 
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It  most  be  obserred  that  what  we  hare  written  in  the  place 
of  qnotieote  are  not  reaily  qnotienta  in  the  ordinary  sense,  owing 
to  the  rejectioD  of  the  numerical  factors  here  and  there.  In 
point  of  fact  the  quotients  are  of  no  importance  in  the  procesB, 
and  need  not  be  written  down ;  neglecting  them,  carrying  out  the 
BubtractioDS  mentally,  and  nsing  detached  coefficients,  we  may 
write  the  whole  calculation  in  the  following  compact  form  ; — 


1-2-2+   8-   7  +  2 

1+0+0-   *+3 

-2-2  +  12-10  +  2 

8-S+  0  +  8 

1  +  J-   6+   6-1 

2-3+   0+1 

1-   8+  9-4 

e-18  +  9 

-   t+  S-1 

Example  2. 

Eeqnired   the  G.C.M.  of  4ic*  +  26*»+41z'-2«-24  and  8iii*  +  20ii!'+82a^ 
-8a!-32. 

Beuing  ia  mind  the  general  principle  on  wliich  the  mU  for  finding  the 
G.C.U.  is  fonuded,  we  mij  proceed  as  follows,  in  order  to  avoid  luge  nnm- 
bers  as  much  as  possible : — 


■  |  +  26  +  *l-     2-   24 
x2    1+  9+  B+     6+     8 

3  +  20  +  32-     8-   82 
2+  6-   28-   58 

2  +  12  +  18+   12+   Ifl 

7  +  «+  63+  18 

1  +  29  +  1*8  +  184 

-=-28              23  +  1S8  +  184 

1+     S+     8 

-63-318-424 

1+     8+     8 

0 

TheG.CM.  iBa^+61+8. 
Here  tlie  second  line  on  the  left  ii  obtained  from  the  first  by  snbtrecHng 
the  first  on  the  right  By  the  genenJ  principle  referred  to,  the  fanction 
iE«  +  flii^+ft^+8a:  +  8  thru  ohtiined,  and  3a!*+20*?  +  82>?-8iB-82,  have  the 
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same  G.C.H.  aa  the  origin&l  pair.  Similarly  tlie  S^  line  on  the  left  is'ths 
nanlt  of  sabtncting  from  the  line  above  three  timea  the  second  line  on  the 
right. 

If  the  student  be  careful  to  pay  more  atteDtion  to  the  prin- 
ciple underlyiog  the  rule  than  to  the  mere  mechaDical  application 
of  it,  he  will  have  little  difficulty  in  devising  other  modifications 
of  it  to  suit  particular  cases. 


UETHOD  OF  ALTERNATE  DESTRUCnON  OF  HIGHEST  AND 
LOWEST   TERMS. 

%7.]  If  I,  m,  p,  q  be  amatant  gyanlitiea  (such  that  Iq-mp  is 
not  zero),  wnd  if 

P=;A  +  mB  (1), 

Q=M  +  2B  (2), 

vAere  A  and  B,  and  therefore  P  and  Q,  are  iniegrai  fuTiclions,  then. 
the  6.C.M.  of  P  and  Q  is  the  same  as  the  G.C.M.  of  A  and  B. 

For  it  is  clear  from  the  eqaationa  as  they  stand  that  every 
divisor  of  A  and  B  divides  both  P  and  Q,     Again,  we  have 

qP-mQ  =  q{lA  +  niB}-m{pA  +  qB)^{lq-mp)A       (3), 
,    -pP  +  iq=  -p {lA  +  mB)  +  / (pA  +  qB)  =  {lq- mp)B        (4), 
hence  (provided  Iq-mp  does  not  vanish),  since  /,  p,  m,  g,  and 
therefore  Iq  -  mp,  are  all  constant,  it  follows  that  every  divisor  of 
P  and  Q  divides  A  and  B.     Thus  the  proposition  is  proved. 

In  practice  /  and  m  and  p  and  j  ^u^  so  chosen  that  the 
highest  terin  SbaD  "disappear  in  lA  +  mB,  and  the  lowest  in 
^A  +  jE  The  pro'ceHs'will  be  easily  understood  from  the  follow- 
ing example : — 

Example  1. 

Let  A=iz*  +  28!C'  +  41a?-23!-2*, 
B  =  3x'  +  2(te»  +  323;'-83:-32; 
then  -3A  +  *B  =  2^'  +  Sar'-26i!-5a, 

iA  -  8B=  7z<  +  44z'+  eSx'  +  !6t 
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Rapeatliig  the  above  pi 

2A'-7B'  =  63a!'  +  318a:+42i, 

■lA'  +  2B'  =  5Sx'  +  Zli3?  +  i2ix, 
thaG.CM.  ofwhicliia53!r'  +  3iex  +  4ai     Hence  this,  or,  what  is  the  same 
thing,  ^  +  6z+S,  is  the  G.C.M.  of  the  twogiren  ruuctioDS. 

When  the  fimctioiia  differ  in  degree,  we  may  multiply  the  one 
of  lower  degree  by  such  a  power  of  x  aa  shall  make  its  degree 
equal  to  that  of  the  other,  and  use  it  thus  modified  in  order  to 
destroy  the  two  highest  terms,  using  it  in  its  original  form  when 
the  two  lower  terms  hare  to  be  destroyed. 

When  detached  coefficients  are  employed,  this  merely  amounts 
to  shifting  the  coefficients  one  or  more  places  to  the  right  or  lefL 
For  example, 
Example  2. 

TofindtheQ.CM.  orii'-SK'  +  ae'+a-l,  andii!*-iE'-2a;+2,  wehavethe 
following  calculatian  ; — 

1-8+2+   1-1 
1-1-2+   2 


eA"-B" 


2-2 


B"'=     8A"- 

TheG-CM.  U2B-2,oriE-l. 

There  is  a  certain  reBtrictioa  to  be  attended  to  here,  which  the  student 
will  readily  discover  hy  going  over  the  theory  again,  with  the  aeceiatry  modi- 
fications introduced. 

The  failing  case  of  the  original  process,  whore  lq-mp=(i,  maybe  treated 
in  s  similar  manner,  the  exact  details  of  which  we  leave  to  be  worked  ont  as 
an  exercise  by  the  learner. 

§  8.]  The  following  example  shows  how,  by  a  semi-tentatiTe 
process,  the  desired  result  may  often  be  obtained  very  quickly : — 

Example. 


Every  common  divisor  of  A  and  B  divides  A  ~  B,  that  la, 
-  2^+  Gn?-  ix,  that  is,  rejecting  the  numerical  factor  -  2, 
zia?  -3x+  3),  that  \b,z(x-1){z-  2).    We  hare  therefore  merely 
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to  select  those  factors  of  x{x-  1)  (z  -  2)  which  divide  both  A 
aud  B.  X  clearly  is  not  a  common  divisor,  but  we  see  at  ooce, 
by  the  remainder  theorem  {§  13,  chap,  v.),  that  both  x~  1  and 
X-  2  are  common  divisors.  Hence  the  Q.C.M.  is  (i -  1)  (i -  2), 
or  a:"  -  3a:  +  2. 

§  9.]  The  student  should  observe  that  the  process  for  finding 
the  G.G.M.  has  the  valuable  peculiarity  not  only  of  famishing 
the  Q.O.M.,  but  also  of  indicating  when  there  is  none. 


Arr&Dging  the  calcnktion  in  the  abridged  form,  w«  have 
1-8+1    I    1-4+6 
2+1    '      -1+6 


Ths  laat  remainder  being  11,  it  follows  that  there  is  no  Q.C.M. 


can.  OF  ANY  NUMBEE  OF  INTEGRAL  FUNCTIONS. 

§  10.]  It  follows  at  once,  by  the  method  of  proof  given  in 
§  5,  that  every  common  divisor  of  two  integral  fundums  A  and  B  is 
a  divisor  of  their  Q.C.M. 

This  principle  enables  us  at  once  to  find  the  G.C.M.  of  any 
number  of  integral  functions  by  Bucceseive  application  of  the 
process  for  two.  Consider,  for  example,  four  functions,  A,  B,  C,  D. 
Let  G,  be  the  G.C.M.  of  A  and  B,  then  G^  is  divisible  by  every 
common  divisor  of  A  and  B.  Find  now  ^e  G.C.M.  of  Q,  and 
C,  G,  say.  Then  G,  is  the  divisor  of  highest  degree  that  will 
divide  A,  B,  and  a  Finally,  find  the  G.C.M.  of  G,  and  D,  G, 
say.     Then  G,  is  the  G.C.M.  of  A,  B,  C,  and  D. 


GENERAL  PROPOSITIONS  REGARDINQ  ALGEBRAICAL  PRIHENESa 

§  1 1]  We  now  proceed  to  establish  a  number  of  propositions 
for  integral  functions  analogous  to  those  given  for  integral 
numbers  in  chap,  iii.,  again  warning  the  student  that  he  must 
not  confound   the   algebraical  with   the   arithmetical   lesulta; 
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although  he  should  allow  the  analog;  to  lead  him  in  seeking  for 
the  analogous  propositions,  and  in  devising  methods  for  proving 

Definition. — Two  inie^ai  fundims  are  said  to  be  prime  to  each 
other  when  they  have  vo  crnmium  divisor. 

Proposition. — A  and  B  being  any  two  integrai  fv/ncUons,  there 
exist  alwat/s  two  integral  fuTidions,  L  and  M,  prime  to  each  other,  such 
that  if  A  and  B  have  a  G.O.M.,  G  then 

LA-MB  =  Q; 
and,  if  A  and  B  be  prime  to  each  other, 

LA-MB=  I. 
To  prove  this,  we  show  that  anj  one  of  the  reminders  in 
the  process  for  finding  the  G.C.M.  of  A  and  B  may  be  put  into 
the  form  PA  -  QB,  where  P  and  Q  are  integral  functions  of  x. 
We  have,  from  the  equalities  of  5  5, 

E.  =  A  -Q,B  (1), 

E,-B-Q,R,  (2), 

R.  =  E,-(yi.  (3). 


B«  =  tt»-.-Q^-.  (4). 

Equation  (1)  at  once  establishes  the  reault  for  R,  (only  here 

From  (2),  using  the  value  of  B,  given  by  (1), 

K, .  B  -  Q,(A  -  Q,B)  -  (  -  Q,)A  -  ( -  1  -  Q,Q,)B, 
which  establishes  the  result  for  E,. 

From  (3),  using  the  results  already  obtained,  we  get 
R,  =  A-Q,B-Q.((-Q.)A-(-l-Q,Q.)B) 
=  (1+Q.QJA-{Q.  +  Q.  +  Q,Q.Q,)B, 
which  establishes  the  result  for  R,,  since  Q,,  Q„  Q,  are  all  in- 
tegral functions.     Similarly  we  establish  the  result  for  B,,  R,, 
&c. 

Now,  if  A  and  B  have  a  G.C.M.,  this  is  the  last  remainder 
which  does  not  vanish,  and  therefore  we  must  have 

G  =  IA-MB  (1.), 
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where  L  and  M  are  intogral  functions ;  and  these  must  be  prime 

to  each  other,  for  since  G  divides  both  A  and  S,  ^  =a,  say,  and 

f^  -h,  say,  are  integral  functions;  we  have  therefore,  dividing 

both  sidea  of  (I.)  by  G, 

l=La-M6, 

so  that  any  common  divisor  of  L  and  M  would  divide  unity. 

If  A  and  B  have  no  G.C.M,  the  last  remainder,  'B^,  is  a 
constant ;  and  we  have,  say,  K„  =  L'A  -  M'B,  where  L'  and  M' 
are  integral  functions.  Dividing  both  sides  by  the  constant  Bn, 
and  putting  L  =  I.'/R„,  M  =  M'/K,,  so  that  L  and  M  are  still 
integral  functions,  we  have 

1  =  LA-MB  (II.) 

Here  again  it  is  obvious  that  L  and  M  have  no  common  divisor, 
for  such  divisor,  if  it  existed,  would  divide  unity. 

The  proposition  just  proved  is  of  considerable  importance  in 
algebraical  analysis.  We  proceed  to  deduce  from  it  several  con- 
clusions, the  independent  proof  of  which,  by  methods  more 
analogous  to  those  of  chap,  iii.,  §  10,  we  leave  as  an  exercise 
to  the  learner.  Unless  the  contrary  is  stated,  all  the  letters 
used  denote  integral  functions  of  x. 

§  12.]  If  A  be  prime  to  B,  then  any  common  dimsor  of  AH  and 
B  mufi  divide  ff. 

For,  since  A  is  prime  to  B,  we  have 

LA-MB=1, 
whence 

LAH-MBH  =  H, 

which  diowB  that  any  common  divisor  of  AH  and  B  divides  H. 

If  A  and  B  have  a  G.C.M.  a  somewhat  different  proposition 
may  be  established  by  the  help  of  equation  (L)  of  §  11.  The 
discovery  and  proof  of  this  may  be  left  to  the  reader. 

Cor.  1.  If  B  divide  AH  and  he  prime  to  A,  it  must  divide  H. 

Cor.  2.  If  A'  be  prime  to  eack  of  the  fwfKtions  A,  B,  C,  &c,  it 
is  prime  to  their  product  ABC  .  .  , 
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Cor.  3.  If  each  of  the  functions  A,  B,C  .  .  .  be  prime  to  each 
of  the  functions  A',  B'jC  .  .  .  ,thm  Ike  product  ABC  .  .  .  ispriine 
to  the  product  A'B'tT.  .  .   . 

Cor.  i.  If  A  be  prime  to  A',  then  A"  is  prime  to  A''^,  a  and  a' 
being  any  positive  integers. 

C3or.  5.  If  a  given  set  of  integral  functions  be  each  resolved  into  a 
product  of  powers  of  the  integral  factors  A,  B,  C  .  .  .  which  are 
prime  to  eocA  other,  then  the  6.C.M.  of  Ike  set  is  found  by  writing 
down  the  product  of  all  the  factors  that  are  comncm  to  all  the  given 
fwictiont,  each  raised  to  the  lowest  power  in  which  U  occurs  in  any  of 
these  fwuHone. 

This  is  a  generalisation  of  §  3  above. 

After  vhat  has  been  done  it  seeme  unneceasaiy  to  add  de- 
tailed proofs  of  these  coroUaries. 


LEAST  COHHON   UULTIPLE. 

§  13.]  Closely  allied  to  the  problem  of  finding  the  G.C.M.  of 
a  set  of  integral  functions  is  the  problem  of  finding  the  integral 
fundtiem  of  lea^  degree  which  is  divisihle  by  each  of  them.  This 
function  is  called  their  least  common  mvltiple  (L.C.M.) 

§  14.]  Ae  in  the  case  of  the  G.C.M.,  the  degree  may,  if  we 
please,  be  reckoned  in  terms  of  more  Tariables  than  one ;  thus 
the  Li.C.M.  of  the  monomials  Sx'ys^,  6xV'''>  S^^u,  the  variables 
being  x,  y,  7,  u,  is  t^^z'u,  or  any  constant  multiple  thereof 

The  general  rule  clearly  is  to  vrriie  doum  all  the  variailes,  each 
raised  to  the  highest  power  in  which  it  occurs  in  any  of  the  mono- 
mials. 

§  15.]  Confining  ourselves  to  the  case  of  integral  functions 
of  a  single  variable  x,  let  us  investigate  what  are  the  essential 
factors  of  every  common  multiple  of  two  given  integral  functions 
)a(A  and  E  Let  C  be  the  G.C.M.  of  A  and  B  (if  they  be  prime 
to  each  other  we  may  put  Cr  -  1) ;  then 

A  =  aG,  B  =  iG, 

where  a  and  b  are  two  integral  fonctjons  whidi  are  prime  to  each 
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Other.     Let  M  be  any  common  multiple  of  A  and  B.     Since  M 
is  divisible  by  A  we  must  have 

M=PA, 
where  P  is  an  integral  function  of  x. 
Therefore  M  =  PaG. 

Again,  sinca  M  is  divisible  by  B,  that  is,  by  bG,  therefore 
M/iG,  that  is,  FaO/bG,  Uiat  is,  Pa/b  must  be  an  integral  function. 
Now  b  is  prime  to  a ;  hence,  by  §  1 2,  5  mnst  divide  P,  that  is, 
P  "<  Q&,  where  Q  is  integral     Hence  finally 

M  =  QabG. 
This  is  the  general  form  of  all  common  multiples  of  A  and  B. 

Now  a,  5,  G  are  given,  and  the  part  which  is  arbitrary  is  the 
integral  function  Q.  Hence  we  get  the  least  common  multiple 
by  making  the  degree  of  Q  as  small  as  possible,  that  is,  by  making 
Q  any  constant,  unity  say.  The  L.C.M.  of  A  and  B  is  therefore 
am,  or  (flG)  (6G)/a,  that  is,  AB/G.  In  other  words,  the  L.C.M. 
of  two  iTUegral  functums  is  their  product  divided  by  thdr  G.C.M. 

§  16.]  The  above  reasoning  also  shows  that  every  common 
muliipU  of  two  iniegral  fundums  is  a  multiple  of  (fteir  least  common 
multiple. 

The  converse  proposition,  that  every  multiple  of  the  L.C.M. 
is  a  common  mulUpIe  of  the  two  functions,  is  of  course  obvious. 

These  principles  enable  us  to  find  the  L.C.M.  of  a  set  of  any 
number  of  integral  &nctians  A,  B,  C,  D,  &a  For,  if  we  find 
the  L.C.M.,  L,  say,  of  A  and  B;  then  the  L.C,M.,  L,  say,  of  L, 
and  C ;  then  the  L.G3I.,  L,  say,  of  L,  and  D,  and  so  on,  until  all 
the  functions  are  exhausted,  it  follows  that  the  last  L.C.M.  thus 
obtained  is  the  L.C.M.  of  the  set. 

$  17.]  The  process  of  finding  the  L.C.M.  has  neither  the 
theoretical  nor  the  practical  importance  of  that  for  finding 
the  G.C.M.  In  the  few  cases  where  the  student  has  to  solve  the 
problem  he  will  probably  be  able  to  use  the  following  more  direct 
,  process,  the  foundation  of  which  will  be  obvious  after  what  has 
been  already  said. 

If  a  set  of  ijUe^ral  fundiona  can  all  be  exhibiUd  at  poteen  of  a 
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set  of  integral  factors  A,  B,  C,  die,  which  wre  either  all  of  the  jvrti 
dep-ee  and  all  different,  or  else  are  aU  prime  to  each  other,  then  the 
L.C.M.  of  the  set  is  the  product  of  all  these  factors,  each  being  raised 
to  the  highest  power  in  which  U  ocenirs  in  any  of  the  given,  fundions. 
For  example,  let  the  fimctions  be 

(j:-I)V  +  2)V  +  >:+1). 

theu,  bj  tbe  above  rate,  the  L-CM.  ia 

EzEBCiaes  X. 

Find  the  G.C.M.  of  the  fonowing,  or  aba  show  that  they  have  no  CM. 
(1.)  (;^-l)»,    >?-!. 
(2.)  3f-l,     **-2ic»  +  3x'-2z  +  l. 

{3.)  !K*-3?+l,      z'  +  i'  +  l. 

I,i.)3?  +  l,    ar"  +  l. 

(5.)  a^-aT'-8n-12,    s^+i^-Zx~\S. 
(e.)  i'-7a^-22K"  +  138z  +  105,     z*- 83?- 111?  + 1183!+ 70, 
(7.)  K*-28&E*  +  226,     ^•  +  14a!«-4803!=-flfl0ic-2S5. 
{fi.)3?-'X'-i3?  +  \%,     3P  +  i^~t^~\6.     ■ 
(9.)  io»-2iE<-2ic'  +  4a?+i!:-2,    e»  +  22* - Sz" - 8^" - Ti - 2. 
(10.)  z'  +  &£'-&i;'  +  l,    x"  +  72"'-3i(^-3a>-2. 
(11.)  12ar'  +  133r'  +  ai;  +  l,     16a'  +  16K'  +  7a;  +  l. 
(12.)  Si'  +  a&t'-IBBE-eOO,     4z'-16zi'-3&l  +  86. 
(13.)  16a:*  ^662^-882'+ 2783!+ 106,     18a:*-6i2*- i43^  +  232B+70. 
(14.)  73^-\-63?-S3?-6x  +  l,     llK<+16E'-ai?-63:+l. 
(16.)  x'  +  eia',     {a:  +  2<l)'-iao*. 
(18.)  ftc*  +  4x'  +  l,     3v'2*'  +  z'  +  l. 
(17.)  s'  +  3pa?^(l  +  3j.),    pa:'-3(l  +  3p>c  +  (3  +  8p). 
(18.)  K'-3(a-6)j?-t{4fa'-3a6)j;-2o>(2a-3il, 

iK'-(8o+6>^+[6n'  +  2ai)ie'-a»(5a  +  36>j;  +  2a^a  +  i). 
(IB.)  naH-i-(™  +  I>E-  +  l,     af-iu:  +  (ii-l). 

[20.)  Show  that  3^+j»:'  +  3i  +  l,  x'  +  j^+jra  +  l,  cannot  hftve  a  common 
measure,  unleBap  +  g  +  2  =  0. 

[21.)  Showthat,  if  ox'  +  te  +  i;,  ec'  +  Az+abareacommou  measure  of  the 
first  degree,  then  a±6  +  e  =  0. 

(22.)  Find  the  valne  of  a  for  which  )a!i>-(M!"  +  19jE-o-4|/{x>-(a+l)3? 
+  23x-a-71  admita  of  being  eipreesed  as  the  quotient  of  two  integral 
fnnetioaB  of  lower  degree. 

(23.)  If  oo^  +  Sto'  +  d,  iaf-Udx-^-e  have  a  common  measure,  then 
l.at-ibdf  =  'ZH,adf  +  ffef. 

(2*.)  Aa!"  +  Baj  +  (V,  Bai'-2(A-C)rj/-By',  cannot  have  a  common 
measure  unleet  the  first  be  a  square, 
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(26.)  aaf-iki^-i-cx+d,     da^  +  cx'  +  bx+a  vii\  have  a  common  maasora  of 
the  2Dd  d^ree,  if 

abc-^b-lM  +  CKd^a>?-bal-a*  +  atP^d{ae-bd)  _ 
ac-bd  ai>-cd  a'-rf"' 

and  show  that  these  conditionB  are  equitaleut  to  onljone,  namely,  ae-bd= 
a'-iP. 

(Se.)  Find  two  integral  functions  P and  Q,  aucb  that 

P(x'-to  +  2)  +  Q(:^+i  +  l)  =  l. 
(27. )  Find  tno  integral  fanctione  P  and  Q,  such  that 

P(2i^-7ie'  +  7x-2)  +  Q(2it'  +  a:"  +  :e-l)  =  2x-l. 
Find  the  L.C.H.  of  the  foUowiug: — 
(28.)«'-o*?,     a*  +  <fib,     a'  +  i'  +  a'S^a'  +  b'). 
(29.)  it?-ar'-lte  +  24,     3?--23?-5x  +  6,     ic'-4a:  +  3. 
(SO.)  3z'  +  a!»-8a:  +  4,     2i?  +  7^-i,  i?  +  th?-x-2,     Rj"  +  2ie' -  Sz  -  2. 
(31.)  J?-iat+lfl,    a:r'-4i'-ar'  +  2ta-20,     z'  +  S3:'-llar'-33!+10. 
(32.)  ifi  +  2a3»  +  aV  +  6a'x  +  a',    z»  +  n"a: -  itt" -  a". 

(83.)  If  a'  +  oa  +  i,     x'+a'x+b'  have   a  common  meaam'e  of  the  firet 
degree,  then  their  L.C.H.  a 

(84.)  Show  that  the  L.C.M.  of  two  integral  funotiona  A  and  B  can  always 
'  n  the  fonn  PA-f  QB,  wbere  P  And  Q  are  integral  foncttona. 
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CHAPTER  VIL 

On  the  Resolution  of  Integral  Functions  into 
Factors. 

§  1.]  Having  Been  tiow  to  determine  whether  any  given 
integral  function  ia  &  factor  in  another  or  not,  and  how  to  deter- 
mine the  factor  of  highest  degree  which  is  common  to  two  integral 
functions,  it  is  natural  that  we  should  put  to  ourselveB  the  quee- 
tion,  How  can  any  given  integral  functions  be  reaolved  into  in- 
tegral factors  t 

TENTATIVK  METHODS. 

$  2.]  Confining  ourselves  at  present  to  the  case  where 
foctoFS  of  the  first  degree,  whose  coefficients  are  rational  integral 
functions  of  the  coefficients  of  the  given  function,  are  suspected 
or  known  to  exist,  we  may  arrive  at  tiiem  in  various  ways. 

For  example,  every  known  identity  resulting  from  the  distri- 
bution of  a  product  of  such  factors,  when  read  backwards,  gives 
a  factorisation. 

Thus  (sc  +  y)  (JT  -  y)  =  x"  -  y",  tella  us  that  a^  -  y"  may  be  re- 
solved into  the  product  of  two  factors,  x  +  y  and  z  —  y.  In  a 
similar  way  we  learn  that  a!  +  y  +  z  is  a  factor  in  z"  +  y"  +  i"  -  Szyz. 
The  student  should  again  refer  to  the  table  of  identities,  given 
on  pp.  79-8 1,  and  study  it  from  this  point  of  view. 

When  factors  of  the  first  degree  with  rational  integral 
coefficients  are  known  to  exist,  it  is  usually  not  difficult  to  find 
them  by  a  tentative  process,  because  the  number  of  passible 
factors  is  limited  by  the  nature  of  the  case. 
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d  1st  OB  ssBuma  that  it  ia  resolvable  into  (z  -  a) 

Then  ire  hare 

and  ire  have  to  find  a  and  b,  m  that 

ab=  +  S2,  o  +  i=+12. 
We  remark,  first,  that  a  and  b  murt  have  the  sime  idgn,  sines  their  pro- 
duct is  positive  ;  and  that  that  sign  must  be  +,  since  their  anm  is  positive. 
Fxirther,  the  different  ways  of  resolving  32  into  a  product  of  integers  are 
1x32,  2  X  IS,  ixS;  and  of  these  we  must  choose  the  ons  which  gives 
a+b  =  +12,  namely,  the  last,  that  ia,  o  =  4,  ft=8, 
SoUut 

~  -lSx  +  »2  =  (x-i){z-&). 


z>  -  £>?  -  231! + 80 = (i  -  «)  {«  -  6)  (a  -  c)  say. 
Here  -aJc=+eO. 

Now  the  divieon  of  SO  are  1,  2,  S,  4,  G,  6,  10, 12,  IS,  20,  30,  60 ;  and  we 

have  therefore  to  try  x±l,  x±2,  z±3,  kc.     The  theorem  of  reomindets 

(chap.  v.  §U)  at  once  shows  that  x  +  l,z-l,  x  +  2,  x-2,  are  ol!  inadmissible. 

On  the  other  hand,  for  3!-3  we  have  (stc  chap.  v.  g  13) 

1-2-23  +  flO 

0  +  3+   3-60 


that  is,  3!-8  ita  factor  ;  and  the  other  factor  is  z'+e- 20,  which  we  resolve 
by  inspection,  or,  as  in  Example  1,  into  (z- 4)(z  +  6). 
Hence  i^-2z»-2Sz+60=(z-3)(z-4)(z  +  5> 

Example  3. 

8ie»-19z  +  lB^(QK  +  6)(ca!  +  rf). 
Here  ac=+6,  M=+15;  and  we  Lave  more  cases  to  consider.     We  might 
have  any  one  of  the  32  factors,  z±l,  x±Z,x±b,  x±15,  2z±l,  2k±8,  2a!±5, 
2z±15,  &c.     A  glance  at  tbe  middle  coefficient,  -19,  at  once  excludes  a 
large  number  of  these,  and  we  find,  after  s  few  trials, 

6z=  -  iez  + 16  =  (ar  -  3)  {Zx  -  5). 
§  3.]  In  cases  like  those  of  last  section,  we  can  often  detect 
a  factor  by  suitably  grouping  the  terras  of  the  given  function. 
For  it  follows,  from  the  general  theory  of  integral  functions 
already  established,  that  if  P  c&n  be  arranged  as  the  sum  of  a 
series  of  groups  in  each  of  which  Q  is  a  factor,  then  Q  is  a  factor 
in  P ;  and,  if  P  can  be  arranged  as  the  sum  of  a  series  of  groups 
in  each  of  which  Q  is  a  factor,  plus  a  group  in  which  Q  is  not  a 
factor,  then  Q  is  not  a  factor  in  P. 
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Example  I. 

a*-2a:?-23z+B0 

=x\x-2)-2S{x-2)  +  U, 
that  U,  z-2  is  not  a  factor. 

s^-2x'-23x  +  e0 

that  is,  z  -  3  is  t  ftctor. 
Example  2. 

that  is,  jxe  +  y  ia  a  factor,  the  other  heing  x  +  gy. 
Example  3. 

j?  +  {m  +  m  +  l):r=o  +  (m  +  n  +  »in>a»'  +  »M«a' 
-z'+i>Ai+(m  +  n)(»^o  +  3w')  +  mn(iat'  +  (^) 

=  (!(»;+ ma) +Ba(a!  +  nm)t(z+'»! 


QENBRAL  SOLUTION   FOR   A   QUADRATIC   FUNCTION. 

§  4.]  For  teDtatire  proceBses,  Buch  as  we  have  been  illastrat- 
ing,  no  general  rule  can  be  given ;  and  skill  in  this  matter  is  one 
of  those  algebraical  accompliBbments  which  the  student  mnat 
cultivate  by  practice.  There  is,  however,  one  case  of  great  im- 
portance, namely,  that  of  the  integral  function  ofthe  second  degree 
in  one  variable,  for  which  a  ajratematic  solution  can  be  given. 

We  remark,  first  of  all,  that  every  function  of  the  form 
x'+px  +  q  can  -be  made  a  complete  square,  as  tar  as  z  is  con- 
cerned, bf  the  addition  of  a  constant  Let  the  constant  in 
qnestton  be  a,  so  that  we  have 

a)* +iM  +  J  +  a  =  {.e  + /3)' =  ^  +  2ytfe  +  ^, 
P  being  by  hypothesis  another  constant     Then  we  mnst  have 

p=2p,    5  +  «  =  j8'. 
The  first  of  these  equations  gives  /3  =  j»/2,  the  second  a  =  0'-q 
=  (p/2)*  -  q.    Thus  our  problem  is  solved  by  adding  to  3?  -t-px  +  5 
the  constant  (p/2)'  -  q. 
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The  same  result   is  obtained  for  the  more  general  form, 

'  +  br-i-c,  as  follows  ^■^— 


Now,  from  the  case  just  treated,  we  see  that  3^  +  (i/a)z  +  cja  is 
made  a  complete  square  in  z  by  the  addition  of  (bj2a)'-cja, 
that  is,  (b'  ~  4ac)/4a'.  Hence  aa^  +  bx  +  c  will  be  made  a  com- 
plete square  in  x  by  the  addition  of  a{b'~  iac)  I  ia',th&t  is, 
(6'  -  ieu:)lia.     We  have,  in  fact, 


(M^  +  &I  + 


'-4ac_^/        b\' 
4a         "r     2a/  ' 


§  5.]  The  process  «t  last  article  at  once  suggests  that 
03^+  bx  +  c  can  always  be  put  into  the  form  a  {{x  +  iy-m'], 
where  I  and  m  are  constant. 

In  point  of  fact,  we  have 


(i^  +  bx  + 


In  other  words,  our  problem  is  solved  if  we  make  I  =  b/2a  and 
find  m,  so  that  m'  =  (i'  -  4iK;)/4a'. 

This  being  done,  the  identity  X'  -  A'  =  (X  ~  A)  (X  +  A)  at 
once  gives  us  the  factopsation  oi  to?  +  bx  +  c;  for  we  have 

ao^  +  hx  +  c  =  a{{x  +  l)'-m'i 

=  a{(x^t)^m){{x  +  l)-m]. 
Example  1. 
Canndsr  6z*-  Ifti-t-lS  ;  ire  have 

HepBi=---,  and  m'  =  ^— ^  ;  BothatonrprobUmiggoIvedifwo  takam  =  i. 
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We  g«t,  therefore, 

the  sune  result  as  we  obtained  above  (in  g  2,  esample  3),  b;  a 

Example  2. 

Coiwiilerz"-6i'  +  8.     We  may  regard  this  as  {a:*)*  -  fi(j?)  +  6,  that  is  to 
say,  as  an  integral  ftlDction  of  2^  of  the  second  degree.     We  thai  see  that 
k"  -  Br"  +  e  =  (a"]'  ~  5(3^)  +  8, 

INTRODUCnON   INTO  ALGEBRA  OF  SURD  AKD 
IHAQINARY    NUMBERS. 

§  6.]  The  necessities  of  algebraic  generality  have  already  led 
us  to  introduce  essentially  negative  quantity.  So  far,  algebraic 
quantity  consists  of  all  conceivable  multiples  positive  or  negative 
of  1.  To  give  this  scale  of  quantity  order  and  coherence,  we 
introduce  an  extended  definition  of  the  words  greater  than  and 
less  than,  as  follows : — a  is  said  hi  be  greats  or  kss  thorn,  b,  according 
as  a  — b  is  positive  or  negative. 

Example. 
(  +  S)-( +  2)= +1  therefore  +S>+2;  (-3)-(-6)= +2ttiereforo  -8>  -5; 
(  +  3) -(-5)= +8  therefore +3>  -5;  (-7)- (-3)=  -  i  therefore  -7<  -3. 

Hence  it  appears  that,  according  to  tiie  above  definition,  any 
negative  quantity,  however  great  numerically,  is  less  than  any 
positive  quantity,  however  small  numerically ;  and  that,  in  the 
case  of  negative  quantities,  descending  order  of  numerical  magni- 
tude is  ascending  order  of  algebraical  magnitude. 

We  may  therefore  represent  the  whole  ascending  aeries  of 
algebraical  quantity,  so  far  as  we  have  yet  had  occasion  to  con- 
sider it,  as  foUows : — 

-  00  .  .   .  -  1  .  .   .  -  i  .   .  .  0  .  .  .  +  J  .  .  .  +  1  .  .   .  +  00 . 

The  most  important  part  of  the  operations  in  last  article 
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is  the  fiDding  of  the  quantity  m,  whose  square  shall  be  equal  to 
a  given  algebraical  quantity.  We  aay  alg^aical,  for  we  must 
contemplate  the  poasibUity  of  (b'  -  4ac)/ia',  say  k  for  Bhortnesa, 
assuming  any  value  between  -  co  and  +  co  .  TFlien  m  is  sneh  thai 
m'  =  k,  then  m  U  coiled  the  square  root  of  k,  and  we  write  m  =  ^/k. 
We  are  thus  brought  face  to  face  with  the  problem  of  finding 
the  square  root  of  any  algebraical  quantity ;  and  it  behoves  us 
to  look  at  this  question  somewhat  closely,  as  it  leada  us  to  a  new 
extension  of  the  field  of  algebraical  operations,  similar  to  that 
which  took  place  when  we  generalised  addition  and  subtraction 
by  the  introduction  of  negative  qnantity. 

1st  Let  us  suppose  that  ^  is  a  positive  number,  and  either 
a  square  integer  =  +  k',  say,  or  the  square  of  a  rational  number 
=  +  (k/A)',  say,  where  k  and  A  are  both  integers,  or,  which  is 
the  same  thing  [since  (k/X)*  =  k'/A.*],  the  quotient  of  two  square 
integers.     Then  our  problem  is  solved  it  we  take 


-./i 


in  the  one  caso, 
in  the  Other; 

m  =  +  k/A,  or 

for 

m'=(±«)'=« 

"-(^.y^G)'' 


which  is  the  sole  condition  required. 

It  is  interesting  to  notice  that  we  thus  obtain  two  eolations 
of  our  problem ;  and  it  will  be  afterwards  shown  that  there  are 
no  more.  Either  of  these  will  do,  so  far  as  the  problem  of 
factorisation  in  g  9  is  concerned,  for  all  that  is  there  required  is 
any  one  valiie  of  the  square  root. 

More  to  the  present  purpose  is  it  to  remark  that  this  is  the 

tinly  case  in  which  m  can  be  rational ;  for  if  m  be  rational,  that 
a,  =  ±  k/X  where  k  and  \  are  integers,  then  m'  =  (k/A)*,  that  is, 
=  (k/A)',  that  is,  k  must  be  the  square  of  a  rational  number. 
2Dd.  Let  k  be  positive,  but  not  the  square  of  a  rational 
number;  then  everything  is  as  before,  except  that  no  exact 
arithmetical  expression  can  be  fonnd  for  m.     We  can,  by  the 
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Euithmetical  process  for  finding  the  square  root,  find  a  rational 
value  of  m,  say  v,  anch  that  m*  =  (  i »)'  shall  differ  from  k  by 
less  than  any  assigned  quantity,  however  small ;  but  no  such 
rational  expression  can  be  absolutely  exact.  In  this  case  m 
is  called  a  surd  number.  When  k  is  positive,  and  not  a  square 
number,  as  in  the  present  case,  it  is  usual  to  use  -Jk  to  denote 
the  mere  (signless)  arithmetical  value  of  the  square  root,  which 
has  an  actual  existence,  although  it  is  not  capable  of  exact  arith- 
metical expression ;  and  to  denote  the  two  algebraical  values  of 
m  by  ±  n/k.  Thus,  if  A  =  +  2,  we  write  w»  =  ±  ^/2.  In  any 
praclkal  application  we  use  some  rational  approximation  of 
sufficient  accuracy ;  e.g.  if  k  =  +  2,  and  it  is  necessary  to  be 
exact  to  the  l/10,000th,  we  inay  use  m  =  ±  1-4H2. 

A  special  chapter  will  be  devoted  to  the  discussion  of  surd 
numbers ;  all  that  it  is  necessary  in  the  meantime  to  say  further 
concerning  Uiem  is,  that  they,  or  the  symbols  representing  them, 
are  of  course  to  be  subject  to  all  the  laws  of  ordinary  algebra. 

3rd-  Let  k  be  negative  =  -  jf,  say,  where  A'  ia  a  mere  aritimieti- 
cal  number.  A  new  difficulty  here  arises ;  for,  since  the  square  of 
everyalgebraical  quantity  between  -  CO  and  -(- oo  (except  0,  which, 
of  course,  is  not  in  question  unless  k'  -  0)  is  positive,  there  exists 
no  quantity  m  in  the  range  of  algebraical  quantity,  as  at  present 
constituted,  which  is  such  that  m'  -  -h!.  If  we  are  as  hitherto 
to  m^ntain  the  generality  of  all  algebraical  operations,  the  only 
resource  is  to  widen  the  field  of  algebraical  quantity  still  farther. 
This  is  done  by  introducing  an  ideal,  so  called  ima^nary,  unit 
commonly  denoted  by  the  letter  i,*  whose  definition  is,  that  it 
is  such  that 

i'  =  -  1. 

It  is,  of  course,  at  once  obvious  that  i  has  no  arithmetical 
existence  whatsoever,  and  does  not  admit  of  any  arithmetical 
expression,  approximate  or  other.  We  form  multiples  and  sub- 
multiples  of  this  unit,  positive  or  negative,  by  combining  it  with 
quantities  of  the  ordinary  algebraical,  now  for  distinction  called 
real,  series,  viz., 

*  OccaiioiiBllf  sIbo  b;  i. 
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-00    ...-    1    ...-i...O...    +^...+1...     +CO 

We  thus  obtain  a  new  series  of  pureig  imapnaiy  quantity: — 
-aot...-i...-Ji...O»...  +  Jt...  +t.  .  .  +00 i.* 
These  new  imaginary  quantities  must  of  course,  like  every  other 
quantity  in  the  science,  be  subject  to  all  the  ordinary  laws  of 
algebra  when  combined  either  with  real  quantities  or  with  one 
another.  All  that  the  student  requires  to  know,  so  far  at  least 
as  operations  with  them  are  concerned,  beyond  the  laws  already 
laid  down,  is  the  defining  property  of  the  new  unit  i,  viz.,  »*  =  -  1, 

When  purely  real  and  purely  imaginary  numbers  are  com- 
bined by  way  of  algebraical  addition,  forms  arise  like  p  +  qi,  where 
p  and  q  are  real  numbers  positive  or  negative.  Such  forms  are 
called  complex  numiers ;  and  it  will  appear  later  that  every  alge- 
braical function  of  a  complex  number  can  itself  be  reduced  to 
a  complex  number.  In  other  words,  it  comes  out  in  the  end 
that  the  field  of  ordinary  algebraical  quantity  is  rendered  com- 
plete by  this  last  ez tension. 

The  further  consequences  of  the  introductioa  of  complex 
numbers  wUI  be  developed  in  a  subsequent  chapter.  In  the 
meantime  we  have  to  show  that  these  ideal  numbers  suffice  for 
onr  present  purpose.  That  this  is  so  is  at  once  evident ;  for,  if 
we  denote  by  V^  the  square  root  of  the  arithmetical  number 
A*,  so  that  tJK  may  be  either  rational  or  surd  as  heretofore,  but 
certainly  real,  then  m=  ±i  -JH  gives  two  solutions  of  the  problem 
in  hand,  since  we  have 

m'  =  (±WA')' 

=  (±iVA')'<(±*v/f), 
upper  signs  going  together  or  lower  together, 

=  (-!)>=  (A') 
=  -  A'. 
§  7.]  We  have  now  to  examine  the  bearing  of  the  discus- 
dons  of  last  paragraph  on  the  problem  of  the  factorisation  of 

aa:'  +  te  +  c. 

*  The  symbol  <*>  is  here  nsed  u  an  abbreviation  foe  a  real  quantity  «s 
groat  as  ve  pleaae. 

VOL.  L  K 
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It  will  prevent  some  coufasion  in  the  mind  of  the  student  if 
we  confine  ourselveB  in  the  first  place  to  the  supposition  that  a,b,c 
denote  positive  or  negative  raUonal  numbers.  Then  I  =  bj2a  is  in  all 
cases  a  real  rational  number,  and  we  have  the  following  cases : — 

1st.  If  b'~iac  is  the  positive  square  of  a  rational  number, 
then  m  has  a  real  rational  value,  and 

aa?  +  hx  +  c  =  a{x-^t  +  m){x  +  l-m) 
is  the  product  of  two  linear  factors  whose  coefficientB  are  real  rational 
numbers.    Example  I,  §  5,  will  serve  as  an  illustration  of  this  case. 

2nd.  If  b'  -  iac  is  positive,  but  not  the  square  of  a  rational 
number,  then  m  is  real,  but  not  rational ;  and  the  coefficients  in 
the  factors  are  irrational. 

Example  1. 

ar'  +  ai-l=z'+2«  +  l-2, 

=  {*  +  l  +  V2}(^  +  l-V2)- 
3rd.  If  6*  -  ioc  is  negative,  then  m  is  imaginary,  and  the 
coefficients  of  the  factors  are  complex  numbers. 

Example  2. 

2=  +  2z  +  B  =  3J  +  2i+l+l. 
=  (z+l)' -(£»)■, 
=  (=!  +  l  +  2i}(;.  +  I-2<}- 
Example  3. 

a:?  +  2B+8  =  >!"  +  aE  +  l  +  2, 

={*  +  I)>-{iV2)', 
=  (^  +  l  +  .V2)(!=  +  l-»V2)- 
4tih.  There   is  another  case,   which    forms   the    tranaition 
between  the  caaes  where  the  co-efficients  in  the  factors  are  real 
and  the  case  where  they  are  uuaginary. 

If  6'-4ac  =  0,  then  m  =  0, 
and  we  have  aa;'  +  &k  +  c  =  a^z  +  /)' ; 

in  other  words,  as^  +  bx  +  c  is  a  complete  square,  as  far  as  x  is 
concerned.  The  two  factors  are  now  x  +  l  and  x  +  l,  that  is, 
both  real,  but  identical. 

We  have,  therefore,  incidentally  the  important  reeult  (hat 
a^  +  bx  +  c  i£  a  eompUU  square  tnxtf  b'  -  iae  =  0. 
Example  i. 

Ba'-Sz  +  J 
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§  8.]  There  is  another  point  of  view  which,  although  usually 
of  less  importance  than  that  of  last  section,  is  sometimeH  taken. 

Paying  no  attention  bo  the  values  of  a,  6,  c,  but  regardiDg 
them  merely  as  functions  of  certain  other  letters  which  they  may 
happen  to  contain,  we  may  inquire  under  what  circiunstances  the 
coefficients  of  the  factors  will  be  cdgebraically  TotiotwU  functions  of 
those  letters. 

In  order  that  this  may  be  the  case  it  is  clearly  necessary  and 
sufficient  that  6'  -  4ac  be  a  complete  square  in  the  letters  in 
question,  =  P*  say. 
Then 

V     2a'^  2a/  V     2a     2a/' 
which  is  rational,  since  P  is  so. 

1£  b'-  iac  =  -  P*,  where  P  is  rational  in  the  present  sense, 
then 

■^*'— {(-r;)"-Gv)"}' 

-a(x-\-  -+—■'1  (x^--  ^^ 
""V"^  2a'^  2aV  \*  2a     2a)' 

where  the  coefficients  are  rational,  but  not  real. 

£jUUBpl6  5. 

pc'  +  ip  +  qjx  +  q 

=[x-H){px  +  q)i 
a  result  which  would,  of  course,  be  more  easUy  obtained  by  the 
tentative  processes  of  §§  2,  3. 
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§  9.]  It  should  be  observed  that  the  factorisation  for 
a^  +  bx  +  c  leads  at  once  to  the  factoriaation  of  the  homogeneous 
fiuictioD  ffic'  +  bxg  +  ey*  of  the  second  degree  in  two  variables ;  for 
do'  +  ftay  +  e/ 

=  oi/'/?  +  A+     /b'-iac\   ( X      b^         /b'-iae\ 
*'ly     2a     V      4a'      i   \  y'*' 2a     V  ~4?~  j  ' 

By  operating  in  a  similar  way  any  homt^neous  function  of 
two  variables  may  be  factorised,  provided  a  certain  non-homo- 
geneous function  of  one  variable,  having  the  same  coefBcients,  can 
be  factorised. 

Example  1.  From 

iE>  +  aB+8=(a!-H+iV2Xa:-H-iV2). 

Biample  Z.    From 

a?  -  aev  -  a8»y + ev = («  -  3v)  (^  -  if)  (« + oy)- 
S  10.]  By  using  the  principle  of  substitution  a  great  many 
apparently  complicated  cases  may  be  brought  under  the  case  of 
the   quadratic   function,  or  under  other  equally  simple   forma 
The  following  are  some  examples : — 
Example  1. 

fl^  +  sV-H  ?•=(«»  +  »»)'-{*»)', 

-{(..i.)--(^|v<)-}{(.-i./-(i»')'}. 
={"(^i')4{"a-i')v}{-(-ri'» 
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Here  the  student  should  ohwrre  that,  if  resolntion  into  jwuiniJie/acftT*  only 
is  required,  it  can  he  effected  with  real  coefficieata  ;  but,  if  the  reeolation  be 
tarried  t«  linear  factors,  coniplei  coefficianta  have  t«  be  iutrodaced. 

Exftmple  2. 


-iH-l-i')'}{-(-^i'W 


Example  3, 
Again 


-("f»)"-(^'»y 
={"f«-*}{"f<'-*} 


The  aimilai  reeolution  for  a?- V2i>!y  +  I/*  will  be  obt«ined  by  changing  the 
aign  of  VS-     Hence  finiklly 

-{'+f(i+.i»}{-+fa-()»}{.-^(i+i),}{.-^(i-«>'}- 

Example  4. 

=  (ic"  -  if-)  (;=•  +  aV  +  W*)  {"!' +  ifl  {**  -  «V +»*) 

=(*+y)(i^-s)(^+%)(»:-fv}{^+'^+y*)(^-»V+i/'), 

where  the  Uat  two  factors  maj  he  treated  aa  in  example  1. 
Eliample  G. 

2ft*c"  +  ac-a' +  2ii'J=  -  o"  -  S*  -  c* 
=  46V -(n'-6' -«')'' 
=  (2ii;  +  a>  -  i"  - 1*)  (26e  -  a' +  *>  +  O 
=  {a' -(i-.)^f{(i +  .)>-«>} 
^[a  +  6-e)(a-i  +  <!)(t  +  t  +  a)(t  +  f-a). 

*  The   sCadent    ehould   obeeiTe    that   the    decompoaitiOQ  x'  +  v'+zy= 

y  +  ''/xy)  {x  +  y-  ^/xy),  which  ia  often  given  b;  beginners  when  the]'  are 

laslced  to  factorise  2*4-^  +  zy,  altboagh  it  ia  a  trne  algebraical  identit;,  ia  no 

ilation  of  the  problem  of  factorisation  in  the  ordinary  sense,  inasmnch  as 

two  factors  contain  Vxj/,  and  are  therefore  not  rational  integral  fanctiona 
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RB3ULTB  OF  THE  APPLICATION  OF  REMAINDER  THEOREM. 

§  II.]  It  may  be  well  to  call  the  student's  attention  once 
more  to  the  use  of  the  theorem  of  remainders  in  factorisation. 
For  every  value  a.  of  x  that  we  can  find  idikk  muses  the  iniegral 
fimdhti  f(x)  to  WMiwA  we  have  a  fadar  x-a  of  f{x). 

It  is  needless,  after  what  has  been  shown  in  chap,  v.,  §§  13-16, 
to  illustrate  this  point  further. 

It  may,  however,  be  useful,  although  at  this  stage  we  cannot 
prove  all  that  we  are  to  assert,  to  state  what  the  ultimate  result 
of  the  rule  just  given  is  as  regards  the  factorisation  of  integral 
ftmctions  of  one  variable.  If  fix)  be  af  the  nth  degree,  its  coeffi- 
cients being  any  given  numbers,  real  or  imaginary,  rational  or 
irrational,  it  ia  shown  in  the  chapter  on  Complex  Numbers 
tliat  there  exist  n  values  of  x  (called  the  roots  of  the  equation 
f{x)  =  0)  for  which  f{x)  vanishes.  These  values  will  in  general 
be  aU  different^  but  two  or  more  of  them  may  be  equal,  and  one 
or  all  of  them  may  bo  complex  numbers. 

If,  however,  the  coefficients  of  f(x)  be  all  real,  then  there 
will  be  an  even  number  of  complex  roots,  and  it  will  be  possible 
to  arrange  them  in  pairs  of  the  form  A  ±  ^. 

It  is  not  Bud  that  algebraical  expressions  for  these  roots  in 
terms  of  the  coefficients  of  f{x)  can  always  be  found ;  but,  if 
these  coefficients  be  numerically  given,  the  values  of  the  roots 
can  always  be  approximately  calculated. 

From  Ikis  it  foUows  thai  f(x)  can  in  aU  cases  be  resolved  inio  n 
linear  factors,  the  coefficients  ofwMch  may  or  may  jiot  be  ail  real. 

If  (he  coefficients  of  f(x)  be  all  real,  then  it  can  be  resolved  inio  a 
product  of  p  linear  and  q  gvadraiic  factors,  the  eoeffidenls  in  all  of 
vAich  are  real  nwniers  wkidi  may  in  ail  cases  be  calculated  approxi- 
mately.     We  have,  of  course,  p  -f  Sj  =  n,  and  either  p  or  q  mat/  be  zero. 

The  student  will  find,  in  j§  1-10  above,  illustrations  of  these 
statements  in  particular  cases;  but  he  must  observe  that  the 
general  problem  of  factorising  an  integral  function  of  the  nth 
degree  is  coextensive  with  that  of  completely  solving  an  equation 
of  the  same  degree.  When  the  one  problem  is  solved  the  other 
is,  and  vice  versa. 


byGooglc 


QUADRATIC  FUNCTION  WITH  TWO  VAIUABLEa 


FACTORISATION  OF  FUNCHONS  OF  MORE  THAN   ONE  VARIABLE. 

§  1 2.]  ^^^  Ihs  number  of  variaUea  aaxeds  muty  tka  problem  of 
factorisation  of  an  integral  function  (accepting  ^pedal  cusm,  such  its 
horaogen&ms  fvnctions  of  two  variailes)  is  not  in  geaeral  sdvNe,  at 
least  in  ordinary  alg^a. 

To  establish  this  it  is  safficient  to  show  the  insolubility  of 
the  problem  in  a  particular  casa 

Let  ua  suppose  that  ^  +  ^-f  lis  reBolvable  into  a  product  of  factors  which 
are  integral  in  x  and  y,  that  is,  that 

then  ii?+if'  +  l=j5i'ai'  +  }}'y'  +  TT' 

4-(?r'  +  f'r}y. 
Since  this  is,  by  hypothesis,  an  identity,  we  have 

p^  =  \  (1)         I         J>J'+J>'3=0  {i) 

-W'=l  (2)  j^+p'r  =  0]  (6) 

it's!  (3)         I         jr'  +  j'r=0  (6). 

FiiBt,  we  observe  that,  on  account  of  the  equations  (1)  (2)  (3),  none  of  the  six 

qaantiiaesp grp' q'  r'can  be  wro;  and  fnrthcr, ;>'=-, q'  =  -,T'  =  -'^  Hence, 

as  logical  consequences  oT  our  hypothesis,  we  have  from  (4)  (G)  and  (6) — 


and,  from  these  again,  if  we  multiply  by  pq,  rp,  and  qr  respeetiTely,  we  g 

^"  +  1^  =  0  (lo; 

p'  +  r'^O  (li; 

f'  +  r'  =  0  {12; 
Now  from  (11}  and  (12)  by  enbtraction  we  derive 

p''-ci'  =  0  (18 
sad  from  (10)  and  (18)  by  addition 

from  this  it  follows  that  p=0,  which  is  in  contradiction  with  the  equation 
Hence  the  resolntion  in  this  case  is  impossible. 


D,g,l,7.cbyGOOglC 


136  QUADRATIC  FUNCTION  {oHiP. 

§  13.]  NeTerthelees,  it  may  happen  in  parHadar  cases  that 
the  resolution  spoken  of  in  last  article  is  possible,  even  when  the 
function  ia  not  homogeneous.  This  is  obvious  from  the  truth 
of  the  inverse  statement  that,  if  we  multiply  together  two 
integral  functions,  no  matter  of  how  masy  variables,  the  result 
is  integral. 

One  case  Is  so  important  ia  the  applications  of  algebra  to 
geometry,  that  we  give  an  investigation  of  the  necessary  and 
sufficient  condition  for  the  resolvability. 

Consider  the  Reneral  fuuction  of  3;  and  p  of  the  SMond  dejpe^  and  mite  it 

F  =  g^  +■  ^rSL±.^+.'^  +  2ft_+  «■ 
1st.  Diar^arding  y  in  the  meantiiue,  and  arranging  this  as  a  ftanction 
of  a;  alone,  we  have,  if  a+O, 

=a  ja^+2P«  +  Q}  ,  m  (where  P»to  q=V±|V±.-^^ 
=o{(x+P)'-(F*-Q)f 

Kow,  since  P  and  Q  do  not  couUiu  z,  and  P  ia  lational  with  respect  to  y, 
the  DecesMt]'  and  sufficient  condition  that  the  two  factors  be  rational  with 
respect  to  y  as  well  as  x  is  that  VF'-Q  shall  he  rational  as  regards  y.  This 
will  be  if,  and  cannot  be  unlesa.P'-Q  be  a  complete  sqnare  with  respect  toy. 

p,    Q_(fty+g)'-a(iy'+gfV+e} 

_(A'~(itV  +  2-(irA-tiny-Kg'-ac) 

The  condition  that  this  be  a  complete  sqnare,  ia  bj  g  7,  above, 

thatis,  -o{aic  +  yjA-q/-'-V-'A'}  =0.    1 

Now,  since  a^O,  this  condition  redncaa  to 
,        m  ■■■■  .   ' -       abe  +  2fgh-t^-hf-<A'=0     '     •  ^1). 

2nd.  If  a=0,  bnt  i  +  0,  we  mSyarriTeat  the  sameresnlt  bj  first  arranging 
F  according  to  powers  of  g,  and  proceeding  as  before, 

Srd.  If  a  =  0,  b  =  0,  and  A#0,  the  present  method  fails  altogether,  but  P 
DOW  ledaces  to 

S^iJasy+igx+yy+e, 

and  it  is  evident,  since  a^  and  y*  do  not  occnr,  that  if  this  be  resolvable  into 
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t  be  of  the  fonii  2h(x+p){y  +  q).      We  maet 
2g  =  2hq, 

e=Upq. 
How   tha    first  two  ot  theae    give  fg  =  h^,  that   is,   2^  =  ^ ; 
whence  luiug  the  third, 

or,  nnoe  A  +  0,  2/gh  -  eh*=  0  (2) ; 

bat  this  u  precisely  what  (1)  reduces  to  when  a=:0,  b  =  (l,  ao  that  in  this 
third  cue  the  condition  ia  still  the  lame. 

Uoreorer,  it  is  easy  to  see  that  when  (2)  is  satisfied  the  resolatlon  is 
possible,  being  in  fact 

2h^  +  2gx+2ry  +  c=2h^z+-Q(^l,  +  Q  (3). 

which  is  obrionsly  an  identity  ilc=^glh. 

Jth-  If  a  =  0,  i=0,  A  =  0,  F  rednces  to  2^-4-^^+<.  In  this  casewemay 
hold  that  F  is  resolTable,  it  being  now  in  hct  itaeU  a  linear  factor.  It  is 
interesting  to  obeetve  that  in  this  case  also  the  condition  (1)  ^  sstisSed. 

Returning  to  the  most  general  case,  where  a  does  not  vanish,  we  observe 
that,  when  the  condition  (1)  is  satisfied, 

so  that  the  reqoired  resolation  becomes 

To  the  coeffidents  in  the  factois  various  forms  may  be  given  by  using  the 
relation  (1);  but  they  will  not  be  rational  fiinctionB  unless  A' -  oi  be  a  oom- 
plete  eqnire,  and  they  will  be  iiuBginary  nnlees  h*-ab  is  positive.  The  dis- 
tinction between  these  cases  is  of  fuodamental  importance  in  the  analytical 
theory  of  currea  of  the  second  degree. 

The  fiinctian  abe  +  2/gh  -  a/^  ~  b^  -  eh',  whose  vanishing  is  the  condition 
for  the  resolvabilit;  of  the  fitnction  of  tha  second  degree,  is  called  the  Dir- 
crimitiant  of  that  ItnctioD. 

It  should  be  noticed  that  the  resolvability  of 
F  =  ate*  +  2A«y  +  b^  +  2gx  +  2fy -i- c 
carries  with  it  the  raaolrahihtj  of  the  homogeneous  function  of 
three  variables  having  the  same  coefficients,  viz., 

V  ^  03?  +  b/ +  a^  +  2fyz  +  20ZC  +  2Aay, 
as  is  at  once  seen  by  writing  xjz,  yjz  ,in  place  of  z  and  y. 
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F&GtoriM  the  following  fanctioas : — 
(1.)  (n  +  M"  +  (a  +  c)'-(e  +  rf)»-(i  +  rf)>.         (2.)  4a>ft>  -  (a»  +  6=  -  a'. 
(3.)  {a*-il^-i?f-H\^-d'f.        (4.)  {li?-Ux-\-l2)^-i_ii?-l^  +  6)\ 
(5.)  {a^-(3  +  y>,  +  ^!  =  -(x-y]V-a)'.         (6.)  ^-^■ 
I7.)3?~]fi.        is.)  7?  +  6xs+9y'-i.        19.)  2x'  +  3x-2. 

{10.)  aJ  +  Sas-ia.  (ll.>  ie'-l(te  +  18.         (12.)  i>  +  a:-30. 

(18.)  i(»+l*z+66.  (14.)  it»  +  *i  +  7.  (IB.)  2x'  +  5«-la. 

(16.)  2?  +  2x^{p+q]+2q.  (17.)  aa_2te/(i  +  B)  +  (6- e)/(i+<:). 

(18.)  l^+pq)'-lp-t-g)V.        (19.)  o6(x'-3/=)  +  3^(a'^n 

(20.)p}(a;+i/)»-(p  +  g)(z»-j(')  +  (a:-y)».        (21.)  iE>-16!>!»  +  71z- lOS. 

(22.)  a*-14«!'+14&E.         (23.)  ic"- 18z^  +  64a^-72. 

(24.)  3?-e^^x-S.  (25.)  *>  +  api?+(3p'-?'>'+P<?'-?')- 

(26.)  (p  +  9)x>  +  (y-j)3:»-(p  +  ?>i!-(y-g). 

(27.)  a!»-U+j.+p')»r'  +  (p+^+y>B-p'. 

(28.)  a*-(o  +  t)i'  +  (o'6  +  ai'>K-oV, 

(29. )  3!"  +  z'a  +  2<o>  -  jfe*  -  !m>  -  a'. 

(80.)(i+:rya+j^)^(i+v)V+^).      (8i,}j!'-A'+y'. 

(3Z)  ABanmingiE<  +  y'  =  (j!'+jiay  +  ^)(a^  +  ga!y+y'),  dettnnine  p  and  ?. 

Factorise 

(33.)  3!*  +  y'-2(a?  +  3fl  +  l. 

(34. )  Detonaise  r  luid  s  in  terms  of  p  and  q  in  order  that  x'  -  a'  may  be  a 
factor  in  ar'+jw'  +  gar'  +  n+a. 

FactoriM 

(36.)  (af-+')»-(!ii~<i'')»-(^>W")'  +  (o"»+-)'. 

(39.)  (!e»  +  o»)^3r<  +  a*E>  +  o')-(x'+ar^*  +  a"). 

(37.)  V-2»l'-y'  +  »  +  2!/-l.        (38.)  2ie'+i>^f  +  7w+3!;+3. 

(39.)  2x'  +  xy-S!^-x-iy-l.        (40.)  a^  +  7z  +  3y  +  21. 

(41.)  a:»-2!/'-3z>  +  7s'i  +  2=E  +  my. 

(42.)  Determine  Xao that  (i+e3/-l)(6i4-!f-l)  +  M8aj  +  2y  +  i)(23;  + 39+1) 
may  be  resolvable  into  two  linear  factors. 

(43.)  Find  an  equation  to  determine  X  so  that  ia^  +  bi/'  +  2hxy  +  2gx  +  ^y 
+  <!  +  X3!y,  may  be  reaolvable  into  t«-o  linear  factors  ;  and  find  the  value  of  X 
nhen  c  =  0. 

(44.)  Find  the  condition  that  {ax  +  Ps+ye)(a'x  +  p'y  +  y'i)-{t,'x^-^s 
+  -/zf  break  up  into  two  linear  factora. 

(46.)  If  (x+p)(z  +  2$)  +  (x-t-2;i)(x+9)  be  a  complete  square  in  r,  then 

(48.)  It  (ie  +  6)(ie+i;)  +  (a+«)(a  +  o)  +  (i  +  a)(a+i)  be  a  complete  square  in 
X,  show  that  a  =  b=e  =  fi. 
Factorige 

(47.)  o'+i'  +  e'-Saic.  (48.)  i"  +  Soa^/ +  j/" - o". 

(49.)  (x-:^f-v[7?-\-?^{.\-xf.         (50.)'  ZCy'  +  r^  (J+a^)  (y-z). 

the  meaning  of  £  in  (60.),  (51.),  &c,  see  the  footnote  on  p.  82. 
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(51.)  i;(i'+»»)(a-K).         (62.)  2i\y'-j>).        (63.)  {Sxy^-l^. 
(6*.)  Simplify  \S:{x'  +  y'-<?){:i?  +  ^-^)}fn{x±v±t). 
{66.)  Show  that  2(y~s--yw-)  and  Zai-(y-i'-y»^~)  are  each  exactly 
divisible  by  {y  -  z)  (z  -  x)  (j:  -  y}. 

{58. )  Show  that  nX**^  -  (ii  + 1  >r"  + 1  ia  eiactly  divisible  by  {a:  -  1  f. 

(67.)  Show  that  2a:*(3/+e -a:)*  iaaiactly  divisible  by  Zi^-SZyx 

(68.)  Show  that  (x  +  p  +  j)»-*-'-ii^»+-' -!/**♦■' -!?-*■'  is  exactly  divisible  by 

(69. )  (y - 1)*^' + (s  -  !t)»-+^ +(x-  y)»*^'  b  exactly  divisible  by  {y  - «)(j  - z) 
(i^-w). 

(60.)  ifnbeaf  thefotmSni-l,  then  (y-z)"  +  (i-a!)"  +  (2-y)- is  exactly 
divisible  b;  lx°-£xy ;  and  if  nbe  of  the  form  flm  +  1,  the  same  fUnctiou  ia 
exactly  divisible  by  (Sx?  -  Sey)'. 

(SI.)  If  a  and  b  be  not  zero,  it  is  impossible  so  to  determine  ji  and  g  that 
ai+jjj  +  ji  shall  be  afector  of  a^  +  ay'  +  ii'. 
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CHAPTER  VIII. 
Bational  Fractions. 

§  1.]  £y  a  raiiomil  algebraical  fraf^ion  is  meant  simply  the 
qiioHent  of  any  integral  fundion  by  any  (Aher  irUegral  fimcUon. 

Unlesa  it  ia  otherwise  stated  it  is  to  be  understood  that  we 
are  dealing  with  functions  of  a  single  variable  x. 

If  in  the  rational  fraction  A/B  the  degree  of  the  numerator 
islgreater  than  or  equal  to  the  degree  of  the  denominator,  the 
fraction  ia  called  an  improper  fraction,  if  leas,  a  proper  fraction. 


GENERAL  PROPOSITIONS   RBGARDINO  PROPER  AMD 
mpROPKR  FRACTIONS. 

§  2.]  Every  improper  fraction  can  be  expressed  as  the  sum  of 
an  integral  function  and  a  proper  faction ;  and  conversely,  the  sum 
of  an  integral  function  and  a  proper  fradion  may  be  eaMbiied  as  an 
improper  fradion. 
J. 

For  if  in  -^   the  degree  m  of  A,,  be  greater  than  the 

degree  n  of  B,„  then,  by  the  division- transformation  (chap,  v.), 
we  obtain 

B„     ^""     B„' 

which  proves  the  first  part  of  our  statement,  since  Q„-„  is 
integral,  and  the  degree  of  R  ia  <  n. 

Again,  if  Pp  be  any  integral  function  whatever,  A,n/B„  a 
proper  fraction  (that  is,  m<n),  then 
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p    ^A^_PpB„  +  A„ 
"      B„  ~  B„  ' 

which  is  an  improper  fractioD,  since  the  degree  of  the  numerator 
viz.,  n+p,  Ib  >n. 

Examples  of  these  transformations  have  already  been  given 
under  division. 

It  is  important  to  remark  that,  if  two  improper  fr(u:lvms  he 
equal,  then  (he  inle^al  parts  and  the  properly  fradvmal  parts  must  be 
equal  sepwraidy. 


For  let 


A-..0  K 


and  l^-^--^-^ 

by  the  above  tmnsformatioD. 
Then,  if 


we  have  Qm-n  + 

Heooe  Q.,-„-Q„' 


a,._a;^' 

B„  "  BV' 

R'B.  -  RBV 
"     B.BV    ■ 

Now,  since  the  degrees  of  R'  and  R  are  less  than  n'  and  n 
respectively,  the  degree  of  the  numerator  on  the  right-hand 
side  of  this  last  equation  is  less  than  n  +  n'.  Hence,  unless 
Qm-n~Q'ni'-n'  =  0>  WO  have  an  int^ral  fonction  equal  to  a 
proper  fraction,  which  is  impossible  (see  chap,  v.,  $  1).  We  must 
therefore  have 

Qm-f.  =  Q'm'-n',  "nd  consequently  g-  =  g*-;. 

N.B. — From  this  of  course  it  follows  that  m-n  =  m'  -n'. 
As  an  eiample,  consider  the  improper  (ractaon  (a^  +  23^  +  3!e+ 4)/(ji' +  ie+ 1), 
and  let  D£  moltipl;  both  numerator  and  deuominatoi'  by  a^  +  2a;  + 1 ;  we  thos 
obtain  the  fraction 

which,  b;  chap,  til ,  g  2,  miut  be  equal  to  the  former  fraction.    Now  trandbnn 
each  of  theae  bj  the  long-diviaion  trauefonnatieD,  and  we  obtain  respectively 
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The  integral  parts  of  these  are  eiiual ;  and  the  tactianal  parts  are  slso  equal 
(see  next  section). 

§  3.]  Since  by  chap,  iii,  §  2,  we  may  divide  both  □umerator 
and  denominator  of  a  fraction  by  the  same  divisor,  if  tbe  nu- 
merator and  denominator  of  a  mtioDal  fraction  have  any  common 
factors,  we  can  remove  them.  Hence  evay  ratumai  fraction  can 
he  so  simpHJUd  that  its  num^ator  and  denominator  are  algebraicaUy 
prime  to  each  other  ;  when  thvs  simplified  lAe  fraction  is  said  to  be  at 
"its  hwesi  terms." 

llie  common  factors,  when  they  exist,  may  be  determined  by 
inspection  (€.17.,  by  completely  factorising  both  numerator  and 
denominator  by  any  of  the  processes  described  in  chap,  vii.) ; 
or,  in  the  laat  resort,  by  the  process  for  finding  the  6.C.M.,  which 
will  either  give  us  the  common  factor  required,  or  prove  that 
there  is  none. 

By  either  of  the  processes  of  chap,  vt  theQ.C.H.  wiUbefoiindtobea^  +  2i;+l. 
DiTJdiDg  both  nnmetAtor  and  deDomioatoT  by  this  fector,  we  get,  for  the 
lowest  terras  of  the  given  fraction. 


The  aimplificatioii  mif^t  have  been  effected  thoe.  ObeerviiiK  that  both 
numerator  and  denominator  vanish  when  z  =  -1,  we  see  that  x-i- 1  is  a  com- 
mon factor.    Bemoving  this  factor  we  get 


Here  numerator  and  denominator  both  vanish  when  x=  ~1,  hence  there  is  the ' 
common  factor  x  +  1,     Bemoving  this  we  get 


It  is  now  obvioos  that  nnmerator  and  denominator  are  prime  to  each 
other ;  for  the  only  possible  common  fiictor  is  z  -f  3,  and  this  does  not  divide 
the  denominator  which  does  not  vanish  when  z  =  -  3. 

§  4.]  The  student  should  note  the  following  conclusion  from 
the  above  theory,  partly  on  account  of  its  javctical  neefulneaa, 
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partly  on  a4»»iunt  of  its  analogy  with  a  siiuilar  proposition  in 
arithmetic. 

If  (m»  mivmal  Sraxivms,  PjQ,  P'/Q,  be  equal,  and  P/Q  be  at  its 
lowest  terms,  then  F  =  \P,  Q  =  kQ,  where  A  is  on  itUegr^  function 
of  X,  which  toill  red-uee  to  a  constant  if  P'jQ  be  also  at  its  lotcest 
terms. 

To  prove  tliis,  we  observe  that 
FP 
Q'"Q' 


but  P  18  prime  to  Q,  therefore  by  chap,  yi.,  5  12,  Q'  =  AQ,  where 
A.  is  an  integral  function  of  x.     We  now  have 

80  that  P  =  AP,  Q'  =  AQ. 

If  P'/Q'  be  at  its  lowest  terms,  P*  and  Q'  can  hare  no  com- 
mon factor;  so  that  in  this  case  \  must  be  a  constant,  which 
may  of  course  happen  to  be  unity. 

DIRECT  OPERATIONS  WITH  RATIONAL  FRACTIONS. 
§  5.]  The  general  principles  of  operation  with  fractions 
have  already  been  laid  down ;  all  that  the  student  has  now  to 
learn  is  the  application  of  the  knowledge  of  the  properties  of 
integral  functions  to  facilitate  such  operation  in  the  case  of 
rational  fractions.  The  most  important  of  these  applications  is 
the  use  of  the  Q.C.M.  and  the  L.C.M.,  and  of  the  dissection  of 
functions  by  factorisation. 

Ko  gensral  rules  can  be  laid  down  (or  each  tTansfarmatioiiB  ss  we  proceed 
to  exemplify  in  thii  article.  Bat  the  following  pieces  of  general  ddrice  will 
be  found  lueful. 

If  ever  make  a  itep  that  jo-a  cannot  justify  by  reference  to  the  fundamental 
laws  of  algebia.  In  other  respects  make  the  freest  use  of  yonr  jadgment  as 
to  the  order  and  anvngement  oi  rtepa. 
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Take  the  earliest  opportuoity  of  getting  rid  of  rednadant  members  of  a 
fauction,  unless  yoa  see  some  diiect  reason  to  the  cSotrary. 

Cultivatfi  the  nse  of  brackets  as  a  means  of  keeping  composite  parts  of  a 
function  together,  aod  do  not  expand  such  brackets  antil  you  see  that  some- 
thing is  likely  to  be  gained  thereby,  inasmuch  as  it  ma;  turn  out  that  the 
whole  bnckot  is  a  redundant  member,  in  which  case  the  labour  of  expanding 
is  thrown  away,  and  merely  increases  the  risk  of  errvr. 

Take  a  good  look  at  each  part  of  a  composite  eipressiou,  and  be  goided  in 
your  treatment  by  ita  construction,  e.g.,  by  the  factors  jou  can  perceive  it  to 
contain,  by  its  degree,  and  so  on. 

Avoid  the  unthinking  nse  of  mere  rules,  such  as  that  for  long  division, 
tliat  for  finding  the  G.C.H.,  lie.,  aa  much  as  possible  ;  and  nse  instead  pro- 
ceseas  of  inspection,  such  aa  dissection  into  factors  ;  anil  general  principles, 
■Qch  aa  the  theorem  of  remainders.  In  other  words,  use  the  head  rather  thau 
the  fingers.  But,  if  you  do  use  a  rule  involving  mecbtinicsl  calculation,  be 
patient  accnrate,  and  systematicallj  neat  in  the  working.     It  is  well  known 

mathematical  teachers  that  quite  half  the  failures  in  algebraical  exercises 
arise  from  arithmetical  inaccuracy  and  slovenly  arrangement. 

Uake  every  use  you  can  of  general  ideas,  snch  as  homogeneity  and  sym- 
metry, to  shorten  work,  to  foretell  rwmlts  without  labour,  and  to  control 
results  and  avoid  errors  of  the  grosser  kind. 

Example  1.  Express  as  a  single  fraction  in  its  simplest  form~ 
^^■i■^  +  ^  +  ^    2z»-t-4i=-3a:-2     „ 

— ^^1 — ■ ^TT — =F  »y- 

Transform  each  AiwtioD  by  dlvisioD,  then 

3<ic*~l)-(-a!-)-g)[3:'  +  l) 


Example 
We  have 

a:*-!      ' 
x*-l      ■ 
2.  Express  as  a  single 
1                       1 

-1 

fraction 
1 

-1-83.-1    !^-a?-x-¥l 

«•- 

-■i^-\ 

-2a!-l 

a*-SaJ-f8x-l  =  (>!-l)»; 

zzCi-HlJCa-l}*; 
il!«-ac'-Hae-l=a!*-l-2i<ic'-l), 
=  (2*-I)(x-l)'. 

=(x-\n=e-¥\): 

ar'-a«^-h2a!'-2«-«-l  =  (»?+l)'-ai<z»-i-l). 
=(z'-fl)(*-l)'. 
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WITH  RATIONAL  FRACTIONa 


-%f\Ux'  +  \){x-lf 


Exam^  S. 

_/     -2^     \     /  2(:b'  +  y')  \ 
Example  i.  Simpliiy — 


_2(e-a)(a-i)  +  (i-i;)'  +  2(fl-6}(&-e)  +  (e-a)'  +  a(ft-e)(«-B)  +  (a-i)' 
(b-cHc-a){a-h) 
{{b-c)  +  [c-a)  +  {a-b)}' 
to. 

_0'_  0        

-|K!.-{6-<:)(^-a)'(a-6)"'*' 
it  bcdng  of  conrae  truppoaed  that  the  deDomicator  does  not  ranUh. 

liZBiiiple  C> 

=  -Ab--c)-l^e-<t)-<^a-b) 
lb-c){c-a){a-b) 
Nov  we  obeerre  tbat  when  b=c  the  nomentor  of  F  becomes  0,  hence  b~e 
ii  a  bctor ;  bj  sjnunetry  e-a  and a-b  must  also  be  &ctora.  Hence  the 
ntunentorie  diviaible  hyt,b'e)(e-'a)la~b).  Since  the  degree  of  the  nmaer- 
ator  ia  the  4th,  the  remaining  fat^tor,  owing  to  the  Bjmmetry  of  the  exprenion, 
muat  be  Ta+Pb+Te.    Comparing  the  coeffidenta  of  ^  in 
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and  ¥{a  +  b+e)(b~c){c-a,)(a-b), 

woBeethftt  P=+l. 

Hence,  finally,  F=!a  +  b+c 

Example  S. 

p_         a'+ya  +  j  f+yft  +  g      _      g'+ye  +  g 

-(o-fc)(o-e)(a-fl)+(*-a){6-(;)(i-6)+(i:-a)(«-i)(a:-s)' 
_         {b-e){ii^+pa  +  q)(x-b){x-c)+  &c+Ae.  . 

Se. 
How,  coU«ct  the  coefficients  of  »?,  x,  and  the  absolute  term  in  the  numerator, 
obaerviug  that  the  two  be  'a  Btaud  for  the  result  of  eichan^^ng  a  and  b  and  a 
and  e  respectively  in  the  fint  term.     We  have  in  the  coefficient  of  a^  a  part 
independent  of  ji  and  g,  viz., 

a^b-e)■^b\e-a)  +  (^a-b)=~{b--e)(e-a){a-h)  (IV 

The  parts  containing  p  and  q  respectively  are 

{a(b-c)  +  blc-a)  +  c(a-b)}  p=0 
and  {{b-e)  +  {e-a)  +  (a-b)}q=0. 

The  coefficient  of  ^  therefore  reduces  to  (1). 

Next,  in  the  coefficient  of  z  we  have  the  three  parts, 

-  {«>(*" -e"}  +  i'(e"-<i')  +  e>(a>-6')}  =0, 
■-  {<,(lf>-d>)  +  b{c'-a')  +  c(a'~b'))p 

=  -(6-e)(e-<.)(<.-i!p  (2). 

and  -  {(i"-<!^  +  (e>-o')  +  (<^-6')}j=0. 

Finally,  in  the  absolute  term, 

abe  {a(4-<!)+6(c-o)+((a-*)i=0, 
««e  {(6-c)  +  (c-o)  +  (a-i)}j>=0, 

=  -lb-cUc-a){a-b)q  (3). 

Hence,  remoTing  the  common  factor  {A-c)(e-a)(a'li),  which  now  appears 
both  iu  numeiator  and  denominator,  and  changing  the  sign  on  both  sides, 

V=        ^-i-px  +  j 

(x-a)lx-bnx-e)' 

The  student  should  oheerre  here  the  oonatant  nsA  of  the  identities  on  pp. 
78-81,  and  the  abbreriatian  of  the  work  by  two-thirds,  effected  by  taking  ad- 
vantags  of  the  principle  of  symmetry.  In  actual  pnetice  the  greater  part  of 
ths  reaaoning  above  written  would  of  conrse  be  conducted  mentally. 
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INVERSE  METHOD  OF  PARTIAL  FRACnONS. 

§  6.]  Since  we  have  seen  that  a  sum  of  rational  fractions  can 
always  be  exhibited  aa  a  single  rational  fraction,  it  is  naturally 
suggested  to  inquire  how  far  we  can  decompose  a  given  rational 
fraction  into  others  (usually  called  "  partial  fractions ")  having 
denominator  of  lower  degrees. 

Since  we  can  always,  by  ordinary  division,  represent  (and  that  T 
in  one  way  only)  an  improper  fraction  jas  the  sum  of  an  int^ral 
function  and  a  proper  firaction,  we  need  only  consider  the  latter 
kind  of  fraction. 

The  fundamental  theorem  on  which  the  operation  of  dissec- 
tion into  "partial  fractions"  depends  is  the  following: — 

If  AjPQ  he  a  ralvmal  proper  JtocIwii  whose  denominaior  contains  I 
tmo  iiUegral  fadors,  P  and  Q,  which  are  aigebraically  prime  to  each 
other,  then  we  can  aiwaya  decompose  AjPQ  vnio  the  sum  of  tm  proper 
fradms,FIP  +  Q[jQ.  ' 

Proof.— Since  P  and  Q  are  prime  to  each  other,  we  can  (see 
chap,  vi,  §  11)  always  find  two  integral  functions,  L  and  M, 
such  that 

LP  +  MQ  =  1  (1). 

Multiply  this  identity  by  A/PQ,  and  we  obtain 

A      AL    AM  ,„, 

PQ^Q""'^  ^^^- 

In  general,  of  course,  the  d^rees  of  AL  and  AM  will  be  higher 
than  those  of  Q  and  P  respectively.  If  this  be  so,  transform 
AL/Q  and  AM/P  by  division  into  S  +  Q'/Q  and  T  +  P'/P,  so  that 
S,  T,  ($,  and  Y  are  integral,  and  the  degrees  of  P'  and  Q'  less 
than  those  of  P  and  Q  respectively.     We  now  have 

#q  =  S-t4',|  (3), 

P'    Q' 
where  S  +  T  is  integral,  and  p  +  ?r  &  proper  fraction.     But  the 

left-hand  side  of  (3)  is  a  proper  fraction.  Hence  S-i-T  most 
vanish  identically,  and  the  result  of  onr  operations  will  be  simply 


D,g,l,7.cbyGOOglC 


148  PARTIAL  FRACTIONS.  [CHap. 

A-^-H^'  (4), 

which  is  the  transformation  required. 

To  give  the  student  a  better  hold  of  the  above  reasoning,  we 
work  out  a  particular  cue. 
CousidBr  the  frsction 

Here  A=a!'  +  1,  ?=af  +  3^  +  2x+l,  Q=i?+x  +  l. 

CuTTing  ont  the  pn)c«w  for  finding  the  Q.C.M.  of  P  and  Q,  ne  have 
1  +  1  +  1)1  +  8  +  2  +  1(1  +  2 
2  +  1  +  1 
-l-I)l  +  l  +  l{-l  +  0 
0  +  1 
+  1  . 

whence,  desotiiig  the  rem^nden  by  Bj  and  R, 

P=(z+2)Q+E„   Q=-«E,+Br 
From  theee  saoaemvelj  we  get 

R,  =  P-(a  +  2)Q, 

i=B,=q+iE„ 

=  Q+a:P-a<i8+B)Q, 
1         =(-a?-2x+l)Q+a!P,  (1). 

In  thu  cue,  theiettore, 

M=-iB'-2ie+l,  L=x. 
Unltiplfiiig  now  by  A/PQ  on  both  aides  of  (1),  we  obtain  (patting  in  the 
actual  nines  of  P  and  Q  in  the  present  case) 

„_(j^  +  l)(-a'-ar+l),  (»^+l)x 
""^+3^+2^+1      *a?+ic  +  l' 
-a^~2a'  +  x*-a^-ar+l      3?  +  x 
a!'  +  &E"  +  2z  +  l  *3!'+x  +  l'' 

OT,  cairying  ont  the  tvo  divisioUB, 

or,  seeing  that  the  intt^ral  part  Taniahea,  as  it  ongbt  to  do, 

F  =^  +  2  ,        -1 

^+3t^  +  2x  +  \^a?  +  x  +  l' 
which  is  the  required  decompodtion  of  F  into  partial  fractione. 

§  7.]  Having  shown  a  priori  the  possibility  of  decomposition 
into  partial  fractions,  we  have  now  to  examine  the  special  cases 
that  occur,  and  to  indicate  briefer  methods  of  obtaining  results 
which  we  know  must  exist. 
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We  liave  already  stated  that  it  may  be  ehowii  that  eTery 
integral  function  B  may  be  reeolved  into  prime  factors  with  real 
coefficients,  which  belong  to  one  or  other  of  the  types  {x  -  a)', 

i^  +  ^+yy. 

Ist  Take  the  case  where  there  is  a  sin^e,  not  repeated, 
factor,  x  —  a.    Then  the  fraction  F  =  A/B  may  be  written 

say,  where  x  —  a  and  Q  are  prime  to  each  other.     Hence,  by  our 
general  theorem,  we  may  write 

F      0' 

each  number  being  a  proper  fraction. 

In  this  case  ihe  degree  of  F  must  be  zero,  that  is,  F  is  a 
constant. 

It  may  be  determined  by  methods  similar  to  those  med  in 
chap,  v.,  §  21.     See  below,  example  1. 

F  determined,  we  go  on  to  decompose  the  proper  fraction 
Q'/Q,  by  considering  the  other  factors  in  its  denominator. 

2nd.  Suppose  there  is  a  repeated  factor  (x-a)';  say  B  = 
(x  -  a)''Q,  where  Q  does  not  contain  the  factor  x  -  o.  We  may, 
by  the  general  principle,  write 

(«-.)-    Q 

P'  is  now  an  integral  function,  whose  d^ree  is  less  than  r; 
hence,  by  chap,  v.,  g  21,  we  may  put  it  into  the  form 

F  =  a,  +  a,(x  -  tt)  + .  .  .  +  ar-,{x  -  o)'"*, 
and  therefore  write 

where  a,,  a,  ...  Or.  i  are   constants  to  be   determined.     See 
below,  example  2. 

3rd.  Let  there  be  a  factor  {^  +  ^x  +  yf,  bo  that 
B  =  {3^  +  ^  +  y)KJ, 
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Q  being  prime  to  ie*  +  j8r  +  7.     Now,  we  have 

P*  is  in  this  case  an  integral  function  of  degree  3s  -  1  at  meet. 
We  may  therefore  write,  see  chap,  v.,  §  21, 

M«.-, +  *.-,«)  (i^  + /to +  y)-'. 
+  V, 


where  the  2s  constants  a„  6„  Sec,  have  to  be  determined  by  any 
appropriate  methods.     See  examples  3  and  4. 

In  the  particular  case  where  s  =  1,  we  have,  of  coarse,  merely 

p        a.  +  ferfr       Q' 
I'  +  ySs  +  y     Q 


(4). 


By  operating  sacce$sively  in  the  way  mdicated  vx  can  decompose 
eoery  Totional  fradum  into  a  sum  of  paiiiai  fraclions,  each  of  which 
belongs  to  one  or  other  of  the  two  types  Pr/(x  -  a.)',  (a,  +  b^/{x'  +  fix 
+  yY,where  a,  fi,  y,p„  a„  b^  are  all  real  constants,  cmd  rands  positive 
vntegers. 

It  is  important  to  remark  that  each  such  partial  fraction 
has  a  separate  and  independent  existence,  and  that  if  necessaiy 
or  convenient  the  constant  or  constants  belon^g  to  it  can  be 
determined  quite  independently  of  the  others. 

§  8].  We  now  proceed  to  exemplify  the  practical  carrying 
out  of  the  above  theoretical  process;  and  we  reconmiend  the 
student  to  study  carefully  the  examples  given,  as  they  afford  a 
capital  illustration  of  the  superior  power  of  general  principles  as 
contrasted  with  "  rule  of  thumb  "  in  Algebra. 

Example  1.  It  ia  ivqnired  to  det«nmne  the  puti&l  fiw:tioii,  correspoiiding 
to  z-1,  in  the  decomposition  of 
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(1). 


VlltJ  EXAMPLES. 

We  have 

and  we  have  to  find  the  conetsut  p. 

From  identity  (1),  mulriplying  both  sides  by  (a!-l}(!e-2)'(z'  +  ]),  we 
deduce  the  identity, 

43*-lBi*  +  Va?-Sx  +  7=pix-2)\3?  +  l)  +  li'{x-l)  (2). 

"  Now  (2)  being  tme  for  all  ralnes  of  x,  mnit  hold  when  w=  1  ;  in  this  esse  it 
becomee 

4  =  2p,  thfttis,p=2. 
Hence  the  reqnired  putial  faction  is  2/(z~l). 

If  it  be  reqniied  to  determine  also  the  integral  fanctioii  Q',  this  can  be 
done  at  once  by  putting  p  =  2  in  (2),  and  subtracting  2  (z-2)'(j:"  +  1)  from 
both  Bides.    We  thus  obtain 

2X'-83f  +  7ii?-l=(i'(x-l)  (3). 

This  being  an  identity,  the  left-hand  dde  mud  be  divinble  iyz-].*     It  ie 
■o  in  point  of  fact ;  and,  after  canying  ont  the  diviaion,  we  get 

2!c'-fte'+ic  +  l  =  Q'  (4). 

which  detorminee  Q'. 

The  student  may  verify  for  practice  that  we  do  actually  have 

i3*-\«3?-\-17!>?-Sx+7       _2_        23?-63^  +  X+l 

{x-l){x-2n^  +  l)    ~a-l'*(ii-2)V  +  l)' 
Example  2.  Taking  the  same  fraction  as  in  example  1,  to  determine  the 
group  of  partial  fractions  corresponding  to  (a  -  2)'. 
We  have  now 

fa'-16!c'  +  irr'-8j;  +  r_      Hq  a,  Q' 

(x-l)(3r-2)''(*"  +  l)        (i-2)»  +  x-2*(a:-l)(j?  +  l) 


(1), 


*^'-iea!'  +  17J!'-8*  +  7  =  aj(^-l)(ic"  +  l)  +  o,(ir-2){j!-lXi>r'  +  l) 

+  Q'(a:-2)'  (2). 

Id  identity  (8)  pnt  x=2,  and  we  get 

-5  =  5i(g,  that  is,  ii,=  - 1. 
Patting  now  00= -1  in  (2),  snbtTecting(-l)(z~l)(ic'  +  l)  from  both  sides 
and  dividing  both  sides  by  s;  -  2,  we  have 

te*-7a?+2«-3=o,(«-l)(2'+l)+Q'(!B-2)  (3}. 

E^t  x=2  in  this  last  identity,  and  then  results 

+5=Soi,  that  is,  0,=  +1. 
The  gronp  of  partial  fractions  required  is  therefore 
-1/(1-2)^1/(^-2). 
If  required,  Q'  may  be  determined  as  in  example  1  by  means  of  (8). 

*  If  it  is  not  then  there  has  been  a  mistake  in  Hie  working. 
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Example  3.    Lastlj,  let  <u  dstanmne  QiepaTtUl  ftaction  oomqMndiug  to 

^ + 1  in  the  ttboie  frutUm. 
We  mwt  now  write 

1'.  Whence,  mnltiplying  by  (a  - 1)  (at-  2)' 
4^-le3*-f-l7!>?-6x+7_[ax+bnx-l){x~2y  ^ 

t?+l  ~  3?+l  '^^  ^  '■ 

whence 

irf-i(te+i!+^.(«+j)(,-s+J-±l)tg', 

Now  the  propel  fractions  on  the  two  sides  of  (8)  mnst  be  equal — that  is,  we 
toDst  have  the  identitj 

therefore  7S+o=8, 6-7ii=-6, 

Hnltipljiug  these'two  eqnatioiia  by  7  and  by  1  and  adding,  we  get 

S0»=50,  tbatii,  (=1. 
Either  of  them  then  gives  a=\,  hence  thereqnired  partial  fraction  ia 

(i+ijA^+l). 

8°.  Another  method  for  obtaining  this  remit  U  as  follows: — Bemembering 
that  tf  +  l  =  (3s+i)(ie-i){ew.  chap,  viL),  we  see  that  3^4-l  raniahes  when 

Now  we  have 

la«-l&i»  +  17a?-8a:+7  =  (aa!+i){i-l)(a:-2)'  +  Q'(a!«+l) 

={aa;+i){rf-6a?+to-4)  +  Q'(a!>  +  l)       (4). 
Put  in  this  identic  x=i,  and  observe  that 

i*=f>K?=(-l)x(-l)=+l. 

andwehave  8i-8=(ai+l)(7i+l). 

=(71+o)»+(6-To); 
whence  {76+o-8)i= -i  +  7o-e, 

an  equality  whtdi  is  impossible  *  unless  both  sides  are  zero,  hence 

76  +  0-8  =  0,     -S  +  7a-6=0, 
from  which  a  and  b  may  be  detennined  as  befora. 

8°.  Another  method  of  finding  a  and  b  might  be  used  in  the  present  case. 

*  For  no  rasl  multiple  differing  ftom  lero  of  the  imaginary  ncit  can  be  a 
real  qnantity.  See  above,  chap,  vii.,  §  6,  The  student  should  recur  to  this 
case  again  after  reading  the  chapter  on  Comfdex  Nnmbeis. 
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We  inppaae  that  the  partiil  fractioDS  oonvaponding  to  ftU  the  &cton 
except  i^-l- 1  have  alnad;  been  determined.     We  can  ttien  write 


-^    2 1^  1       ax  +  i 

x-1     (x~2^    X--2    i^+1 


From  thu  we  obtain  the  identity 

tl'-iea!'+l7!l!'-8iB  +  7 

=%-2)^a?  +  l)-(«-l){»''  +  I)  +  (z-l)(i;-2)  (**+!) 
•Hea!+b){x-lUx-2f ; 

•sd,  diTidii)gbj(z-I}(z~2}', 

Z-i- 1=001+). 

This  being  of  conise  m  identity,  we  mnat  bave 
a=l,    h=l. 

Another  proceae  for  finding  the  conatanta  in  all  the  partia]  fiactioiu  dependa 
on  the  method  of  equating  coeffidenta  (aee  ciiap.  v.,  g  16),  and  leads  to  theit 
determination  by  the  eolation  of  an  sqnal  number  of  aimultaneons  equations 
of  the  firat  degree. 

The  following  simple  ease  will  sufflciently  iltiutnte  this  method  :— 

Example  4. 

To  decompose  (az-4)/(a;-l)(»-2)into  partial  fi 

We  have 

Sx-i 


(«- 

l)(«-2)     X~l'^3!-2' 

therefore 

ax-i=a(x-2)+b{x-l), 
=  (o  +  6)j!-(2fl+i). 

Hence,  dnce 

thia  lut  eqnatic 

ID  ie  on  identity,  we  have 

,  +  b^a,     2a  +  b=i. 

Hence,  eolving  thewi  eqnatioi 

IB  for  a  and  i  (see  chapter  on 

Linear  Eqoati 

weGnda=sl, 

,  b=2. 

Example 

6.    We  give  one 

more  instntctiTe  example. 

Todeoompow 

F= 

^+px  +  q 

-a){x-bUx- 
we  may  write 

jfi+jxc+g  ABC 

(x-a.)[x-b)lx-c)~x-a    x-b'^x-c 
ifhere  A,  B,  C  are  eouitanta. 
Now 

x" +|ii  +  3  =  A(i  -  6)  (I  -  c)  +  8(1  -  «)  (z  -  o)  +  C(«  -  o)  (i  -  i) 
Herein  pnt  z=a,  and  there  remits 

<i'+j»  +  g=A(a-6)(«-0; 
whence  A=  °'+f°+g-,. 
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We  have  therefore 

^  a'+pa  +  g  y+pft-t-g e'+^'^  +  T  (o) 

(o-i)(o-c)(x-a)    [6-e)(i-o)(;e-i)"*"{c-a)(i:-ft)(»!-=) 
an  identitj  already  establiehed  sboTS,  %  G,  eiample  6.     It  may  strike  tlie 
atadeut  as  notaworthy  that  it  is  mors  easily  establiihed  by  the  iuTeras  than 
by  the  direct  procesa.     The  method  of  partial  fractions  ia  in  point  of  fact  a 
fmitfol  source  of  complicated  algebnic&l  identities. 

EZEBOIHBS  XII. 
Eipreas  the  following  aa  rational  fractioDS  at  their  lowest  terms. 
(1.)  (i»+at>-z  +  6V(a--j!>+te-4). 
(2.)  (ftE»  +  Sai!'-9!i!^18)/(*B"  +  44c+120). 

3*  +  '2^-2x-l        x*+7?-Sx?-6x-2 
^^'  x'  +  x'~3x'-5x~2       l'+2z«-2z-l    ' 

(4.)  (3a>-a»-z-l)/(3i'  +  6j!>+3^  +  l)  +  (i"  +  Sz"  +  63!  +  3)/(r»+i!'+a:-8). 
(6.)  (3!'-2a'  +  l)/(3^-ac  +  l)  +  (a^  +  2a!'  +  I}/(a!»  +  2a!  +  l). 
(8.)  {6)f+lSaa?-9a*x-\0a.*)l{'iaf-H2aa?-UtAe-10a*). 
(7.)(l-o')/t{l+a*)'-(»  +  x)>}. 

**■'(] -zKi-!.f)'/i(r^"(i-a)(i'-i<fltnT3r'r 

ao.)  {(ai  +  6»i)»+(am-W)'}/{(ap  +  i3)»+((ij-ip)'}- 
'  {p«'+(t+()r+r}»-{>^+(i-t)a!^i^' 


(11.) 


(U.)  l/(a-2i-lAa-2ft-l/(«-26)». 

(15.)  l/(to  +  8)-l/(ai!-2)  +  4/(3-33!^. 

/ml ''-'''-  ''"^-l/.^ty  _    ^     > 
^^"■^  ^-!?    z'-!/'    *\>!"  +  y>    *  +  j<|- 

'"•>(.f.*4-')/(r^.-¥> 

'"*■'  33!-2       fte'  +  i    *dx  +  2- 
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»l-l  r. 


24(ie-l)'*"8(i  +  l)    4(1  +  1?    i^x  +  17    3(*'  + 


'  [x  +  \f[x^if    (a  +  2?    i  +  1    2  +  2 
{22.)(a  +  i)/(;e  +  o)  +  {o-6)/(i-a)-2o(z  +  S)A^  +  , 
(!S.)  |(i-»);(i  +  »))  +  |(":-»)/l"  +  »l}'tU"-rt 

1211  r    •'-''*'    V,|"'t'a+ix 

(2«i  ^±^+ """   »   ^-y* 


(27.) 


^ooif,       20        180      420      280  1        (.       20        180       12 

(30.){(^!/-l)»+(^+y-2Ha+!/-2«j,)|/i(a!/+l)"-(a!+y)'!- 
(ai.)(i+s'+^-3s=)/(i+y+s)- 

(32.)  ^o(aT2i)  +  6^5  +  ^e)  +  c(o  +  2a)!/ia'-f-^-2ie|. 
a  +  ft)'  +  (i  +  c)'-(a  +  2i+t)' 
(a  +  *)(i  +  c)(«  +  26  +  c) 


(33.)  ^ 

*"■*  (i^+a')(!r'-o»)  +  «V(!ii*-i')'^i«-a'-"a'y(!^^' 

a'  +  (2a.;-y)3!'  +  cte* g' +  (n<  -  i  V  -  to' 

+  2ote  +  ( 2ac  +  i")3?  +  2iicr' +  (ftc* "  o"  +  ( ac  -  S")^"  +  JcjJ' 
-^V'  +  !B  +  y-3!y  +  l    z*  +  y*+a-y+3:y-H 

[g'-iaeV  +  Sgy')'  +  (63^-lfteV-l-y')' 
(a!»-3:(ir')'  +  (Sir^-y')» 

(ft+c)>  +  2(^^(i-c)' 

(88.)  ,, 


(85.)- 
(38.)  "* 
(37.)  '-: 


'(**-^  +  '*>{(T^  +  6"b^(FTr?| 


(89.)  2(6'  +  c=-o')/(<i-6)(a-^).        (40.)  (S^XSa^)/;,,^- S(j,+ 

(41.)  7.{b  +  t:)l{c-a){a-b).  (42.)  !&<«  +  «)/(»-*)(''-':)■ 

(48.)  2(6'  +  *o  +  c")/[a-S)(a-c) 

.{44.)  {n(l-3!=)  +  n{a!-s=}[/(l/ij,). 

(46.)  JS(*+e)'-8n{i+e)}/{Zo'-a<i6e}. 

+  !*)(»  + D' 


(«■'  -x^+^,+^r-> 
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>"-'i-«"'i-("'l-e^(.-.)(.-l)(s-.)' 
(19.)I(a+!.)(a  +  l)/(«-»)(«-c)(«+«). 

(50.)  laV("-«('"-')("-'').      ("•)  ai'/(«'-i^(«"-fl(!'+»"). 

(51)  I(s"+^-rf)Mx-,)(.-.). 
(6J.) 
i<t-.)'4-t(i-ii)'t^.-5)'  +  [i'-.1(54-t)  +  [.'-.')[.ta)4-(J-y)(i.tt) 
<.V-")  +  «t-»]+i?(»-») 

,,,,    . |(»<-»)'t(vt.)'||(.<-»)'t(«t»)'| ^ 

'     '  |{x+ii)(.+i)+(»+.)(i-f«i)l"+|(it»(i+i«)-(y+.)(.+i)l' 
ProTe  the  following  identities  : — 
(56.)  2a»/(a -*)(«-«)  =  20. 
(56.)  e(«'-i')=ou(l-iHj),     (!(r'-i»)=ir(l-t«>), 
wliare  t(=(ai-^)/(fc-a»),     i.=(ai-e^/(<w-li»). 

(B7.)^Z{<>+a)(a  +  ^)(B  +  7)Ma-i)(»-0(<>-rf)=-"i»y/'«*«*- 


(f- 

r?r*(f 

-^H,--l^ 

(i- 

-e)'  +  (e 

(ai- 

-<<0(.'- 

.i»)(o'  +  i'-c»-if)  +  4(a6-«Q(M- 

■*) 

^) 

(i+<)(a  +  d) 

(5  +  c)»  +  (a  +  d)' 

rf(.- 

-i)+*»(a-e)+«^6-B)       ,..    , 

('«'■'  <.-i)(..-.Hi-a) 

(61.)   iS(v-i)»}/S2Kv-i)n-*n(i,-i)>={22»-Sv.}'. 

Decompose  the  following  into  rams  of  partial  fivcHoos. 

(82.)  (^^l)/(^^2){z-3).  (8S.)  »^/(*-l)(=r-2)(*-8). 

(S4.)  S(tifHx'-l)l^-i).  (86.)  (j:'  +  4)/(^  +  l)'Ci>!-2)(^  +  3).- 

(66.)  (3!"-2)/(=?-l).  (87.)  (i'+a!  +  l)/(z  +  l)(^+l). 

(88.)  (2x-S)/(a!-l)(B«  +  l)'.  (68.)  l/(jr-a)(i- J)(z«- 2p):  +  j),y»<3. 

(70.)  (l  +  a:+aJ}/(l-a!-*'  +  a*).   (71.)  18/(a!*  +  4a:+8). 

(72.)  (*+8)/(iB'-l).  (73.)  lAs^+i^-^-a'). 

(71.}  Express  (&i^  +  z+l)/{^-l}  as  the  siun  of  two  rstknuJ  frtetiona 
whtnedenominatora  ore  3^-1  ondz'+l. 

(7G.}  Expand  1/(8-ie)(2+x)  in  a,  aeries  of  ascending  powers  of  x,  nmng 
partial  fnctions  uid  continned  diTision. 

(78.)  Expand  in  like  manner  l/(l-ii)>(l+a?). 

(77.)  Show  that 
I(J+c+<i)/(*-aX«-«Xd-»X»=-a)=(a!-a-6-«-<i)/(»-<.)(«-6X«-eX«-rf). 


byGooglc 


CHAPTER   IX. 
Further  Application  to  the  Theory  of  Numbers. 

ON  THE  VARIOUS  WATS  OF  RBPRRSENTINa  INTKGRAL   AND 
FRAOnONAL   NUMBERS. 

§  1.]  The  following  general  theorem  lies  at  the  root  of  the 
theory  of  the  representation  of  numbers  by  means  of  a  syetematic 
scale  of  notation  : — 

Let  r,,  r„  r„  .  .  .,  r„  r^+j  .  .  .  denote  a  series  of  numbers'' 
restricted  in  no  way,  excej^  thai  there  are  as  many  in  the  series  as  we 
please,  thea  any  integer  N  may  be  eiepressed  in  the  finite  form — 

N=^i,  +  yi»", +y^,r, +JV'iV*+    ■    ■    ■    +J*n''i^i  •    ■    •   ^m 

toherepa<r„pi<rt,p,<rt,  .  .  ._p„<r„+,.    fFhen r„ r„ r, .  . .  are 
given,  this  can  be  done  in  one  way  only. 

For,  divide  N  by  r,,  the  quotient  being  N,  and  the  remainder 
Pb  i  divide  M,  by  r,,  the  quotient  being  N,  and  the  remainder  j;, , 
and  BO  on  until  the  last  quotient,  say  p^,  is  less  than  the  next 
number  in  the  series  which  falls  to  be  taken  as  divisor.  Then, 
of  course,  the  process  stops.     We  now  have 

N  =p,  +  N,r.     (;j.<n)  (I), 

N,=i',  +  N/.     (p,^f.)  <2), 

N,=y,  +  N.r,    {p.<r,)  (3), 


*  In  thia  chapter,  udIcob  the  contrsr;  is  diitiuctl;  implied,  every  letter 
lued  denote!  &  podtive  integral  number. 
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From  (1),  using  (2),  we  get 

=ji, +  ^,ri  +r|r,N,. 
Thence,  UBii^  (3), 

N  =Po+p,';  +p*r/,  +  r,i-,r,N„ 
and  80  on. 

ThuB  we  obtain  finally 

N  =Pe  +i'i''i  +Pi''i''i  +  J'i''iVi  +  ■  ■  ■  +i'n''i»",  .-■'■«  (A). 

Again,  the  resolution  is  possible  in  one  way  only.  For  suppose 
we  also  had 

N  =p,'  +i'.'''i  +i'.''"i''.  +  J'.'*"i'"^j  +  ■  .  ■  +PnTxU  ■  •  -rn         (B), 
then,  equating  (A)  and  (B),  and  dividing  both  aides  by  r,,  we 
should  have 

- +0'i+i'^.+;>ii^^.+  ■  -  ■  +?nrA  ■■■»"») 
=  aL  +  {p;+p-r,  +i),' V.  + . . .  +i»„v.'-.  ■u)       (C). 

But  the  two  brackets  on  the  right  and  left  of  (C)  contain  integers, 
and  jJo/r,  and  p^Jr,  are,  by  hypothesis,  each  proper  fraction& 
Hence  we  must  ha-VB  pa/r,  =Po'/r, ;  that  is, 

Po  ^  P<,\ 

and 

Pi+P,r,+Ptr,rt+  .   .   .  +  p^rj,  •  .  .  r„ 

=Pi'  ■^Pt^i-^Pi^tU+   ■   ■    ■    +Pn'V3  ■■■»"„  (D). 

Proceeding  now  with  (D)  as  we  did  before  with  (C),  we  shall 
prove  p,  =pi  ;  and  so  on.  In  other  words,  the  two  expressions 
(A)  and  (B)  are  identical 

Example. — Let  N  =  7IEI|  and  let  the  numbers  r^,  r^,  r^  .  .  .  be  tlie  natoral 
series  2,  3,  4,  5.  .  .  .  Cairying  out  the  divieioiu  indicated  aboTe,  we  have 
2)71_B 
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Hence  7ti=^'>  Pi  =  ^i  J'l'^S,  Pt=i,  P4  —  S', 

>nd  webave      716  =  1  +  2x2  +  3x2.3  +  4x2.3.4  +  5x2.3.4.5. 

$  2.}  There  is  a  coireepooding  proposition  for  resolving  a 
fraction,  via,  r„  r„  ,  .  .  r„  &c.,  being  as  before. 
Any  proper  fraetum  AjB  am  be  ea^essed  in  the  form 

^  =  £1  +  A  +  _■?•_  +  .        + ?5 +  F, 

B      r,     r{r,     TiTjr,  r,r,  .  ,  .  r„ 

Mft<r«|>i<r„^,<r,  .  ,  .  pn<rn;  and  F  is  other  zero  or  can  be  made  ■ 
OB  small  as  we  please  by  taking  a  mffidenl  mimier  of  the  integers 
T„  r„  .  .  .  r„.      IVhan  r„r„  .  .  .  r„  .  .  .  are  given,  this  resolution 
can  be  Reeled  in  one  way  only. 

The  reader  will  have  no  difficulty  in  deducing  this  proposition 
from  that  of  last  pan^;raph.     It  may  also  be  proved  thus : — 

A^Ar,  ^Ar,/B 

B     Br,         r]'  ' 
Now  we  may  put  Aj-,/B  into  the  form  y,  +  q,fB  where  31  <R 
We  then  have 

A    y.-fgi/B 
B~       r.       ' 
where  j),<r,,  since,  by  hypothesis,  A^B. 
Hence 

B      r,     r, "  B 

Treating  the  proper  fraction  q,fB  in  the  same  way  as  we  treated 
A/B,  we  have 

1' = £.' + i  ^ 

B      r,     r,  ■  B ' 
whore  Pt<U<  ?«<B  (2), 

Similarly, 

B'  r,     r.'B' 
where  Pt<^t,  3i<B,  &c.  (3), 


(1). 
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And,  finally, 

^^_^  ,  1_  ^ 
B  ~.r„     T„'B' 
where  Pn-^^n,  3n<B  (n). 

Not,  using  equations  (1),  (2)  .  .  .  (n)  in  turn,  we  deduce 


where  p,<r„  p,<r„  .  .  .  J'n<'*nf  Sn'^B. 

It  appears  therefore  that  F  =  q^T,T,  .  .  .  r„  B,  which  can 
clearly  be  made  as  small  as  we  please  by  sufficiently  increasing 
the  number  of  factors  in  its  denamiiiator.  This  of  course  in- 
Tolves  a  corresponding  increase  in  the  number  of  the  terms  of 
the  preceding  series. 

It  may  happen,  of  course,  that  j„  ranishes,  and  then  F  =  0. 
We  leave  it  as  an  exercise  for  the  student  to  prove  that  this  case 
occurs  when  r,r,  .  .  .  r„  is  a  multiple  of  B,  and  that  if  A/B  be 
at  its  lowest  terms  it  cannot  occur  otherwise.  He  ought  also  to 
find  little  difficulty  in  prov^g  that  the  resolution  is  unique 
when  r„  r„  .  .  .  r„,  .  .  .  are  ^ven. 

Example  1.  Let  A/B=144/E76,  and  let  the  niimbera  r„  r„  &c,  be  2,  4, 
8,  8,  &C. 
Wsfind  *"=!  +  _?_+      ^ 

678 ~ 2     2.  4     270" 

Example  2.  A/B  =  11/1S,  r„  r^  &c.,  being  2,  3,  4,  6,  6  ...  Ac 
1I_1       2  0  1  3  3 

13    2    2.3    2.3.4''"2.a.4.6'''2.3.4.5.8    2.3.4.6.6x13 
Since  r^  r^  Ac.,  aie  arbitmr;,  we  ma;  so  choose  them  that  the  nomer- 
■ton Pu  Pa,  Ac,  shall  each  be  nnitjr.     We  thus  hare  a  process  for  decompos- 
ing aaj  &actioii  into  a  earn  of  others  with  QDit  nomenton. 
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IX.1 

Example  3. 


IS  2^2.2  2.2.3  2.2.8.7  2.2.3.7. 18 
Here  we  hava  choaeu  ftt  each  step  the  least  multiplier  poeaible.  When 
this  ia  done,  it  ma;  he  shown  that  the  EQcceaaiTe  Temainden  ■<iwi(nia>i  domi 
to  zero,  the  mcceanTB  mnltiplien  increase,  and  the  proceBS  may  be  brought 
to  an  mi.  U  this  reetiictiou  oa  the  moltiplier  be  not  attended  to,  the  leso- 
Intion  may  be  yaried  in  most  cases  to  a  conriderabla  extent  Since,  hoireTer, 
we  always  divide  by  the  same  divieor  B,  there  are  only  B  possible  remainders, 
viz.,  0,  1,  2,  .  .  .  B-  1,  hence  alter  B  ~  1  operationB  at  moat  the  remainder 
most  recni  if  the  opeiation  has  not  terminated  by  the  oi 

Example  i.  Thna  we  have 


~2^2.*^2.*»^'  ■  '^2.*'^2.4".8 
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6^fl.8^6.8. 8*8.8.8.29 

§  3.]  The  moBt  important  practical  case  of  the  propoaition  in 
$  1  is  that  There  r„  r^  .  .  .  are  all  equal,  aa,j  each  =  r.     Then 
we  have  this  result — 
-T      0  L„J         Every  integer  N  can  be  ei^ested,  and  that  in  me  way  oniy,  in 

(TO«.»  y^+p..,7— +.  ..+y.r+).. 

'  where  p„  pa  .  .  .  p„  are  each  <  r. 

In  other  words,  detaching  the  coefficlente,  and  agreeing  that 
their  position  shall  indicate  the  power  of  r,  which  they  multiply, 
and  that  apposition  shall  indicate  addition  (and  not  multiplica- 
tion as  usual),  we  see  that,  r  being  any  integer  whatever  chosen 
aa  the  radix  of  a  seaie  of  notaiion,  an;  integer  whatever  may  be 
represented  in  the  form  PnPn-i  •  •  ■  PiP»>  where  each  of  the 
letters  or  digits  p„  pi,.  .  .  p^  must  have  some  one  of  the  integral 
values  0, 1,  2,  3,  .  .  .  r-1. 

For  example,  if  r=  10,  any  integer  may  be  represented  by 
PnPn-i  ■  •  ■  P\Pt  where  j„  Pu  .  .  .  pn  liave  each  some  one  of  the 
values  0,  1,  2,  3,  4,  6,  6,  7,  8,  9. 

The  process  of  §  1  at  once  fumiahes  us  with  a  rule  for  finding 
successively  the  digitej>o,jri,;,  .  .  .  aamelj,  divide  the  given  integer 
N  by  the  chosen  radia  r,  the  remainder  wiil  bepg ;  divide  the  integral 
quoHenl  of  last  division  bt/r,  the  remainder  will  bepi,  amd  so  on, 

Usually,  of  course,  the  integer  N  will  be  given  expressed  in 
some  particular  scal^  say  the  ordinary  one  whose  radix  is  10 ; 
and  it  will  be  required  to  express  it  in  some  other  scale  whose 
radix  is  given.  In  that  case  the  operations  will  be  carried  on  in 
the  given  scale. 

The  student  will  of  course  perceive  that  all  the  rales  of  ordi- 
nary decimal  arithmetic  are  applicable  to  arithmetic  in  any  scale, 
the  only  difTerence  being  that  in  the  scale  of  7,  say,  there  are 
only  7  digits,  0,  1,  2,  3,  i,  6,  6,  and  that  the  "carriages"  go  by 
7's  and  not  by  lO's. 
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If  the  radix  of  the  scale  exceeds  10,  new  symbolB  must  of 
course  be  invented  to  represent  the  digits.  In  the  scale  of  1 2, 
for  example,  d^ta  must  be  used  for  10  and  11,  say  t  for  10 
and  c  for  1 1. 

EzHDple  1.  To  convert  186991  (radix  10]  into  tha  srale  of  12. 
12)186881    . 
12)11416  .... 
12)961  ...  8 
12)79  ...  8 


The  Rsolt  is  e738(. 


2.  To  eoDTert  67SSe  (radix  12)  into  the  seals  of  r. 
T)a738« 
t)M7. 


The  resalt  is  139981. 

Although  this  method  is  good  practice,  the  student  msy  ver;  probftblj 
prefer  the  folloiring : — 

«73Sc  (radix  12)  means 
aj!l2*+7)!l2'  +  8xl2'  +  Sxl2  +  ll. 
Using  the  process  of  chap,  v.,  §  18,  ex.  1,  we  have 
8+  7+    3+        8+        11 
+  72  +  948  +  11412  +  188980 
6  +  79  +  9S1  +  11415  + 136981 . 
$  4.]  From  one  point  of  view  the  simplest  scale  of  notation 
would  be  that  which  involves  the  fewest  digits.     In  this  respect 
the  binary  scale  possesses  great  advantt^;es,  for  in  it  every  digit 
is  either  0  or  1.     For  example,  365  expressed  in  this  scale  is 
101101101.     All  aritJmietical  operations  then  reduce  to  the 
addition  of  unita     The  counterbalancing  disadvantage  is  the 
enormous  length  of  the  notation  when  the  numbers  are  at  all 
large. 

With  any  radix  whatever  we  can  dispense  with  the  latter  part 
of  the  digits  allowable  in  that  scale  provided  we  allow  tlie  use  of 
negative  digits.     For  let  the  radix  be  r,  tii^i  whenever,  on 
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dividiog  hy  r,  the  positive  remainder  p  ia  greater  than  r/Z,  we 
can  add  umtj  to  the  quotient  and  take  -  (r  -;)  for  a  negatdre 
remainder,  where  of  course  r-p<  rji.  For  example,  3978362 
(radix  10)  might  be  written  4022412,  where  2  stands  for-  2  ; 
80  that  in  fact  4022442  stands  for  410'  +  0-10*- 2-10* -2-10* 
+  4-10' -410 +  2. 

Exunpls  1.  Work  ont  the  product  of  1608  and  8H  in  the  hinaiy  scale. 


11010100010 
IIOIOIOOOIO 
11010100010 

11010100010 
11D1O100O1D0 

1000001 00010101101 00  (  =  5SS172  ndiz  lO).' 
Ezunpls  2.  EzpnoB  16B8  uid  314  in  ths  BC&Ie  of  G,  Juiag  no  di^t  greatw 
ttkut  8,  and  work  out  the  prodoct  of  tha  two  tmufonned  niunLen. 
6J1698  6)31* 

6)830  ...  3  6J83  .  ,  .  1 

6)68  ...  T  6)12  ...  8 

6Jia  ...  a  2  ...  2 

Z  ,   .  .  8 

23818 
2231 

2S3~13 
ISilil 
102111 
lOSlll 

121121303   • 

The  stDdent  ma;  verify  that  12llSlS0S  (radix  G)  =  GS3172  (radix  10). 

Example  3.  Show  how  to  wei^  ■  weight  of  316  lbs. :  first,  with  a  series 
ofweighUofl  lb.,  2 lbs.,  2>lbB.,  2* lbs,  Ac,  there  being  one  of  each  kind; 
BBcond,  with  aeeriesof  wei^taof  llb.,81bs.,  8*  Iba.,  S'lbs.,  &C.,  then  being 
one  only  of  each  kind. 

*  The  anangement  of  the  mnltiplication  is  pnTpoielj  varied,  because, 
although  it  ia  of  no  cousaqnance  here,  sometimes  the  one  order  is  more  con- 
venient sometimes  the  other.    A  similar  variety  ia  introduced  in  3  6,  examples 
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Pint  E:qiraH  815  in  the  binary  scale.    Wa  h&ve 
816=100111011, 
816  =  l  +  2  +  2'  +  2'  +  2'  +  2«. 
H«nc«iromiutpatin  oneof  the  actlea  of  the  balance  the  freights  1  lb.,  2  lbs., 
3*  IbL,  2*  lbs.,  2*  Iba.,  and  2"  lbs. 

Second.  Ezpnra  Slfi  in  the  tenury  ec&Ie,  niing  no  digit  greater  than 
nni^.    We  liave  _ 

816  =  110100, 
Hence  over  against  the  given  vsight  ve  must  put  the  weights  3*  lbs.  and  8* 
lbs.  1  and  on.  the  same  side  as  the  pvea  weight  the  weight  8*  Ibo. 

§  6.]  If  we  upeciaLise  the  proposition  of  §  2  by  matdng 
r,  =  f, . . .  =  r„,  each  =  r  say,  we  have  the  following': — Every proptr 
frac^on  A  IB  can  be  expressed,  and  Ih/ii  in  one  toay  only,  in  the  form — 

where  Pi,  p,  •  •  .  Pn  "■'^^  '''■^  '^  ^i  "^  ^  eilher  is  sero,  or  can  be 
made  as  small  as  we  please  by  sufftdenily  inareasinff  n. 

If  r  be  the  radix  of  any  particular  scale  of  notadon,  the  fraction 

£.+§  +  ...+& 

r     ?  r" 

ta  usually  called  a  radix  fraction.  We  may  detach  the  coeffi- 
cients and  place  them  in  apposition,  just  as  in  the  case  of 
integers,  a  point  being  placed  first  to  indicate  fractionality. 
Thus  we  may  write 

A 

g=J'J»rf.-  .  ■  p« 

where  pi  in  the  first  place  after  the  radix  point  stands  for  p,/r, 
p,  in  the  second  place  stands  for  Pi/r',  and  so  on. 

Since  the  digite  PtptP,  .  ■  -  j>n  are  the  integral  part  of  the 
quotient  obtained  by  dividing  Ar**  by  B,  the  radix  fraction  can- 
not terminate  unless  Ar"  is  a  multiple  of  B  for  some  value  of  r. 
Hence,  if  we  suppose  A/B  reduced  to  ite  lowest  terms,  so  that  A 
is  prime  to  B,  we  see  that  the  radix  fraction  cannot  terminate 
unless  the  prime  factors  of  B  (see  chap,  iii,  $  10)  be  powers  of 
prime  factors  which  occur  in  i".  For  example,  since  r=10=2x5, 
no  vulgar  fnction  can  reduce  to  a  terminating  decimal  fraction 
nnless  ite  denominator  be  of  the  form  2*6". 
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In  all  caaes,  however,  where  the  radix  fraction  does  not 
termituite,  ite  digits  most  repeat  in  a  cycle  of  not  more  than 
B  -  1  %ure8 ;  for  in  the  course  of  the  division  no  more  tiiaxL  B  -  1 
different  remainders  can  occur  (if  we  exclude  0),  and  as  soon  as 
one  of  the  remainders  recurs  the  figures  in  the  quotient  b^in 
to  recur. 

EzBmple  1.  To  exptew  2/S  ta  »  ndix  fractioii  in  ths  Male  of  10  to  within 
l/lOOOOOth— 

2_2MIOO0    66866  +  1 
8~SxlO'~      10"      ' 


In  other  words,  we  have  to  the  required  degree  ofaocniat^ 
1=66696. 
It  is  obvionH  from  the  repetitiDn  of  the  figure*  that  if  we  take  n  6'e  after  the 
point  we  shall  have  the  value  of  S/3  correct  within  1/lOnh  of  its  valae. 

Example  2.     Let  the  fraction  be  6/61.     Since  64  =  2'  thia  fractloti  ought 
to  be  ezpreaaiiile  as  a  terminatine  decimal.     We  have  in  fiuit 
6  _ 6000000 _ 76125 
64     6*xl0«~   10"  ' 

=  -OTBiae. 

Example  S.  To  expreas  2/3  as  a  radix  fraction  in  the  acale  of  2  t« 
within  l/2*th. 

2_  2_x2«  _  128/8  _  42+^ 

B    3x2"       2«"         2" 
Ne^ecting  ^,  which  is  <  ^  and  eiprwdng  43  in  the  scale  of  2,  we  have 

?  =  li^  =  -101010C7.dix2). 

§  6.]  When  a  fraction  is  given  expressed  as  a  radix  fraction 
in  any  scale,' and  it  is  required  to  express  it  as  a  radix  fraction  m 
some  other  scale,  the  following  process  is  convenient : — 

Let  ^  be  the  fraction  expressed  in  the  old  scale,  r  the  new 
radix,  and  suppose 
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=  ?,  +  <{>,  say. 
Now  <^,  is  a  proper  fraction,  hence  p^  is  the  integral  part  of  r<^ 

Again  r<j>,=p,  +  ^+    ... 

=ri  +  *i8ay. 
So  that  p,  Ib  the  integral  part  of  r<^  and  bo  on. 

It  ia  obvious  that  a  vulgar  fraction  in  any  scale  of  notation 
must  transform  into  a  vulgar  fraction  in  any  other ;  and  we  shall 
show  in  a  later  chapter  (see  Geometrical  Progression)  that  every 
repeating  radix  fraction  can  be  represented  by  a  vulgar  fraction. 
Hence  it  is  clear  that  every  fraction  which  ia  a  terminating  or  a 
repeating  radix  fraction  in  any  scale  can  be  lepresetited  in  any 
other  actio  by  a  radix  fraction  which  either  terminates  or  else 
repeats.  It  ia  not,  however,  true  that  a  terminating  radix  fraction 
always  transforms  into  a  terminating  radix  fraction  or  a  repeater 
into  a  repeater.  Non-terminating  non-repeating  radix  fractiozu 
transform,  of  course,  into  non-terminating  non-repeating  radix 
fractions,  otherwise  we  should  have  the  absurdity  that  a  vulgar 
fraction  can  be  transformed  into  a  non-terminating  non-repeating 
radix  fraction. 

It  ia  obvions  that  all  the  rules  for  operating  with  decimal 
fractions  apply  to  radix  fractions  genially. 

Example  ].  RedaM  S-lflS  and  11-946  to  the  scale  of  7,  and  mnltiplj  tlie 
Utter  b7  tha  former  in  that  scale ;  the  work  to  be  accunte  to  1/lOOOth 
thiougbout. 

The  required  degree  of  accnrocy  involvea  the  Gth  place  after  the  radical 
point  in  the  scale  of  7. 

-163  -SM 

7  7 

1)-176  2)-482 

7  7 

1]-S>2  2)-»H 

7  7 

i)-<2i  sym 

7  '7 

4)-86S  «)-74B 

7  7 

2^670  6^2^ 
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KEMAHTDEit  ON  DrvmniQ  BT  7-- 1. 
8-16S=S-11142(ndix7).  ll-316=ll-3264e. 


4e-oisoi 

1-42266 
14227 


eo -64119 
On  acconnt  of  the  daodedmal  diTimon  of  the  English  foot  into  12  inches, 
the  dnodecinul  scale  is  aometimea  convenient  in  roensnntiaii. 

Example  2.  Find  the  nnmber  of  square  fbet  and  inches  in  a  redangnlar 
carpet,  whose  dimeusionB  an  21'  SJ*  hj  13'  11|*.  Expressing  theoe  lengths 
in  feet  and  duodecimals  of  a  foot  we  hare 

21'  8i'=ie'S9. 
IB'  lir=ll-(9. 
19-86 


leseo 

193S 

1763 
13c 

209-78 
209  (radix  12)  =  288-1-9 =297  (radix  10)  feet 
■78  (radix  12)=7xl2+8=82sqnan inches. 
Hence  the  ues  ia  297  feat  92  inches. 

§  7.]  If  a  nrmbtT  N  be  eapressed  in  the  scale  of  r,  and  if  vie 
divide  N  and  the  aim  of  its  digiis  byr~\,  or  hyany  factor  of  r-\, 
the  remainder  is  ike  same  in  both  cases. 

Let      N  =  ^,  +  j),r  +  j»^  +   .  .  .    +p„»*. 
Hence        N - Q), -f p,  +  .  .  ■+Pn)  =  Pi(T-l)+Mr^~l)  +  .  .  . 

+  Pn{i'-l)  (1). 

Now,  m  being  any  integer,  r™  -  1  is  divisible  by  r  -  1  (see 
chap.  T.,  §  17).  Hence  every  term  on  the  ri^t  is  divisible  by 
r  -  1,  and  therefore  by  any  factor  of  r  -  1.  Hence  p  being  r  -  1, 
or  any  factor  of  it,  and  /i  some  int^er,  we  have 

N-(p,  +  i'i+   .  .  .■^i'„)  =  W>  (2). 
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Suppose  DOW  that  the  remainder,  when  N  is  diyided  by  p,  is  v, 
so  that  N  =  vp  +  (T.    Then  (2)  gives 

JJ.  +  J>,+    .   .   .+J7n  =  (v-^)p  +  o-  (3), 

which  shows  Uist  when Pt+p,  .  .  .  +pn  is  divided  by  p  the  re- 
mainder is  <r. 

Cor.  1.  In  the  ordinary  scale,  if  toe  divide  any  integer  by  9  or  by 
3,  Ihe  remcmider  is  the  same  as  the  remainder  we  obtain  by  dividing 
the  mm  of  its  digits  by  9  or  by  Z. 

For  example,  31692-^9  gives  for  remainder  3,  and  so  does 
(3  +  1  +  6  +  9  +  2) -r  9. 

Cor.  2.  It  also  foUmcs  that  the  swn  of  the  digits  of  every 
voMple  of  9  or  S  mtst  be  a  rmltiple  of  9  or  Z.    For  example, 
2x9=18  1+8=9 

13x9  =  117  1  +  1  +  7  =  9 

128x9  =  1162         1  +  1  +  6  +  2  =  9 
128  X  3  =  384  3  +  8  +  4  =  15  =  5  X  3. 

§  8.]  On  corollary  1  of  §  7  is  founded  the.  well-known 
method  of  checking  arithmetical  calculations  called  "casting 
ont  the  ginps."  "" 

^— 'T*rL  =  MNj  then,  if  L  = /9  +  L',  M  =  m9  +  M',  N  =  n9  +  N', 
so  that  L',  M',  N'  are  the  remainders  when  L,  M,  N  are  divided 
by  9,  we  have — 

/9  +  L'  =  (m9  +  M')(n9+N'), 

=  mn81  +  (M'n  +  N'm)9  +  MU', 
=  (ran9  +  M'n  +  N'ro)9  +  M'N' ; 
whence  it  appears  that  L'  and  M'N'  mnst  have  the  same  re- 
munder  when  divided  'by  9.     L',  M',  N'  are  obtained  in  accord- 
ance with  corollary  1  of  §  7  by  dividing  the  sums  of  the  digits 
in  the  respective  numbers  by  9. 

Example  1.  Snppoae  we  wish  to  test  the  multiplication 
17S2SxG68  =  272202ei. 
To  get  the  nmtunder  when  47933  ia  diTlded  b;  9,  proceed  thtis:  1+7^11, 
cast  out  S  and  2Ji  left ;  2  +  9  =  11,  cutout  6;  2  +  S  +  S-7.     The  lemunder 
ia  7.     Similuly  bom  G68  the  remiinder  is  I,  end  from  2722Q264,  7.     Now 
7  X I-T-9  giveg  of  course  the  sune  Temaind^  u  7-i-9.    There  is  Uierafora  ■ 
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Btrong  premunptiaii  that  the  ahore  multiplicBitioii  ia  correct.  It  thonld  be 
observBd,  hoirever,  that  there  are  orrore  which  this  twt  would  not  detect ;  if 
we  repkoed  the  prodact  bj  27940597,  for  inBtance.The  tcat'wDala  soil  be 
satisfied,  bnt  the  result  would  be  wrong. 

In  applying  thia  teat  to  division,  say  to  the  case  I^  =  N  +  P/M,  since 
we  have  L=MN  +  P,  and  therefore  L-  P=UN,  we  have  to  caat  oat  the  uinea 
from  L,  P,  M,  and  K,  and  so  obtain  L',  P,  U',  and  N'  mj.  Then  the  test  is 
that  L'  -'  P*  shall  be  the  same  ss  the  result  of  caatiilg  out  the  nines  from  MV. 

Example  C  Let  ns  test— 

272206fl2-^GeS=l7»23 -f  3084-588, 
or  27220683=47923  x  568  +  388. 

Here  L'-P=0-2=-2, 

M'.  N'=7xl  =  9-2. 

The  test  la  therefore  satisfied. 

S  9.*  The  following  is  another  interesting  method  for  ex- 
panding Kay  proper  fraction  A/B  in  a.  series  of  firacUons  with 
unit  numerators : — 

Let  qu  ^B  if  ■  ■  •  2«  (^"^  f*!)  ''b  f n  ■  ■  ■  r^be  the  quoHeTits  and 
remainders  respectively  when  B  is  tUvidtd  by  A,  r„  r„  .  .  .  r„_„  re- 
specUvely,  &en 

A  i-i-,^_...,ti)lL,r       (I), 

B    2.     2.2.    2i2*  2.S.  ■  •  •  2« 

where  F=  ( -  iy^n/M'  ■  ■  ■  2n^f  '^  U,  F  is  nunurUaily  less  than 
V2.ft  .  .  .  2n- 

For  we  have  by  hypothesis 

B  =  A?,  +  r„  therefore  A/B  =  I/5,  -  ri/g'.B  (2), 

B  =  r,q,  +  r„  therefore  r,/B  =  1/j,  -  r,/j3  <3), 

B  =  rrf,  +  r.  therefore  r,/B  =  1  /g,  -  r^q^  (4), 

and  so  on. 

From  (3),  (3),  (4),  we  have  saccessively 


B  ~  3.    q,q,    2.2. 


;©■ 


\  *  In  his  SsKii  ^Analym  Numiriqae  »ur  la  Tnm^ormation  det  Fraetumi 
I  {(Envret,  t.  tIL  p.  313),  on  which  the  present  chapter  is  founded,  Lagrange 
I  attributes  the  theorem  of  g  9  to  Lambert  (1728-1777).  Heia,  Sammhtng  nm 
I  BeapUlmtindAvfgabtiiav*deTiUlgemnnmAriam*likii^Alga>m{\Z&i),yi. 
I  322,  has  applied  aeries  of  thia  character  to  expt«aa  incommensurable  nnmbera 
I  such  as  logarithms,  square  roots,  &c  1    Ti  k  *- 

'  i. ,,  ,  ,,Coo^^lc 
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and  BO  on. 

Since  r„  r^  .  .  .  r„  go  on  diminiBhing,  it  is  obTiooB  tK&t  if 
A  and  B  be  integers  as  above  Buppoeed,  the  process  of  succeaaive 
divisioii  mnBt  come  to  a  stop,  the  last  remainder  being  0.  Hence 
eveiy  vulgar  fraction  can  be  converted  into  a  terminating  Beriee 
of  the  form 

l_J_       1 

Ezunple. 

113    1    _Lj.^ 1 

244"'3~2.18  ■'■2.18.24    2.13.24.81' 

From  tbia  reaolntian  we  cocclnde  that  1/2-1/2.1S  representB  lIS/244  within 
l/2Sth,  and  that  1/2  - 1/2. 13  + 1/2. 13. 24  npreaeuU  113/244  within  l/624th. 

ExsaciBBS  XIII. 

{1. )  EipreM  16S36  (scale  of  10)  in  the  scale  of  7. 

(2.)  Express  16-93G  (scale  of  10}  in  the  acale  of  7. 

(3.)  Express  S16-S4  (scale  of  10)  in  the  acals  of  11. 

(4.)  ExpresB  r7c9«  (scale  of  12}  in  the  acale  of  10. 

(S.)  Express  lTStG4  (scale  of  12)  in  the  scale  of  S. 

(6.)  Express  34G'861  (scale  of  7}  in  the  scale  of  3. 

(7.)  Express  112/316  (scale  of  10)  as  a  radix  &sction  in  the  scale  of  Q. 

(8.)  Express  3169  in  the  form  }>+^+rS.6.i-sS.G.7+&c.,  where  ji<3, 
3<6,  r<7,  4c. 

(e.)  Express  7/11  in  the  form  p/2  +  j/2.8+r/a.3.4  +  fti;.,  where  y<2, 
g<S,  r<:4,  Ac. 

(10.)  Express  118/804  in  the  form  j>/8+}/8,6+r/3'.5+B/8'.6'  +  (/3».6»  +  lpc. 
wliBrep<:3,  9<6,  r<3,  kc 

(11.)  Holtiptj  81263  bj  56341  in  the  scale  of  7. 

(12.)  Find  correct  to  4  places  31 -3432  x  1-G0323,  both  numbers  being  in 
the  scale  of  6. 

(18.)  Find  to  5  places  81  3482 -i- 2 -6731 2,  both  unmbers  bong  in  the 
scale  of  12. 

(14.)  Extract  the  sqnare  root  of  365-738  (scale  of  9)  to  3  places. 

(15.)  Express  8S7/1 103  in  the  form  l/gi~l/!,9,+l/7,;tf,~  Ice 

(IS.)  Show  how  to  make  np  a  weight  of  36  lbs.  bj  taking  single  weights 
of  the  series  lib.,  2  lbs.,  2»lbe.,&o. 

(17.)  With  a  set  of  weights  of  1  lb.,  5  lbs. ,  S*  lbs. ,  kc,  howcan7cwt  be 
weighed  1  Firs^  by  putting  weights  in  one  scale  onlj  and  using  any  nnmber 
of  eqoal  weights  not  exceeding  fonr.  Second,  by  putting  weights  in  either 
scale  bat  not  nnng  more  than  two  eqnal  weij^ts. 
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(IS.)  FiDdtheuMofarKtoDglaSGft  S}  in.  bj  28  a  6]  in. 

(19.)  Find  the  areft  of  a  aqoan  whose  rids  is  17  ft.  4  in. 

(20.)  Find  the  volume  of*  cube  whote  edge  ii  S  ft.  GJ  in. 

(21.)  Flad  the  side  of  a  sqnarB  whose  area  is  139  aq.  fL  130  sq.  in. 

(Z2.)  Expiessedinacertainscsleofnotation,  79  (seals of  10)  becomes  112, 
find  the  radix  of  that  Kale. 

(23.)  In  what  scale  of  notation  does  301  represent  a  square  iut^^  T 

(24. )  A  nnmber  of  8  digits  in  the  scale  of  7  has  its  digila  rereised  when 
expressed  in  the  scale  of  0  ;  find  the  digits. 

(26.)  If  1  be  added  to  the  product  of  four  consecutive  integera  the  result 
b  alwaTB  a  square  integer ;  and  in  foor  cases  out  of  fire  the  last  digit  (in  the 
common  scsle)  is  1,  and  in  tlie  remaining  case  5. 

{2S.)  Any  integer  of  foni  digits  in  the  scale  of  10  is  divisible  b;  7,  pro- 
rided  its  first  and  Isst  digits  be  eqna],  and  the  hnndieds  digit  twice  the  tens 
digit 

(27.)  If  an;  int^r  be  expressed  in  the  scale  of  r,  the  dieTerenca  between 
the  soms  of  the  integers  in  the  odd  and  even  places  respectiTelf ,  gives  the 
same  nmainder  when  divided  by  r+1  as  does  the  Integer  itself  when  so 
divided.     Deduce  a  test  of  multiplication  by  "casting  out  the  elevens." 

(28. )  The  difference  of  any  two  integers  which  are  expressed  in  the  scale 
of  10  by  the  same  digits  differently  arranged,  is  always  divisible  by  S. 

(29.)  If  a  number  ezprMsed  in  the  ordinary  scale  consist  of  an  even 
number  of  digits  so  arranged  that  those  equidistant  &om  the  beginrdng  and 
end  are  equal,  it  is  divisible  by  11. 

(80.)  Two  integers  expressed  in  the  ordinary  scale  are  such  that  one  has 
ceroa  in  all  the  odd  places,  the  other  zeros  in  all  the  even  places,  the  re- 
maining digits  being  the  same  in  both,  but  not  necessarily  arranged  in  the 
same  order.     Show  that  the  sum  of  the  two  integera  is  divisible  by  II. 

(31.)  The  rule  for  identifying  leap  year  is  that  the  number  formed  by  the 
two  last  digita  of  the  year  must  be  divisible  by  4.  Show  that  this  is  a 
general  criterion  for  dividbili^  by  4,  and  state  the  coireaponding  criterion 
for  divisibility  by  2". 

(82.)  If  the  last  three  digits  of  an  integer  be  p^p^j)^  show  that  the  integer 
will  be  exactly  divisible  bj  8,  provided  ji^+2p,+4p,  be  exactly  divisible  by  8. 

(83.)  Show  that  the  sum  of  all  the  numbera  which  can  be  formed  with  the 
di^ta  3,  4,  6  is  divisible  by  the  sum  of  these  digits  and  generslise  the  theorem. 

(34.)  If  j)/nand  (n-p)/n  be  converted  into  drcnlating  decimals,  find  the 
relation  between  the  figures  in  their  period^  and  p  <  n. 

(85.)  If  in  converting  the  proper  taction  a/b  into  a  decimal,  a  remainder 
equal  to  i  -  a  occurs,  show  that  half  the  circulating  period  has  been  found, 
and  that  the  rest  of  it  will  be  found  by  subtracting  in  order  trma  9  the  digits 
already  fbnnd.     Oeneralise  this  theorem. 

(36.)  In  the  scale  of  11  every  integer  which  is  a  perfect  Gth  power  ends  in 
oneor  other  of  the  three  digits  0,  1,  r, 

(37.)  In  the  scale  of  10  the  difference  between  the  square  of  every  number 
of  tvro  digits  and  the  square  of  the  number  formed  by  reversing  the  digits,  ia 
divisible  by  99. 
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(38. )  A.  number  of  six  digits  whose  1st  and  4th,  2ud  vtd  5th,  3rd  and  6th 
digits  are  respectiTelf  the  aune,  ia  divisible  by  7,  by  II,  and  by  18. 

(SG.)  Show  that  the  onits  digit  of  ereiy  integral  cube  is  either  the  Bame 
M  that  of  the  cube  root  or  else  is  the  complementary  digit.  (By  the  comple- 
mentary di^t  to  8  is  meant  10  -  3,  that  is,  7.) 

(10.)  If  in  the  scale  of  12  a  squue  integer  (not  a  multiple  of  12)  ends 
with  0,  the  preceding  digit  is  S,  aod  the  cube  of  the  sqnare  loot  ends  with  60. 

(41.)  If  a  be  snch  that  a^+a=r,  then  any  niunber  is  diTisihle  by  a", 
provided  the  £nt  m  integen^  p,,  .  .  .  j>n-i  of  its  expression  in  the  siale  of 
r  are  snch  that  y(+j»]0+ ,  ,  .  +yt,^ia"^l  is  divisible  by  a". 

(42.)  The  digits  of  a  are  added,  the  digits  of  this  anm  added,  and  so  on, 
till  a  single  digit  is  arrived  at.  This  last  is  denoted  by  0(a).  Show  that 
4>la+b)=<p{^(a)-mb)) ;  and  that  the  values  of  0(8n)  for  n=l,  2,  ...  a, 
successively  consiat  of  the  nine  digits  continoally  repeated  in  descending 

(4S.)  A  nombet  of  S  digits  is  doubled  by  rarersing  its  digits :  show  that 
the  same  holds  for  the  nnmber  formed  hy  the  first  and  last  digit,  and  that 
snch  a  number  can  be  found  in  only  one  scale  out  of  three. 
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CHAPTER   X. 
Irrational  Functions. 

OEMEKALISATION  OP  THE  CONCEPTION   OF  AN   INDEX. 
INTERPRETATION  OP  k',  I^,  a:-", 

§  1.]  The  definition  of  an  index  given  in  chap,  ii,  §  I,  be- 
comes meaningleas  if  the  index  be  other  than  a  positive 
integer. 

In  accordance  with  the  generalising  spirit  of  algebra  we 
agree,  however,  that  the  use  of  indices  shall  not  be  restricted  to 
this  parMcolar  case.  We  agree,  in  fact,  that  no  restriction  is  to 
be  pot  npon  the  valne  of  the  index;  and  lay  down  merely  that , 
the  ose  of  the  indices  shall  in  every  case  be  aabject  to  the  laws 
already  derived  for  positive  integral  indices.  Lees  than  this  we 
cannot  do,  since  these  laws  were  derived  &om  the  fundamental 
laws  of  algebra  themselves,  to  which  every  algebraical  symbol 
must  be  subject 

The  question  now  arises.  What  signification  shall  we  attri- 
bute to  X"  in  these  new  cases }    We  are  not  at  liberty  to  proceed 
arbitrarily,  and  give  any  meaning  we  please,  for  we  have  already 
by  implication  defined  x",  inasmuch  as  it  has  been  made  subject  . 
to  the  general  laws  laid  down  for  indices. 

p 
§  2.]  Case  of  a«  iM«re  p  and  q  are  any  poHUve  itUegers.     Let  z 
p  p 

denote  the  value  of  a?,  whatever  it  may  be ;  then,  since  x9  is  to 
be  subject  to  the  first  law  of  indices,  we  must  have — 
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EESTRICmONS  ON  THE  VALUE  OF   ^k. 
:fi  =  zxzxz  .  .  .  q  factors, 

p      p      E 
=  3?  xaflxa?  X  .  .  .q  factors, 
S.^S+E+ jtenns, 


In  other  words,  z  is  such  that  its  qth  power  is  xf,  that  is,  z 
is  what  la  called  the  gih  root  of  iri>,  which  is  usually  denoted 
by  Vi^ 

? 
Hence  x^  =  %/xp. 

In  particular,  if  j?  =  1, 

1 

Vfe  have  now  to  consider  how  far  an  algebraical  v^oe  of 
the  ^th  root  of  eveiy  algebraical  quantity  can  be  found. 

In  the  caae  of  a  real  positiTe  quantity  k,  since  z>  passes  con- 
tinuously* through  all  poaitire  values  between  0  and  +  oo  as  2 
passes  through  all  positive  values  between  0  and  +  so ,  it  is  clear 
that,  for  some  value  of  z  between  0  and  -f  oo ,  we  must  have 
^  =  k.      In  other  words,  there  exists  a  real  positive  value  of 

Unless  the  contrary  is  stated  we  shall,  when  k  is  positive, 

take  {k)i  aa  standing  for  this  real  positive  value. 

The  student  should,  however,  remark  that  when  q  is  even 
s  2r  say,  there  is  at  least  one  other  real  value  of  \/k ;  for,  since 
( -  z)^  =  a'',  if  we  have  found  a  positive  value  of  z  such  that 
3*  =  ^  that  value  with  its  sign  changed  will  also  satisfy  the  re- 
quirements of  the  problem. 

Next  let  it  be  a  negative  quantity.  If  $  be  odd,  then,  since 
s4  passes  through  all  values  Irom  -  <»  to  0  as  z  passes  through 
alt  valaee  from  -  <o  to  0,  there  must  be  some  one  real  negative 
value  of  z,  such  that  z«  =  i.     In  other  words,  if  5  be  odd,  there 
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iB  a  real  negative  value  of  ^k ;  and  this  ve  shall  understand  for 

the  present  to  be  Uie  value  of  (it)  ^. 

If  7  be  even,  tben  dnce  everjr  even  power  of  a  real  quantity 
(no  matter  whether  +  or  - )  is  poaitive,  tJiere  is  no  real  value 
of  z.  Hence,  if  £  be  negative  and  q  even,  i/k  is  imaginary.  This . 
case  must  bo  left  for  future  discussion. 

It  will  be  useful  however  for  the  student  to  know  that 
ultimately  it  will  be  proved  that  %/k  has  in  every  case  q  different 
values,  expressions  for  which,  in  the  form  of  complex  numbers, 
can  be  found.  Of  these  values  one,  or  at  most  two,  may  be  real 
aa  indicated  above  (see  chap,  zii.) 

Only  in  the  case  where  k  is  the  p&  power  of  a  rational 
quantity  can  %/k  bs  rational. 

Ezarople, 

If  *=+**, 

v't  l"ia  two  Ttai  vrines,  +h  and  -A. 
Ift=+A*t-i, 

ijk  hsi  one  real  vsloe,  -i-h. 
Ifi=-A*+i, 

•i/k  hu  ona  real  value,  -  A. 

.         In  ail  eases,  for  the  present  ai  least,  we  think  only  of  the  real 

valw  (if  am/)  of  X/k  that  has  the  same  sign  as  k  itself;  and  this  we 

take  to  be  the  vaiue  of  ^. 

§  3.]  Having  obtained  an  interpretation  of  x^  by  asserting 
ita  subjection  to  one  of  the  laws  of  indices,  it  remains  to  show 
that  this  interpretation  is  conuatent  with  the  other  laws.  Per- 
haps the  simplest  way  of  doing  this  is  to  re-prove  these  laws  for 
die  new  symbol. 

To  prove  law  I.  O)  of  chap,  ii.,  S  2,  let 


p,  9,  r,  «,  all  positive  integers. 
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Let  ua  suppose  also  that  x  is  real  and  positive.    Then,  bearing 

in  mind  our  present  understanding  as  to  the  meanings  of  z^ 

and  x',  we  see  that  z  must  be  real  and  positive. 

Also 


/i\-  (J)" 

i(J)'}* 

by  laws  of  poaitive  integral 

Adices 

by  meaninga  given  to  a*  and  a*, 

by  laws  of  positive  integral  indices. 
Hence  z  is  the  jsth  root  of  xP"'^,  and  we  know  that  it  is 
positive ;  we  may,  therefore,  by  our  interpretation  of  a  fractional 
index,  write 

P'-V 

z  =  x  «• 


which  proves  law  I.  (^  in  the  present  case. 

The  student  should  examine  for  himself  the  cases  that  arise 
when  X  is  negative. 

5  4.]  To  prove  law  n.  (a)  of  chap.  iL,  §  2,  that  is,  to  prore, 

say,  that  {ai>c)^=  ^Ifi^,  p  and  q  being  positive  integers. 

The  student  will  be  able  to  consider  for  himself  the  effect  of 
supposing  one  or  more  of  the  quantities  o,  6,  c  negative.  We  there- 
fore take,  for  simplicity,  the  case  where  they  are  all  positive. 


Then  s  =  Va»6*c9^  ^ 


positive. 


VOL.  I. 
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FAKADOXES. 


/  P  PP\9 

4Mmx 


hj  the  laws  of  positive  integral  indices, 
=  aPbPcP, 

hj  the  meaning  of  a  fractional  index, 

by  the  laws  of  positive  integral  indices. 

Hence  e=  ^(ubc)^, 

and,  z  being  positive,  we  may  write 

E 
2  =  {ahc)3 , 

by  the  meaning  of  a  fractional  index. 

£  EE  S 

Hence  a^lfli^  =  {alcf. 

We  leave  as  an  exercise  for  the  student  the  verification  of 
the  consistency  of  the  interpretation  of  a  fractional  index  with 

the  remaining  laws  ^x' J*  =x^',  and  (a/b)^  =  a^jlfi,  cautioning  him 
that  he  is  not  to  assume  anything  regarding  indices  except  the 
laws  for  positive  integral  indices,  and  the  newly  found  interpre- 

E 
tation  of  i^. 

g  6.]  Before  passing  on  to  another  case  it  may  be  well  to 
call  attention  to  paradoxes  tliat  arise  if  the  strict  limitation  as  to 

sign  of  a^  be  departed  frouL 

By  the  interpretation  of  a  fractional  mdex 

But  3^  =  ^, 

which  is  right  if  we  take  x*  to  stand  for  the  positive  value  of 
a/x* ;  but  leads  to  the  paradox  a?  =  -  a:*  if  we  admit  the  negative 
v^ue. 

A  similar  difBculty  would  arise  in  the  application  of  the  law 
(a™)"  =  af™  =  (a?")" ; 
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for  example,  (4()*  =  (4')l 

would  lead  to  { ±  2)^  =  ±  4, 

that  is,  4  =  ±  4 

if  both  iraluee  were  admitted.     Such  difficulties  are  always  apt 

p 
to  arise  with  a^  where  the  fraction  p/q  is  not  at  its  lowest  terms. 
The  true  way  out  of  all  such  difficulties  is  to  look  upon  and 
discuss  if  as  a,  continuous^  vsj'jdng  function  of  n,  which  is  called 
tixe  exponential  function.  In  the  meantime  &acticmal  indices  aie 
introduced  merely  as  a  couTenient  notation  in  dealing  with 
quantities  which  are  (either  in  form  or  in  essence)  irrational ; 
and  for  euch  purposes  the  limited  view  we  have  given  will  be 


§  6.]  Case  of  of.  This  case  arises  naturally  as  the  extreme 
case  of  law  L  (/3),  when  n  =  m;  for,  if  we  are  to  maintain  that 
law  intact,  we  moat  have,  provided  x  +  0,* 


that  is,  3?=  I. 

This  interpretation  is  clearly  consistent  with  law  I.  (a),  for 

simply  means 

af*  X  1  =  I", 
which  is  true,  whateTsr  the  interpretation  of  a^  may  be. 

Again,  x^  =  (s"f, 

that  is  3P  =  (z"f, 

simply  means  1  =  1  by  our  interpretation ; 

and  3?^  =  (a^)", 

or  3*  =  (a*)"*, 

gives  1  =  l™, 

which  is  right,  even  if  m  be  a  positive  fraction,  provided  we 
adopt  the  properly  restricted  interpretation  of  a  fractional  index 
^ven  above. 

The  reader  may  examine  tlie  other  cases  for  himself 

*  This  proriiioD  is  important  unca  the  fonn  0*  is  indetamiuata. 
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§  7.]  Oase  of  a;-",  where  m  is  any  real  poaitive  (or  dgnlesB) ' 
onmber,  and  x  +  0. 

Let  z  =  a;""*,  then,  aince  a^  +  0,  we  have 

z  =  a!""xa:'"-=-a?", 


if  law  I.  (a)  is  to  hold  for  negative  indices.     Whence 


hj  last  section.     In  other  words,  a:'"  is  the  reciprocal  of  x". 

As  an  example  of  the  reconciliation  of  this  with  the  other 
laws,  let  us  prove  that 

By  the  interpretation  of  z'"*,  we  have 


«'"-(t- 


6" 
by  the  laws  already  established, 


by  the  interpretation  of  negative  indices. 
And  similarly  for  the  other  laws. 

§  8.]  The  student  should  render  himself  familiar  with  tbe 
Qzpresmon  of  the  results  of  the  laws  of  indices  in  the  equivalent 


b/ Google 


T.1  EXAMPLES.  181 

forms  with  radicals ;  and  should  also,  as  an  exercise,  work  out 
demonstrations  of  these  results  without  using  fractional  indices 
at  all 

For  example,  he  should  prove  directly  that 

'Jiir^.VW^  (1): 

'J  {U^'.V^.'J {^A'  (2)!. 

Vi'-TyVl-Vii:  (3); 


EXAHPLE8   07   OPERATION   WITH  IRRATIONAL   FORlfS. 

§  9.]  Beyond  the  interpretations  of  ^  k",  z"^,  the  student  has 
nothing  new  to  leam,  so  far  as  mere  manipulation  is  concerned, 
regarding  fractional  indices  and  irrational  expressions  in  general. 
Still  some  practice  will  be  found  necessary  to  acquire  the  requisite 
facility.  We  therefore  work  out  a  few  examples  of  the  more 
commonly  occurring  transformationa.  In  some  cases  we  quote 
at  each  step  the  laws  of  algebra  which  are  appealed  to ;  in  othom 
we  leave  it  aa  an  exercise  for  the  student  to  supply  the  omission 
of  such  references. 

Example  1. 

To  Gxpresa  A%/B  in  the  form  \/p. 

A!II/B=AB~=(A"^^,  by  law  of  indices,  I.  (7), 

=  (A"B)=  byUwofindicM,  II.  (a), 

Va='^; 

«,         i      X 

v'A=A''=A"J'. 

=-^A?. 


Example  2. 
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Example  S. 


=!(*  X  3f,  by  l»w  of  indices,  I.  (o), 
ToBxprsBB    i^aatheroatofaTatioiudhnctioiiofxaiidv. 


=  Vt6x's/2, 
=  *xV2. 

=  2x2*x2*x2*, 

(^-^)5,j..(i-|)j£ 
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Exainple  8,  

\/yx+3?x'^yz+as 

=Va!(y+a!)  x  '^liy  +  x), 

=Vrax  {Vy'+ai}  *, 

Example  9. 

Vmo+Vjo'  , 

=  VlBx8x6  +  Vix2x5. 

=  Vi6\^  V6  +  VIV2V6, 

EiamplB  10. 

=  (^/8)»+6^/3^/6+(8V8)'~(2V2)^ 
=  8  +  6'V^x6  +  8'xa-2'x2, 

=4B+eVI5, 

=  M  +  18V2. 
Example  11. 

{■s/r^+vr+*}  * 
=  )(i-i)*+(i+^)*)*, 
=(i-i<i)»+<i+i)' 

+  6(l-a:}(l+a), 
=8-*t'  +  4(l-!>i)*(l+i<!)*{l-«+l+«) 
=8-4aJ»  +  8Vr^. 
Ezimpls  12. 

V  ai-y       V  as+tf 
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Example  IS. 


Showtliat 


^>'^ 


We  have 

V"-^ 

:-*^+! 

2         +■ 

-^'f-'i   ,/.+v». 

8'= 

,     A.+v.--l)(.-v.'-M 

Hence,  extracting  the  Bqnara  root,  ne  have 


SA.TIONALISING  FACTORS. 


§  10.]  Given  certain  irrationals,  say  Jp,  Jq,  Jr,  we  may 
consider  rational,  and  it  may  be  also  integral,  functions  of  these. 
For  example,  I  -jp  +  m  Jq  +  n  -Jr,  And  /(  Jpf  +  m  »/pq  +  n(  tjq)', 
are  integral  functions  of  Jp,  Jg,  Jr,  of  the  Erst  and  second 
degreee  respectively,  provided  {,  m,  n  do  not  contain  t/p,  -Jq,  -Jr. 
Again,  (I  t/p  +  m  V$)/(2  •Jq  +  m  ^t)  is  a  rational,  but  not  integral, 
function  of  these  irrationals.  y/l  -Jp  +  m  ^q,  on  the  other 
hand,  is  an  irrational  function  of   >Jp  and  i^q. 

The  same  ideas  may  also  be  applied  to  higher  irrationals, 

such  as  ji",  g",  &c. 

§  11.]  Confiniag  ourselves  for  the  present  to  quadratic 
irrational  we  shall  shoiv  that  every  rational  function  of  a 
^ven  set  of  quadratic  irrationals,  -^p,  -^q,  tjr,  &a.,  can  be 
reduced  to  a  linear  integral  function  of  the  square  roots  of  ^,  q,  r, 
and  of  their  prodncts,  pq,  pr,  qr,  pqr,  &c. 
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This  reduction  is  effected  mainlj  by  means  of  rationalisinff 
facloTs,  whose  nature  and  use  ve  proceed  to  explain. 

If  P  U  any  integral  function  of  certain  given  irraiiotuik,  Q 
anothtr  integral  fundvyn  of  the  same,  such  thai  ffte  product  QP  is 
rafiomt  so  far  as  Ike  ginxn  irrationala  are  concerned,  then  Q  is  coiled 
a  rationalising  f odor  of  P  loUh  reject  to  the  given  irrationals. 

It  is,  of  course,  obvious  that,  if  one  latioualiBing  factor,  Q, 
has  been  obtained,  we  may  obtain  as  many  others  as  we  please 
by  multiplying  Q  by  any  raiionai  factor. 

§  1 2.]  Case  of  monomiais — 

1°.  Suppose  we  have  only  quadratic  irrational  forms  to  deal 
with,  say  two  such,  viz.  p^  and  ^. 

Then  the  most  general  monomial  integral  i^inctioQ  of  these 
is 

where  A  is  rational.     There  is  no  need  to  consider  even  indices, 
since  (y*)*"  =y"  is  rational 
Now  I  reduces  to 

where  tlie  part  within  brackets  is  rational. 

Hence  a  lationalisiDg  factor  is  pi^,  for  we  have 

IptS*  =  (Aii'Y")w. 
which  is  rational. 

Example.  A  ntionalMng  &ctor  of  16 .  2^ .  3* .  5*  ib  2^*6^  tbat  ia,  (30)i 

ill 
2°.  Suppose   we   have   the   irrationals  j^,  ^,  r",  say,  and 
consider 

I  =  ApVr«* 

which  is  the  most  general  monomial  integral  function  of  these. 

A  rationalising  factor  clearly  is 

1  -1-1  - 
p  "'q  >  '« 

or p~q-^r'^. 

•  Where  of  coarse  I<»,  m<(,  «<«,  fiw  if  they  wera  not  they  could  be 
reduced  b;  a  prelimiaur  proceaa  like  tliat  in  case  1°.  i 
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Example.  a 

1=31. 3'. s'. 7% 
=81. 3^  +  *. 6'. 7*+*, 
=(ai.8.7«).3*.6*.7*. 
The  ratioDAliBiDg  foctoi  is  8* .  5' .  7   . 
§  13.]  Ccae  of  binomials — 

1°.  The  moBt  general  form  when  only  quadratic  irrationalB 
are  coQcemed  is  a  ^p  +  b  •Jq,  where  a  and  h  are  rational ;  for,  if 
we  suppose  p  a  complete  square,  this  reduces  to  the  more  spedal 
form  A  +  B  v^g,  where  A  and  B  are  rational. 

A  rationaliaiiig  factor  clearly  iaa-Jp-h  -/q.     For,  if 
I  =  a  s/p  +  b  -Jq, 
I(a  ^p  -bs/q)  =  (a  ^pf  -  (6  ^q)', 
=  t^p~  b'q, 
which  is  rational 

The  two  forms  a  -Jp  +  bi^q  and  a  >Jp  -h  •Jqart  said  to  be  am- 
jvgale  to  each  other  with  reference  to  -Jq,  and  vx  see  that  any  binomial 
inle^al  function  of  guadratie  irrationals  is  rationalised  by  muliiplying 
it  by  Ot  eoiyvgaie. 

-      i 

2°.  Let  us  consider  the  forms  apr  ±  6^,  to  which  binomial 
intend  functions  of  given  irrationals  can  always  be  reduced  *  Let 

>  B 

X  =  apr,    y  =  bq^, 

I  =  apt  ~  Jj*, 
=  x~y. 
Let  m  be  the  L.C.M.  of  the  two  integers  y,  &     Now,  using 
the  formula  established  in  cbap.  17.,  §  16,  we  have 

(a"'^  +  z"-^  +  .  .  .  +  ay"-*  +  y*-')I  =  i"  -  y*. 

Here  a?"  -  5"  =  (a"^  7  -  J^  * ),  where  —  and  -»-  are  in- 
tegers, since  m  is  divisible  by  botih  y  and  S,  that  is,  x^  -  y"  ia 
rational. 
*  T^^glia's  problem.    See  Cofoli  Sloria  ddl'Algtbra  (1797),  vol.  ii.  p.  2SS. 
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A  •rattonalismg  factor  ia   therefore   iE""'  +  a!"-*y+   .    ,    . 

+  ay**  +  j^',  in  vhich  x  is  to  be  replaced  by  ojpV,  and  y  by  b^. 

2  i 

The  form  opv  +  bq'  may  be  treated  in  like  manner  by  meana 
of  formulfe  4  or  6  of  chap,  ir.,  §  16. 

Example. 

I=:8.2*-4.8*. 
Here  m=e,  z=8. 2*,  tf=4. 3* ; 

and  B  laBonaliiiiiig  factor  is 
a" +zV+aV+«V +»V*  +  !/*. 

=  8«.2*  +  8*.*.2'.8*+8».4'.2.3*+8'.i'.2'.8*  +  5.4*.2*.3*  +  4».8*, 
s8".2.2*+S«.8.2*.8*  +  8'.82.8'  +  8'.4'.2*.3*  +  S.4'.2'.S*  +  4».a*. 

§  14.]    Trinomiais  loUh  qaadraik  irrationals.     This   case   is 
somewhat  mote  complicated.     Let  cJ,  ]Ui  n.  ^ .  SI 

I  -  VjP  +  v'j  +  v'r  ;* 
and  let  as  first  attempt  to  get  rid  of  the  irrational  ^/r-     This 
we  can  do  by  multiplying  by  tlie  conjugate  of  «/p  +  •/q  +  -Jr 
with  respect  to   Jr,  viz.,  ^/p  +  -jq  -  v'r.     We  then  have 

Wp  +  'Jq-  ^/r)I  =  (  ^/y  +  -Jif  -  (  ^/r)', 

=p  +  q-r+2-'/^  (1). 

To  get  rid  of  'Jpq  we  must  moltiply  by  the  conjugate  of 
p  +  q-r+2  -Jpq  with  respect  to  "/pq.    Thus  finally 
(p  +  ^  -  r  -  2  ■•/pq)  ( "/p  +  "fq  -  -Jr)!  =  (p  +  y  -  r)'  -  (2  v^)', 
=P*  +  3*  +  /  -  2pq  -2pr-  2qr. 
Hence  a  rationalising  factor  of  I  is 

{p  +  q-r-%  4pq) ( Vp  +  "/q-  "^t), 

(^/p  -  v'?  +  ^/r)(^/p  ~  Jq  ^  '/r){^p  +  ^/^  -  N/r)       (2). 
By  considering  attentively  the  factor  (2)  the  student  will  see 

'  ThiB  U  really  the  most  general  form,   for  oVp+^VS+'V'"  ™*T  ^ 

written  V^+ V^ + VS. 
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th&t  its  amstUmtU  factors   are  obtained  by  taJang  every  possible 
arrangement  of  the  signt  *  and  -  tn 

+  i/p  *  v'?  ±  "/»", 
ezcepttheftrnuigemeQt+  +  +  which  occurs  in  the  given  trinomial. 

Example  1.  A  ntionaluiug  ^tor  of 

is  (v'2-V3-\/S)(->/2  +  v'3  +  V6)(V2  +  V3-V6)- 

Eiuuple  2.  A  rstionaUdng  factor  of 

1+2V3-3V2 
U  (l  +  2V3  +  8V2)(l-2V3  +  3v'2)(l-2V8-Sv'2)- 

In  actual  practice  it  is  o^n  more  convenient  to  work  out 
the  rationalisation  by  auccessire  eteps,  instead  of  using  at  once 
the  factor  as  given  by  the  rule.  But  the  rule  is  important, 
because  it  is  general,  OTid  wUl  furnish  the  ratianaiising  factor  for  a 
mm  of  any  number  of  guadratic  irrationals. 

Example  S.  The  ntionaliaing  fbctot  of 

1  +  V2-V3  +  V* 

is      a+V2-v8-vi)<i+v2+'\/3+v*)a+V2+v8-v*) 

Before  giving  a  formal  proof  of  the  general  tmth  of  this 
rule,  it  will  be  convenient  to  enunciate  one  or  two  general  pro- 
positions which  are  of  considerable  importance,  both  for  future 
application  and  for  making  clear  the  general  character  of  the 
operations  which  we  are  now  discussing. 

§  15.]  Every  integral  function  of  a  series  of  sgyare  roots, 
•/p,  ijq,  n/r,  £e.,  can  he  eapressed  as  the  sum  of  a  rational  term 
and  rational  multiples  of  s/p,  Jq,  Vr,  dx.,  and  of  their  products 
iJpq,  'Jpr,  'Jpqr,  &c. 

First,  let  there  be  only  one  square  root,  say  '/p,  and  consider 
any  rational  integral  function  of  njp,  say  ^(  */p).  Every  term 
o£  even  degree  in  t/p  will  be  rational,  and  every  term  of  odd 
degree,  such  as  A(  ^pf"-^^  may  be  reduced  to  (Ap")  ijp,  that 
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is,  will  be  a  rational  multiple  of  -Jf.  Hence,  collecting  all  the 
even  terms  together,  and  all  the  odd  terms  together,  we  have 

*(%^i')-P  +  QVi'  (1), 

where  P  and  Q  are  rational 

Ifext,  Buppose  the  function  to  contain  two  square  roots,  say 
^  •/p,  -Jq).  First  of  aU,  proceeding  as  before,  and  attending 
to  tjf  alone,  we  get 

^•Jf,   V2)  =  P  +  Q%/i>, 

where  P  and  Q  are  rational,  so  far  as  -Jf'iA  concerned,  but  are 
each  rational  integral  functions  of  ijq.  Seducing  now  each  of 
these  with  reference  to  •/$  we  shall  obtain,  as  in  (1), 

P  =  F  +  Q'V2,     Q  =  P'  +  QV?, 
and  finally, 

*(  Vi*.  ^/2)  =  P- +  Q- V?  +  (P- +  0*  ^/2)  ^/p, 

=  F  +  P'V^  +  Q'v^  +  Q"v'^  <2), 

which  proves  the  proposition  for  two  irrationals. 

If  there  be  three,  we  have  now  to  treat  P',  P*,  Q',  Q"  by  means 
of  (1),  and  we  shall  evidently  thereby  arrive  at  the  form 
A  +  B  N'J  +  C  \''3"+ D  ■/»■  +  E  v^  +  F  n/^  +  G  Vp2  +  H  \/^,  and 
ao  on. 

Cor.  It  follows  at  once  &om  the  process  by  which  we  arrived 
at  (1)  that 

•K-  v/i>)  =  P-Q^^J'■ 

Emu  if  <()(  -Jp)  be  atKf  iideffrai  fmtditm  of  \/p,  ^  -  ^p)  is  a 
raiionaiising  factor  of  ^  Vp) ;  o^,  """■«  generally,  if  ^  \/p,  -Jq, 
s/r  .  .  .)  bean  itUegrai  fv/ndion  of  -Jp,  >Jq^  -Jt  .  .  ^  then,  if  toe 
take  any  one  of  them,  my  \/q,  and,  change  Us  sign,  the  product 
4>{  -/Pi  s/q,  ■jt  ■  ■  ■)>"H.-Jp,-  v'?.  v'r  .  .  .)  «  rational,  so  fca- 
as  'J  q  is  ccneemed. 
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'   EiUDple  1.   If  ^(x)=:^+z*-fx  +  l,  find  the  tbIdas  of  ^1  +  VS)  aod 
*{1  -  V3)  Mid  ♦(l  +  'v'S)  X  0(1  -  VS). 

«{1  +  V3)=(l  +  V3)>+ (1  +  V3)»  +  (1  +  V3)  + 1, 

+1+2V3+3 
+  1  +  V8 
+  1, 
=  18  +  8V8. 
0[1-V8)  is  deduced  by  irritiiig  -V^in  plsce  of  +\/8  everTwherein  the 
KboT«  calculation.     Hence 

0(1-V3)  =  18-9V3; 
*(l  +  -,/3)x^l-V3)  =  (16)'-(BV8)» 
=256-213, 
=  13. 

Eminple  2.  Find  the  valno  of  i^-i-^  +  ^-iqfz,  when  x  —  ^/q-^/r, 
y=V- Vp.  '='«/p-Vf- 

-(V?-V'-)(V'-Vj')(Vp-V?} 

=?  V?  '  8?V'''+ 8r  V?  ■- r  */r, 
+  ic 

= 2(?  -  'h/p + ac*-  -p)\/i+^  -  9Wr. 
Example  8,  ETaluato  (l+y+i){l+2+a!)(l+z+j/)i»hen  *=V2.  y=V3. 

(l+y+!)(l+^+a!)(l+i>!+!/) 

=  l  +  2{a!  +  y  +  i)+a^+(y+i>t+i«+4o.+&c 

+  »<y*  +  e")  +  ftc  +  4c  +  22^1, 

=  l+ii?+!/»+:?  +  (2  +  v'+!')E  +  (2+j'  +  a')y 

+{2 +^ +y')i+ 3jT + $CB+ ary + Zryi, 
=ll  +  10V2  +  9V3  +  7\^+8Vi5  +  3'sAo  +  8VB  +  2V80. 

§  1 6.]  We  can  nov  prove  very  easily  the  general  proposition 
indicated  aboTe  in  g  14. 

If  P  be  the  sum  of  any  nimber  of  square  rods,  say  -Jp,  >Jq, 
»Jr  .  .  .,ihe  raHonaJiiing  fadar  Q  is  obtained  forPhy  mvlliplying 
together  ail  the  d^erent  factors  thai  can  be  obtained  from  P  as 
follows : — Kee^  the  siffn  of  the  first  term  wachanged,  and  take  every 
•possible  arrangement  of  sign  for  the  foUomng  terms,  except  thai  wUch 
oantrs  in  P  itself. 

For  the  factors  in  the  product  Q  x  P  contain  every  posnble 
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arrangement  of  the  signs  of  all  but  the  first  term.  Hence  along  witJi 
the  +  sign  before  any  term.saf  that  containing  -Jq,  there  will  occur 
every  poeeible  variety  of  arrangement  of  all  the  other  signs ;  and 
the  same  is  true  for  the  -  sign  before   ijq.    Hence,  if  we  denote 

the  product  of  all  the  factors  containiiig  +  ijq  by  ^(  V^),  the 
product  of  all  thoEe  factors  that  contain  —  V?  wUl  differ  from 
0(  v/j)  only  in  having  -  Jqia  place  of  +  \'q,  that  is,  may  be 
denoted  by  0(—  >Jq).  Hence  we  may  write  QxP^^s/j) 
X  ^(-  ^2)1  which,  by  §  15,  cor.  I,  is  rational  so  far  as  ^/y  is 
concerned.  The  like  may  of  course  be  proved  for  every  one  of 
the  irrationals  \/p,  -Jq,  -Jr. . .  .  Hence  Q  x  P  is  entirely  rational, 
as  was  to  be  shown. 

5  1 7.]  Even/  ratumal  functvm,  whether  inUgrai  or  jtot,  of  any 
number  of  square  roots,-  sjp,  -Jg,  Jr . . .,  can  be  ex^essed  as  the  sum  of 
a  To&mai  part  and  rational  midHples  of  Jp,  sfq,  •Jr,  t&c,  and  of  their 
prodvcla  "^fpq,  ^'p^  v'p^  "^T^,  ^<^* 

For  every  rational  function  is  the  quotient  of  two  rational 
integral  functions,  say  B/F.  Let  Q  be  a  rationalising  factor  of 
P  (which  we  have  seen  how  to  find),  then 

E    RQ 

p"pq' 

But  FQ  is  now  rational,  and  EQ  is  a  rational  inkgrcU  function  of 
•/p,  i/q,  -Jr .  .  .,  and  can  therefore  be  expressed  in  the  re- 
quired form.     Hence  tlie  proposition  is  established. 

Example  1.  To expraea  -     -y^       1-  aa  a  anm  of  lational  mnltiplea   of 

sqnare  roots.     Rationaliaing  tho  denominittOT  we  obtain  hy  Baccesgive  ateps, 
1  _    1  +  V2-V3 

*  Besidea  its  ttieoretical  interest,  the  process  of  redncUig  n,  rational  fane- 
tion  of  quadratic  irrationals  to  a  linear  function  of  aach  irrationals  ia  important 
from  on  aritlunatical  point  of  view  ;  inasmuch  as  the  linear  function  is  in 
general  the  most  conrenieat  form  for  calculation.  Thus,  if  it  be  required  to 
calculate  the  valne  of  1/(1  +  \/2  +  V3)  to  aii  places  of  decimals,  it  will  be 
fonnd  more  couvmient  to  deal  with  the  equivalent  form  i  + JV^'  IV^- 
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_l  +  V2-v'3 


=  i(V2  +  2-V6), 
=i+lV2-iV8- 

Example  2.  Evalnftte  (a!"-a!  +  l)/{a:"  +  ii:+l),  whflraiB=V8  +  Vfi- 

a!'-j:-t-1^8-H2Vi5-V8-V6 
a!"+a!+l     9  +  2Vi6  +  V3  +  V6' 

_  (9+^^/l5)'-g(a+2^/I6)(^/8+V6l^-(^/3+^/^)' 
(8  +  2Vi5)*-CV8  +  V5)' 


IW-SWs-BOyE  +  38Vl6 


_(1«  -  88  Va  -  8OV6  + SaVlS)  (133  -  34\^) 
"^  133"  -  34"  X  IE         ~~       "* 


+  i37  +  4aV8-114V6-12VlS 


GENERALISATION   OF   THE   FOREGOING   THEORY. 

§  18.]  It  may  be  of  use  to  the  student  who  has  already 
made  some  pn^ress  in  algebra  to  sketch  here  a  generalisation  of 
the  theory  of  §§  1 3-1 7.  It  is  contuned  in  the  following  pro- 
positions : — 

I.  Evert/  integral  fanctwn  of  ^  con  he  redvced  to  the  form 

Aa  +  Ai^  +  A^+.  .  .  +  A„_-,p  ",  inhere  Aa  A„  .  .  .  An.,  are  . 

rationai,  as  far  asp"  k  amcemed. 

After  what  has  been  done  this  is  obvious. 

II.  Every  itUegrai  function  of  ^,  ^,  r",  dc,  can  be  es^essed  as 

a  linear  fundion  of^,p'...p'  ;  y",  y"  . .  .  g"  ;  ?*,  t**  .  .  .  r"  ,■ 
t&c,  and  of  the  products  of  these  qttantUies,  tvo,  three,  &c,  at  a  time, 
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vig,,  ^  5",  ^  5",  &c^  the  coeffidenis  of  the  linear  fwicHon  being 

rationai,  so  far  ae  p^,  g",  f*,  itc,  are  caneemed. 

Proved  (as  in  §  15  above)  by  Buccessive  applications  of  I. 

1.  • 

m.  j4     ratiojuUieing    factor     of    A^  +  A-^^  +  A^  +  .  .  . 

+  Ajt-^  *    can  aivxu/s  be  found. 

We  shall  prove  this  for  the  caae  n  =  3,  but  it  will  be  seen 
that  the  process  is  general. 

Let  P  =  A,  +  Ajji  4-  A^!  (1), 

then  yip  =pA,  +  Atf  *  +  A,p'  (2), 

and  p^P  =pA,  +pAtpi  +  Aji*  (3). 

Let  ns  now  pat  x  for  pi,  and  y  for  ;i,  on  the  nght-hand  sides  of 
(1),  (2),  and  (3);  we  may  thei)  write  them 

(A,-P)+A,s  +  Atf=0  {!'), 

(pA.-i>ip)  +  A^  +  Aj  =  0  (2% 

(pA,  -  ji*P)  +pA^  +  Atf  =  0  (3'), 

whence,  eliminating  z  and  y,.we  mnst  have  (see  chap,  xvi,  §  8) 

{Ap  -  P)  (A,'  -  M.A,)  +  {/-A.  -i.JP)  (;»A,'  -  A^,) 

+  (yA,  -;,iP)  (A,»  -  AA)  =  0  (4). 

Whence 

{(A,'  -M.A.)  +  (i'A.'  -  A^,)p*  ■.■  (A,-  -  AXlP*}  P 

=  A,(A,'  -;)A,A,)  +pA,ipA,*  -  AJi.^  +pA,{A,'  -  A^ 
=  A,'  +pA*  +p'At'  -  3pAjL,A,  (5). 

Hence  a  rationalising  factor  of  P  is 

(A,"  -  M,A,)  +  (yA,'  -  AJ.,)pi  +  (A,'  -  A^)?*        (6), 
and  the  rationalised  result  is 

A,'  +pA,'  +  jj'A,'  -  3pA^,A,  (7)- 

The  reader  who  is  familiar  with  the  elements  of  the  theory 
of  determioants  will  see  ftvm  the  way  we  have  obtained  them 
that  (6)  and  (7)  are  the  expansions  of 
■  1        A.     A.  I 

:P^      a.    a,  (60, 

^    pA,     A,  I 
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ftnd 

I   A,      A,,   A.  I 

\pA.      A,    A.  (T), 

I  pA,    pA,    A,  I 
and  will  have  no  difficulty  in  writing  down  the  rationalising 
factor  and  the  result  of  rationalisation  in  the  general  case. 

rV.  A  ratUmalisiry  /odor  can  be  ftmrtd  far  any  ratwnal  iniegral 
1     1^    1 
funciwn  of^,  j",  r"  .  .  .  &c,,  by  first  rationalising  with  respect 

to  p\  then  rationalising  the  result  with  respect  to  ^,  and  so  on. 

V.  Svery  TOtkml  futtdion  of  ^,  2",  t",  xohelher  integral  or  m>t, 

1    a  Li       i      1 

ctm  fe  ejpressed  at  a  linear  function  of  p^,  ^  .  .  ■  p  ^  ,■   3",   5", 

ttt-_l  ±lr 

.  .  .  q  ™  &c.;  and,  of  the  produds  j^q"i*"  .  .  .  ,the  coefficients  of 

1     2.    i 
(A«  funcHon  being  rational,  so  far  as]^,^,r"  are  amcemed. 

For  every  such  function  has  tie  form  P/Q  where  P  and  Q 
are  rational  and  integral  functions  of  the  given  irrationals ;  and, 
if  K  be  the  rationalising  factor  of  Q,  P£/QR  will  be  of  the  form 
required. 

Example  1.  Show  that  a  rotioDsliBUigbctorof  zl-j-y^-f  a'  is 
(xi  +t/l  +z1  -yljl  -i*a:*  -xtyi) 
x(xl  +yl +zi  -i-2yizi  -  ziai  -xiyi) 
y-ixi+yi-^zi-si^i+Txixi-xiyi) 
x{xi+yi  +  ti-ttizt-tix*+Sxiyi); 
«nd  that  tha  reaalt  of  the  rationalisatioii  ia  {x+y+z^-27xyz. 


B  SIV. 

Eipresa  aa  Toots  of  rational  numlierB— 

(L)  2lx3-»>!4lx9».  (3.)  {y(8*)}'^{^(6*)}» 

(8. )  8  ;y{  ^7)  -  2  i/(  ^)  (4. )  { i/lffi")}  X  { '^(16')S . 

Simplify  the  following — 

(8.)  {a^+':W«-a)jW''-t)x(iK('+''M'»-W)W-'!)x (!<''+'■)«*-'))*-<>). 

(7.)  yc^!=)/"V{*v'«)=y*^"*'V^'<*V^ 
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(8.)  (a!-»-j«-')/(!"-»-y-*).  (8.)  (zS-2+a:-»)/(^-2  +  x-l). 

(10.)  (m+x-^)H!i^-x-if. 
(11.)  {K*-zi  +  l)(i*+il!i  +  l)(iB-!el  +  l). 
(12.)  {il-i-Ayi  +  SxJff'Xz^-'y*). 
(18.)  (a!»  +  4y»)/(3^  +  2a!V+2l')- 
(1*.)  2*-]  +  2*/[2*-l)  +  l/(2l  +  l/(2l+l)). 
(16.)  (z'/*-2a!^'^^'"-f-p*'")(!j!^/»+ie'/*V'''"  +  y''")(»^'*-V*'")- 
(18.)  Show  that  !i!/(»:l-l)-i^/(!i!*  +  l)-l/(a^-l)  +  ]/(a^  +  l)=i^+2. 
(17.)  If0(j:)  =  (a--<i-)/(a-  +  a-),     F(ic)  =  2/(<^+a-), 
then  i^x+y)={^x)  +  4^y))/{1  +  4^x)<Hv))i 

¥l.x  +  K)  =  F(3;)F(y)/  { 1  +  4^xMjd }  ■ 
(18.)  Ux'/y=l,  theax^^ly—^xfrlF-^^af-mlr. 
(Ifl.)  If  m=(C,  7»=a»,  mtn'so'/",  then  xyt=l. 
Tnnafonn  the  following  into  aama  of  simple  irrational  terms : — 

(20.)  VAVa+VfiJ-t-VSAVo-Vi}. 
(21.)  (avs-BVa+Wfl)*- 

(22.)  (z+l-V2  +  V3){a!  +  H-V2-V8){a!+l--./Z-V8).  arranging  ac- 
cording to  powers  of  x. 

(2s.)(i/v«+i/v«)("!'-«');i(V"+v«)'-w»-v»fl- 

"'•'N/(<.'t).(l-».)/av«l")-"(™-i)PV'»' 
'"•'  V(r/a+»)-V(r;.-«)'  ""•  •"-!+? 
»>  K+Sr|  -£|  -Sfv  ">■"• "  V(* 
(>»•)  i/W(i'-!)+Vj'+Vj1+i/(V(i'-i)-Vp-V!1+i/(Vj-V* 

(!9.)(V(«  +  >  +  =)  +  V(«-S  +  «))"«V(»+»  +  <)-V(«->+"))'- 

(so.)((V(r-!)  +  Vp-\/8)/(V(l'.-t)-Vr-V«))- 

(31.)  (2aJ-6a!  +  6)/(y2e+i/4  +  l^ 
(aa)  (a^+3^2n-l)/(i+  ^2-1). 

B3.)  {y(«+»)-  y(o-i)i  ((^o+w+c  Wo-i))"-  i/{d>-v)). 


i»-"-(i^-t: 
m)i. 
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(35.)(V(j?+l)  +  V(;'-l))-"+(V(!'"+l)-V(l'-l»-'"(l'-t)V(l'+l)- 
(».)  V(V{»'+v'('«l)+V(>'+W'"'''))l-('^+'')'- 
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(n.){4^x-  i/y)l(^x+ i/y). 
(Sa.)  (l+V8+-./6+V7)/(l-V8-VS  +  \/7)-  ' 
(8B. )  Z( VS  +  V0/{\'6  +  Ve  -  V»)  -  42a< V6+ VO/IK  V6 1 V"  -  V")- 
lUtioiuUae  the  follawing : — 

(40.)  3.E*-4>.  (41.)  3V(fr+«-»)- 

(42.)  VS  +  VS  +  V^-VS-  (43.)  3.21  +  4.21-1. 

(44.)  o*+i*+£*.  (46.)  2t+2»  +  l. 

(46.)  If«=iV(l+lrt+yV(l+a?),thenV(l+"')=iy+V((l+a^l+l^)- 
*"■'  V(y-«)+V('-'=)+V(="-y) 

^(y-»)*  +  (»-g)'-l-(a!-i/)t  +  (y-^)t(;-»i)V-y)* 
a?  +  y*+i"-yi-m-zy 
(48.)  U  a:=l/{V6  +  V':-V«).      y=l/(V''!  +  V»- V*).      «=l/(Vo  +  V6 

then                  n(-a!+y+j+«)/{3ie-u)'=n(i+e-a)/8o&!. 
^^ 

Hitlarical  NnU. — The  me  of  eiponents  begin  in  the  woiki  of  the  Gemun 
"Coadatu,"  Rudolff  (152G)  and  SUfel  (1G44),  vho  mote  orer  the  contractioiu 
for  the  nunea  otthe  let,  2nd,  Srd,  .  .  .  powen  of  the  variibla,  which  hod  been 
Head  ia  the  STncopetad  algebra,  the  nnmben  1,  2,  3,  .  .  .  Stifel  erai  states 
eiprenly  the  lam  tor  moltiplTlng  and  dividiog  powers  by  adding  and  anlitnctliig 
the  exponents,  and  indicntea  iha  use  of  negative  exponents  for  the  teciprocale  of 

po«itjTa  integral  powen.     Bombelli  (1679)  writes  ^,  i,  X.  i where 

WB  should  write  «",  IE,  e",  «",..  .  Stertn  (1E85)  nwa  inaiimilar  way  ®,  ®. 
©I  ®i  ■  ■  ■!  ""^  Buggeits,  although  ha  does  not  practically  use,  &«ctional 
powenanohaa  ^,  0,  which  are  eqninlent  to  the  2^,  x*,  of  the  present  day. 
Viite  (IGSI)  and  Onghtred  (1S81),  who  wen  In  ftiU  posseesinn  of  a  literal 
calculus,  ued  eoatnctlona  for  the  names  of  the  powen  thai — &q,  Ac,  A^,  to 
signify  A*  A*  A*  Harriot  (1631)  aimply  repeatud  the  letter  thua,  aa,  aoa, 
aaaa,  for  a',  a',  a*.  Hsrigoae  (1634)  used  nomben  written  after  the  letter, 
thua,  A,  AS,  A3,  .  .  .  Deaeartea  introduced  the  modem  forma  A,  A*,  A',  .  .  . 
The  final  development  of  the  general  idea  of  an  index  uoreatricted  in  magnitude, 
that  is  to  asy  of  an  exponential  fnnctian  a*,  is  due  to  Newton,  and  came  in 
company  with  Ma  discovery  of  the  general  form  of  the  binomial  coefflcients  as 
function*  of  the  index.  He  aaya,  in  the  letter  to  Ohlenhurg  of  13th  June  1676, 
"Since  algebraiata  write  a',  a',  a*,   &c.,  for  aa,  aoa,  aaaa,  &c,  ao  I  write 

o',  a',  o',  for  V**  V"*!  V*-"*!  ""1  I  "I***  ""'.  ""*.  ^1  **■■  **  "■'    ~i 

The  sign  V  *»  Br«t  ttiad  by  RadollT;  both  he  and  Schenbel  (16S1),  used 
ffj  to  denote  4Ch  root,  and  ^  to  denote  cube  root.  Stifel  used  boUi  ^^ 
and  \/  to  denote  aqnars  root,  vSS-  to  denote  fonrth  root,  and  ao  on.  Girord. 
(1633)  uses  the  notation  of  tiie  present  day  Vr  *C>  &<^  Other  authors  of'the 
i7th  ceotory  wrote  \'2  :,  \/S  ;,  ftc  ,  So  lata  as  1722,  in  the  second  edition  of 
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Newton's  AritJtmttiea  ITniiiemilu,  the  Tistgfi  flnctoatea,  the  three  fornu  *J$  : , 
^ : ,  -y  all  ocounii^. 

Id  an  incomplete  matheinatical  treatise,  entitled  Dt  Arte  Logutka,  kc, 
which  wu  foond  among  the  papen  of  Napier  of  Herehirton  (1G50-1S17  ;  pub- 
lished by  Mark  Napier,  Ediuboi^  1S39),  »nd  ahows  In  every  line  Uie  ttna  ff»ep 
of  the  great  inreator  of  logsrithiiu,  s  remarkable  iTslem  of  notation  for  liration- 

and  difidea  it  Oiiw  H  E  [£■ 

r\mf» 

Ha  then  naaa  ^,  |_I,  L_,  &c.,  which  ore  in  effect  s  new  set  of  Eymboli  tor  the 
nine  digiti  1,  2,  S,  Ac,  as  radical  eigne.  Thua  (JlO  itaada  for  VIO,  1_10  for 
v'lO,  J'lO  for  5y  10,  J|  10  foe  ^10,  _i  U  or  3  ftir  li/lO  ;  and  eo  on. 

Man;  of  the  mlea  for  operating  with  irratioaale  at  present  in  nse  have  come, 
in  farm  at  leaat,  from  the  Qemuui  mathematiciana  of  the  ISth  centnjy,  more 
puticnlarlr  from  3cheiihel  in  whoee  Alg^ra  Compendiata  Faeiiitqut  Dtter^pUo 
(IGGl)  ia  given  the  mle  of  chap.  iL  g  9,  for  extracting  the  aqiiai«  root  of  a 
binomiail  sard.  In  sabatance  many  of  theae  rolee  are  donbtleu  mnch  older  (as 
old  as  Booi  X.  of  Enclid'a  Stementt,  at  leaat) ;  they  ware  at  aU  events  more  or 
less  tamiJiiu'  to  the  contemporary  matbematicuia  cf  the  Italian  achool,  who  did 
so  mnch  for  the  solntion  of  equations  by  means  of  radicals,  althoagh  in  aymbol. 
lam  they  were  da-  behind  their  tranaalpine  jivala.  See  Hntton's  Maflieiaatical 
DiUionary,  Art  Algohra,  ~ 

He  process  explained  at  the  end  of  next  chapter  for  extracting  the  square  or 
cnbe  root  by  sacceuive  steps  la  foond  in  the  worlcs  of  the  earliest  European 
writers  on  algebra,  for  example,  Leonardo  Fibonacci  (c  1200),  and  Lnca  Pacioli  (c. 
1500).  The  first  indication  of  a  general  method  appears  in  Stifel'a  ArUhin^Ka 
InUgra,  where  the  neceaaary  table  of  binomial  coefficients  (see  p.  7B)  is  given. 
It  u  not  qnite  clear  from  Stifel's  work  that  he  full;  understood  the  nature  of  the 
process  and  clearly  saw  its  connection  with  the  binoraia]  theorem.  The  geneni 
method  of  root  exta'actlon,  together  with  the  triangle  of  binomial  coefBcienta,  is 
given  in  Napier's  Be  Artf  LegiUica,  He  indicates  along  the  two  ndea  of  his 
triangle  the  powers  of  the  two  voriablea  (pnecedena  and  succedens)  with  which 
each  coefficient  is  associated,  and  thns  givee  the  binomial  theorem  in  diagram- 
matic form.  His  atatement  for  the  cube  is — "  Snpplementum  triplicationis  liibas 
constat  nnineria  (  primus  est,  duplicati  prtecedentls  triplom  mnltiplicatum  per 
auccedens  ;  secnndos  est,  pn^edentla  triljam  mnltiplicatum  per  daplicatom  snc- 
cedentia ;  tertius  est,  Ipsam  tripiicatum  snccedentis. '  In  modem  notaUon, 
(o -f  i)»  -  a"  =  8o'i  +  Sod"  +  i». 
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CHAPTER  XI. 
Aritiimetical  Theory  of  Surds. 

ALGBBEAICAL    AKD    AKITHMEnCAL    IRRATIONAUry. 

g  1.]  In  last  chapter  we  discussed  the  properties  of  irra- 
tional functions  in  so  far  as  the;  depend  mereljr  on  outward 
form;  in  other  words,  we  considered  them  merely  from  the 
algebraical  poiut  of  view.  We  have  now  to  consider  certain 
peculiarities  of  a  purely  aritjimetical  nature.  Let  p  denote  any 
commetisuraiU  nmnher;  that  is,  either  an  integer,  or  a  proper  or 
improper  vulgar  fraction  with  a  finite  number  of  digits  in  its 
numerator  and  denominator ;  or,  what  comes  to  the  same  thing, 
let  j>  denote  a  number  which  is  either  a  terminating  or  repeating 
decimal  Then,  if  n  be  any  positive  integer,  IJp  will  not  be 
commensurable  unless  p  be  the  nth  power  of  a  commensurable 
number  *  for  if  X/p  ~  K  where  k  is  commensurable,  then,  by  the 
definition  of  X/p,  p  =  ^,  that  is,  jt  is  the  nth  power  of  a  commen- 
surable number. 

Jf  therefore  p  be  not  a  perfect  nth  power,  ^p  is  incommensur- 
able. For  distinction's  sake  ij/p  is  then  called  a  surd  number. 
In  other  words,  we  define  a  surd  nwnifr  03  the  ineommeaswahU 
'  root  of  a  commensurable  number. 

Surds  are  classified  according  to  the  index  n  of  the  root  to 
be  extracted,  as  quadratic,  cubic,  biquadratic  or  quartic,  quintic, 
.  .  .  n-tic  sards. 

*  This  is  briefly  put  by  Myiug  that  jiiaa  perfect  nth  power. 
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The  atodeat  ahoDld  attend  to  the  lut  phnse  of  the  definitioii  of  &  surd ; 
becaoM  incommenBDnble  roots  might  be  conceived  which  do  not  come  nndei 
the  above  definition  ;  and  to  them  the  demonstrationB  of  at  least  Bome  of  the 
proportions  in  this  chaptei  would  not  ftppl;.  For  example,  the  nomber  e 
(iee  the  chapter  on  the  Eiponential  Theorem  in  Fart  IL  of  this  work)  ia  incom- 
mensanble,  and  \/«  is  incommenmrable ;  heDce  \/«  is  not  a  snrd  in  the  exact 
sense  of  the  definition.  Nsitheris  v  v2-f  1,  for  V2  +  1  iBinconunensnrahle. 
On  the  other  haod,  vV2J  which  can  be  eipreesed  in  the  form  v2,  doee  come 
under  that  definition,  altboogh  not  as  a  quadratic  but  as  a  bipiadratie  surd. 

He  should  also  observe  that  an  algabraicallj  irrational  function,  mj  ^/x, 
taxj  or  may  not  be  arithmetically  irrational,  that  ia,  suid,  strictly  so  called, 
according  to  the  value  of  the  variable  x.     Thus  \/i  is  not  a  aurd,  but  \'2  i& 


CLASSIFICATION  OF  SUBDS. 

g  2.]  A  single  snrd  number,  or,  what  comes  to  the  same,  a 
rational  multiple  of  &  sin^e  BUrd,  is  spoken  of  as  a  simple  mono- 
miai  surd  numW.  The  eum  of  two  such  surds,  or  of  a  rational 
number  and  a  simple  monomial  surd  number,  as  &  simple  imomial 
sard  number,  and  so  on. 

The  propositions  stated  in  last  chapter  amount  to  a  proof  of 
the  statement  that  every  rational  function  of  snrd  numbers  can 
be  expressed  as  a  simple  surd  number,  monomial,  binomial, 
trinomial,  &c.,  as  tlie  case  may  be. 

§  3.]  Two  sards  are  said  to  he  similar  when  tha/  ran  6e  esprtssed 
as  rational  mvlliples  of  one  and  the  same  swd. 

For  example,  vTs  and  ij8  can  be  expressed  respectively  in 
the  forms  3  */2  and  2  ^3,  and  are  therefore  similar;  but  v^6 
and  f/2  are  dissimilar. 

Agiun,  i/Si  and  Vl6,  being  ezpresuble  in  the  forma  3  V2 
and  2 1/2,  are  each  similar  to  4/2. 

All  the  sards  that  arise  from  the  extraction  of  the  same  iith  root 
are  said  to  be  equiradicat. 

Thus  ^,  pi,  pi,  pi  are  all  equiradical  with  p\. 

There  are  n-  \  distinct  surds  equiradical  with  ^,  viz.,^, ^ 
.  .  .  p  "  ,  andno  more. 
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For,  if  we  consider  ^"  where  m>n,  then  we  have  p*  = 

p'^*^,  where  fi  and  v  are  int^;er8,  and  v<n.     Hence  p*=p*p^ 
~  a  rational  multiple  of  one  of  the  above  series. 

All  the  »urds  sguiradical  with  j)"  ore  talvmd  fimetions  (namdy, 

posiiwe  ifiteffral  povxrs)  of  ji"  /  ond  eeery  roiiwurf  fuiKiion  cf  ^  or  of 

surds  equiradicai  wiih  p^  may  he  expressed  as  a  liwar  fwKium  of  the 

n  - 1  dtsHnd  swrds  which  aire  equiradicai  wUh  p^,  that  u,  tn  the 

form  j4,  +  A,^  +  Atp^+  .  .  .  +.rf„.,j>'',  where  A,,  ^,,  .  .  . 

An-t  a^  rational  so  fwr  as^is  concerned. 

This  ia  merely  a  restatement  of  §  18  of  chap.  x. 

§  4.]  The  product  or  quaiient  of  two  simiiar  quadratic  surds  is 
ralionat,  a/nd  if  tht  product  or  qaoiieni  of  the  two  quadratic  surds  is 
ratimal  they  are  similar. 

For,  if  the  surds  are  similar,  they  are  expressible  in  iha 
forms  A  \/p  and  B  ^/p,  where  A  and  B  are  rational ;  therefore 
A  >Jp  X  B  i/p  =  ABp ;  and  A  -/pfB  \fp  =  k.f^,  which  proves  the 
proposition,  since  ABp  and  A/B  are  rational. 

Again,  '^  •Jpy.-Jq  =  A,  or  ijplijq  =  B,  where  A  and  B  are 
rational,  then  in  the  one  case  -Jp  =  (A/$)  -Jq,  in  the  other  -Jp 
=  B  -^q.  But  A/q  and  B  are  rationaL  Hence  '/p  uid  s/q  are 
similar  in  both  cases. 

The  same  is  not  tme  for  surds  of  higher  index  than  2,  but 
ffie  prodvet  of  two  similar  or  of  two  equiradicai  surds  is  either  rational 
or  an  equiradicai  surd. 

INSBPSNDENCE  OF  SITRD  NUMBSBS. 

§  6.]  If  p,  q,  A,  B  be  ail  commensaraile,  and  -Jp  and  -Jq^ 
ineommettwrable,  then  we  camuA  have 

•Jp  =  A.  +  'B  is/q. 
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For,  squaring,  we  Bhoold  have  u  a  cxmseqnence, 

i>  =  A'  +  B*3  +  2ABv'j; 
whence 

^/..^J'-A'-B'g 
^  2AB      ' 

wliich  aaserts,  contrary  to  our  hypothesiB,  that  V3  ia  commensur- 
able. 

It  is  of  course  supposed  that  A^O.  Since  eveiy  rational 
function  of  %/?  may  (chap,  i.,  §  15)  be  expressed  in  the  form 
A  +  B  s/ft  the  above  theorem  is  equivalent  to  the  following : — 

One  quadratie  mird  cannot  be  expressed  as  a  ratioTutl  function  of 
another  vAkh  is  dissimilar  io  0. 

Since  every  rational  equation  between  -Jp  and  -i/q,  which  is 
not  a  mere  equation  between  commensnrablee  (for  example, 
(  V3)'  +  (  \/2)'  -  6),  is  reducible  to  the  form 

A-^  +  B-Jp  +  C-y'q  +  D'-O, 
where  A,  B,  C,  D  are  rational ;  and  since  this  equation  may  im- 
mediately be  reduced  to  another  of  the  form 

s/p  -  L  +  M  v'g, 
where  L  and  M  are  rational,  it  follows  that 

No  rational  relation,  vMch  ianot  a  mere  equation  between  rational 
mmbers,  eon  subsist  leiaeen  two  disstmilar  quadratic  surds. 

§  6.]  A  quadraiie  surd  camnol  be  a  rational  ftmdion  0/  tteo  dis- 
limilar  quadrat  surds. 

Suppose,  if  possible,  that  ^p  is  a  rational  function  of  >/g  and 
*/r;  then,  since  (chap,  z.,  §  15)  every  such  function  reduces 
toA  +  B-yj  +  CVr  +  D  ^^,  where  A,  B,  C,  D  are  rational,  we 
should  have 

^^=  A+'B-/q  +  G*/r  +  'Dt/^. 
If  we  square,  tliis  leads  to 

;>  =  (A  +  Bv^  +  Cv^  +  D  v'ffO', 
which  is  a  rational  equation  connecting  two  dissimilar  qaadratic 
surds,  i/g  and   ^r,  and  is  not  a  mere  equation  between  rational 
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numbers ;  but  no  sach  eqttatioD  un  eSiBt  b^  §  6  above.  Hence 
\!p  cannot  be  a  rational  function  of  ijq  and   iJt. 

An  important  particular  case  of  the  above  is  the  following : — 

A  quadraiic  mrd  cannot  be  the  sum  of  two  dissimilar  quadraiic 
mrds. 

It  will  be  a  good  exercise  for  the  student  to  prove  this 
directly. 

§  7.]  The  theory,  which  we  have  established  so  far  for 
quadratic  sords,  may  be  generalised,  and  also  extended  to  surds 
whose  index  exceeds  2.  This  is  not  the  place  to  pursue  the 
matter  farther,  but  the  reader  who  has  followed  so  far  will  find 
the  ideas  gained  useful  in  paving  the  way  to  an  understanding 
of  the  delicate  researches  of  Lagrange,  Abel,  and  Gtalois  regarding 
the  algebraical  solution  of  equations  whose  degree  exceeds  the 
4th. 

S  8.]  It  follows  as  a  necessary  consequence  of  §§  6  and  6, 
J ,  that,  if  we  are  led  to  any  equation  such  as 
i'  A  +  B  ^'p  +  C  V'g  +  D  vjg  =  0, 

I  then  we  must  have 
I 

A  =  0,     B  =  0,     C  =  0,     D  =  0. 

One  case  of  this  is  so  important  that  we  enunciate  and  prove  it 
separately. 

Ifx,y,z,v,le  all  ammensuraile,  and  ijy,  a/ad  \/u  iiKtsmmea- 
garabU,  and  if  z+  ■Jy  =  z+  ^■u,  then  wiurf  x  =  z  and  y  =  «. 
For  if  a  +  2,  but  =  a  +  z  say,  where  a  +  0,  then  by  hypothesis 

ffi  +  3+  \/y  =  z+  kJu, 
whence  a  +  -Jy  =  ^/«, 

o'  +  y  +  2(1  \/y  =  «, 

"  2o 

which  asserts  that  >/y  is  commensurable.  But  this  is  not  so. 
Hence  we  must  have  x  =  z;  and,  that  being  so,  we  must  also 
have  v'y  =  Vu,  that  i&,y  =  v. 
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LIKEAR  EXPRESSION  FOR  y/a  +   Jb. 


SQUARE   ROOTS  OF  SIUPLE  SURD  NUMBERS, 

§  9,]  Since  the  square  of  every  Bimple  binomial  surd  number 
takes  the  form  p  +  -Jq,  it  is  natural  to  inquire  whether  y/p  +  </; 
cm  always  be  ezpreesed  as  a  simple  binomial  surd  number,  that 
is,  iu  the  form  njx  +  i<Jy,  where  x  and  y  are  rational  numbers. 
Let  us  suppose  that  sacb  an  expression  exists ;  then 

y/p  +  Vs  =  Va:  +  \/y, 
whence  p  +  ^/g  =  x  +  y  +  2  '•/xy. 

If  Uiia  equation  be  true,  we  must  have,  by  §  6, 

x  +  y=p  (1), 

2v^=  -Jq  (2); 

Mid,  from  (1)  and  (2),  squaring  and  subtracting,  we  get 

{z^yY-ixy^p'-q, 
that  is,  (^  ~  y)' =  i*' ~  ?  {3)' 

Now  (3)  gives  either  

x-y=  +  --/p'-q  (4), 

or  x-y=-  i/p' - ?  (**)■ 

Taking,  meantime,  (4)  and  combining  it  with  (1),  we  have 

(x-¥y)  +  {x-y)  =  p+  -Jp^  (5), 

{x-\-y)-{x-y)=p-  -Jp'-q  (6); 

2x=p+  Vj>'-2, 


^p+  s/p'-g 

2 

i>-  Vj)'-g 


(7), 


(8). 


If  we  take  (4*)  instead  of  (4),  we  simply  interchange  the  values 
of  X  and  y,  which  leads  to  nothing  new  in  the  end. 

Using  the  values  of  (7)  and  (8)  we  obtain  the  following  result : — 
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eince,  by  (2),  2  -Jx  x  -Jy  =  +  -Jq,  we  must  take  either  the  two 
upper  signs  together  or  the  two  lower. 

If  we  had  started  with  i/p  -  Vg,  it  would  have  been  neces- 
sary to  choose  v'x  and  -Jy  with  opposite  signs. 

Finally  therefore  we  h&ve 

■  '/(p'-g)+   /p-  -v^(p'-fA(fl) 

The  identities  (9)  and  (9*)  are  certainly  true ;  we  have  in  fact 
already  verified  one  of  them,  see  chap,  x.,  §  9,  ex.  14.  They 
will  not,  however,  furnish  a  solution  of  our  problem,  unless  the 
values  of  x  and  y  be  rational.  For  this  it  is  necessary  and 
eufScient  that  ^'  -  ^  be  a  positive  perfect  square,  and  that  j>  be 

I-  J  (J  1  positive.  Hence  the  square  root  of  p  +  t/g  can  be  expressed  as  a 
t    L  ii-m  snnp^  hiTumaai  sard  number,  provided  p  be  positive  and  j^-q  be  a 

^'^ '  7  '        posUive  perfed  square. 

Example  1.    SimpliiT  V'lfl  -  l-'M. 

Let  ■yi9-f<J21  =  -^+-^. 

Then  x  +  y  =  l», 

=  2B, 
z-y  =  +  6«ar, 
iB+y=lB; 
whcoM  31=12,     y=7, 

wthit  ViB-WHsiC^-Vr). 
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Ezample  2.  To  find  tha  coiiditioii  tlut  '/'Jp + V?  "WJ  ^  ezpMSible  in 
the  form  (V*+Vy)N^  WBh«TB 

Now  V  1  +  Vg5  "iU  !>*  aipwariblfl  in  tha  form  -Jx+^Jy,  proridad 
1  -?/p  b«  ft  poaitiTe  perfect  sqiura ;  thu,  thsrefora,  is  tba  Teqoired  conditioii. 
For  eumpla, 

=  ±^'7{VS  +  V2). 
Example  8.  It  is  obrioua  thst  ia  cmiain  cabm  Vy  +  V?+ V*"*  V*  ""irt 
ba  eipreMble  in  the.  form  V^  + Vv  +  V'-     To  Ai^d  the  conditioii  thst  this 
may  be  m,  and  to  determine  the  vilnes  of  ;r,  y,  t,  let 

Vp+Vs+VJ-jt-V'^  •«/»'+ Vy+V*  _  (1). 

than  jJ  +  Vs  +  Vr+'v^sx+y+i+aV^+aVjat+a-v^  (2), 

Now  kt  DS  Boppoae  thst 

2V^  =  V)  (8), 

2V»=:  =  V?  (4), 

2%/^=Vi  (6). 

From  (4)  and  (G)  wa  haTS  by  multiplication 
4Wjn=\'«j 

whence,  bj  naing  (9),  x=\  ^/^  (8). 

nocaading  in  like  mannar  with  y  and  x,  we  obt^ 

It  is  farther  nacMsarf,  in  order  that  (2)  may  bold,  that  tha  values  (6),  (7), 
(8)  shall  eatiafy  the  equatioii 

that  is,  we  must  have 


^/^^^-v^-'■ 


(10). 


t!=„«    2?=Bt.   2r=^. 

where  a,  p,  y  ue  rational  nnmbera,  mch  that 
a+(S+7=2p, 
whence,  in  tarn,  we  obtain 

j=jSy,     r=7a,    l=ofi. 
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AJUTHMETICAL  METHODS  FOB  FINDING  APFROXIUATE  RATIONAL 
VALUES  FOR  SDRB  NVHBERS. 

§  10.]  It  bas  already  been  stated  that  a  rational  approxima- 
tion, aa  close  as  we  please,  can  always  be  found  for  every  surd 
number.  It  will  be  well  to  give  here  one  method  at  least  by 
which  such  approximations  can  be  obtained.  We  begin  with  the 
approximation  to  a  quadratic  surd;  and  we  shall  afterwards 
'  show  that  all  other  cases  may  be  made  to  depend  on  this, 

■  §  11.]  First  of  all,  we  may  point  out  that  in  every  case  we 
may  reduce  our  problem  to  the  finding  of  the  integral  part  of 
the  B(iuare  root  of  aji  integer.  Suppose,  for  example,  we  wish 
to  find  the  square  root  of  3*689  correct  to  five  places  of  decimals. 
Then,  since  \/3'689  =  ^^36890000000/10',  we  have  merely  to 
find  the  square  root  of  the  integer  36890000000  coirect  to  the 
last  integral  place,  and  then  count  off  five  decimal  places. 

§  12.]  liie  following  propositions  are  all  that  are  required 
for  the  present  purpose : — 

I.  The  result  of  subtracting  {A  +  By  from  N  is  tke  same  as  the 
re^t  of  first  siibtraciing  A*,  then  2AB,  and  finally  ff. 

This  is  obvums,  since  (A  +  B)'  ^  A' +  2AB  +  £*. 

U.  If  the  first  ji  out  of  the  n  digits  of  the  square  root  of  the 
i^eger  N  have  been  found,  so  that  PIO"""  is  a  first  approximaivm, 
to  -JN,  (hen  the  nexi  p—1  dibits  will  be  the  first  p~l  digits  of  the 
integral  part -of  ihe  quoHatt  {N-  (PIO""*')'}  /2P10''-y. 

Let  the  whole  of  the  rest  of  the  square  root  be  Q.     Then 
VN  =  PIO»-P  +  Q, 
where  10P-i<P  <  lOP,  Q <  10»-^ ; 

whence  N  =  (PIO"-'')'  +  2PQ10"-?  +  Q", 

N-(P10n-.)-^        _Q^ 

2P10--I'  **     2P10"-P  ^  ' 

Now 

Q72P10"-J'<10*(»->'V2  X  10»-'10»-i'<10"-^+y2. 
Hence   (y/aPlO"-*"  will   at  moat   affect   the   (ft-2p)th  place 
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from  the  right,  that  is,  since  Q  contains  n—p  digits,  the  first 
»  —p  -  (»  -  2p  +  1)  =p  -  1  digits  in  the  quotient  on  the  leiVhand 
side  of  (1)  will  be  correct 

$  13.]  In  the  &ctuid  calcalation  of  the  square  root  the  first 
few  figures  may  be  found  aingly  by  aucceasive  trials.  Proposi- 
tion I.  being  used  to  find  the  residues  which  muat,  of  course, 
always  be  positive.  Then  proposition  IL  may  be  used  to  find 
the  succeeding  digits  in  larger  and  larger  groups.  The  approxi- 
matdon  can  thus  he  carried  out  with  great  rapidity,  as  will  be 
seen  by  the  following  example  : — 

Let  it  be  leqnired  to  find  the  «qiULT«  root  of  N=S801odoO(A}0(fOOa'l}00, 
which,  for  shortnns,  we  writo  8801(14). 

Obvionalf  8(S)<\/N<9(S),  is  other  irords,  V^  cont^iiis  B  di^ti,  and  the 
first  IBS. 

ITow  IT-<3(S))'  =  401(14),  which  is  the  first  residiie.  We  have  now  to 
find  the  greatest  dii^t  x  which  can  stand  in  the  second  place,  and  still  leave 
the  iqaare  of  the  part  fonnd  less  than  N,  that  ia  (by  propoaition  I.),  leave  tha 
residue  40](I4)-2x  8(8)  xx(7)  ~  H7)}*  positive.  It  is  foand  by  inspectian 
that  1  =  2.  Carrying  out  the  subtractioas  indicated,  that  is,  BDbtracting 
{lB(S)  +  2(7)}  x2(7)  =  lfi2x2{ll)  from  401(14),  we  have  now  as  residue 
7700(12). 

liie  doable  of  the  whole  of  the  part  of  VN  now  fooad  ia  lfl4(7) ;  and 
we  have  next  to  find  y  as  large  as  ma;  be,  so  that  7700(12)-  (164(7)+  y(e)t 
X  y{6)  shall  remain  positive.  This  value  of  ^  is  seen  to  be  4.  It  might,  cf 
conrse,  be  found  (by  proposition  IL)  by  dividing  7700(12)  by  164(7),  and 
taking  the  first  figure  of  the  qnotient. 

The  naidue  is  now  112400(10).  The  process  of  finding  the  first  four 
digits  in  this  way  may  be  ananged  thus : — 

S(S)  6801(14)  I  8(8) 

16(8)  6400(14) 

162(7)  401(14}  I  +2(7) 

164(7)  824(14) 

1644(6)  7700(12)  +4(6) 

1648(8)  8678(12) 

18488(6)  112400(10)         +6(5) 

18402(6)  98918(10) 

134840(9) 
We  might,  of  coune,  continue  in  the  same  way,  figure  bj  figure,  as  long  as 
we  please ;  and  we  might  omit  the  records  in  brackets  of  the  zeros  in  each  line. 
Having,  however,  already  found  four  figures,  we  can  find  three  more  by 
dividing  the  residue  134840(9)  by  18492(5),  which  is  the  double  of  8246(G), 
the  part  of  VN  already  found. 
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10036000(4) 
The  sezt  three  digits  an  therefore  817.  10036000(4)  ii  not  the  leaidae ; 
foi  we  him  only  subtracted  from  %/N  u  yet {8246(G)}*  and  2xS24S(C} 
x6l7(a).  SnbtHHStiDg  alao  {817(2)}'  wb  get  the  true  reddna,  vii., 
9368GI1000D.  We  may  now  divide  this  h;  2x3246817(2),  that  ii,  bj 
1646363400,  and  thos  get  the  laat  two  Egnrea.     We  have  than 


Vb  have  now  foimd  the  whole  of  the  integral  part  of  V6801(14),  nunelj, 
824881766. 

If  it  were  dedied  to  carry  the  approximation  &Tthar,  8  places  after  the 
dedmal  poiitt  conld  at  once  be  fonnd  by  dividing  the  true  reaidne 
{132075MaO  -  G6*)  by  2  X  8246817S6.  If  we  reqnire  no  more  pUcee  than  tho« 
8  placeB,  then  the  residue  ia  at  no  importance,  and  we  may  save  labonr  by 
adapting  the  abbrsTiated  method  of  long  division  (we  Brook  Smith's  ArilA- 
mOU,  chap.  vi.  %  163).    Thus 
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We  thus  find  V6801(l  *)  =  82468 1766 -80076788.  On  vmitjing,  the  reader 
iriU  find  that  m  point  of  fact 

(824«81706-8007B736?=880100O00000000O01-82  .  .  . 
It  irill  be  a  good  ezerciee  for  him  t«  find  out  bow  many  decimal  placee  of 
the  eqnare  root  of  a  given  integer  moat  be  found  before  the  aquare  of  the 
approximation  caaaea  to  be  incorrect  in  the  last  integral  place. ' 

§  14.]  By  continuaUy  eztiftcting  the  Bqn&re  root  (that  is  to 
say,  by  extracting  the  square  root,  then  extracting  the  square 
root  of  the  square  root,  and  so  on,)  we  may  bring  any  nomber 
greater  than  unity  as  near  unity  aa  wo  pleaaa  In  other  words, 
by  making  »  sufficiently  great,  N''*  may  be  made  to  differ  from  1 
by  less  than  any  assignable  quantity. 

For  let  it  be  required  to  make  N'''  less  than  1  +  a  where  a  is 
any  positive  quantity.  This  will  be  done  if  2*  be  made  snch 
that  (l  +  a)'''>N.  Now  (chap,  it.,  §  11)(1 +  a)*"  =  l  +  S-o  +  a 
series  of  terms,  which  are  all  positive.  Hence  it  will  be  sufficient 
if  we  make  1  +  2"o>N,  that  is,  if  we  make  2"o>N-  1,  that 
is,  if  we  make  2''>  (N  -  l)/<i,  which  can  always  be  done,  since 
by  making  n  sufficiently  great  2"  may  be  made  to  exceed  any 
quantity,  however  great. 

Example.     How  manj  times  moat  we  extract  the  aqnare  root  beginning 
with  61  in  order  that  the  final  result  ma;  differ  &om  1  by  lets  tban  "001! 
We  most  hare 

2">(61-1)/-001, 
2"  >  60000. 
Now  2>*=32768,    2i*=d6G36, 

hence  we  mnat  make  ti=  16. 

In  other  words,  if  we  extract  the  sqnare  root  Bixteeo  timea,  be^nning 
with  61,  the  reaolt  will  be  Icm  than  1-001. 

§  IS.]  It  follows  from  §  14  that  we  can  approximate  to  any 

surd  whatever,  say  j)",  by  the  process  of  extracting  the  square 
root.  For  (see  chap,  iz.,  $  2)  let  1/n  be  ezpreesed  in  the  binary 
scale,  then  we  shall  have 


i_e.+£;+e:+. 


..      2  ■  2"  '  2 ■*''' 

where  each  of  the  numerators  p„  p,.  .  .is  either  0  or  1,  and  /i  ia 
either  absolutely  0,  or  <■  \jV  where  r  is  as  great  aa  we  dioose. 
VOL.  I.  p 
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+  P  +  U  + 


=p»xj,*',.p3...«y^  (1). 

Now,  excepting  the  last,  each  of  these  factors  is  either  1,  or  of 
the  formj^'^,  which  cod  be  approximated  to  aa  closely  aa  we  please 
by  continued  extraction  of  the  square  root.     If  /*  =  0,  the  last 
fitctor  is  1 ;  and  if  ft<l/2',  since  r  may  be  as  great  aa  we  choose, 
we  can  make  it  differ  &om  1  by  as  small  a  Iraction  as  we  choose. 
It  follows  therefore  that  the  product  on  the  right  hand  of  (1.) 
may  be  found  in  rational  terms  as  accurately  aa  we  please. 
I 
Example.     To  find  an  approzimato  valae  of  f•l^ 
We  hare 

3 =^+ 2i  +  2>  +  ?+ ^■'"  ^>+ ^ +20  +  23+ ^  + ''. 
where  ^<^- 

Noir  we  have,  conect  to  the  foarttt  dAcunal  place,  the  foUowing  value*  :— 
61»=2e7234, 
61»=1 '27867, 
BlJ*  =  I-06a86, 
6lS=l-0I6«, 

618"= 1-00098, 

WF»=1 -00023, 

61ia= 100006, 

61*T»=1 -00002, 

61S«<  1-00  001. 
Hence,  multiplying  the  &nt  nine  utuuben  together,  we  get 

61S  =  S-70M1. 
The  correct  value  iaS -708429.  .  .  . 

§  16.]  The  method  just   explained,  although  interesting  in 
Uieory,  would  be  very  troublesome  in  practice. 
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The  method  given  in  g  13  for  extracting  the  square  root  may 
be  easily  genoTalieed  into  a  method  for  extracting  an  nth  root 
directly,  figure  by  iignre,  and  group  by  group  of  figures.  The 
student  will  be  able  to  establish  for  himself  two  propositions, 
counterparts  of  1.  and  II.,  §  12,  and  to  arrange  an  a^orithm  for 
the  economical  calculation  of  the  residues.  A  method  of  this 
kind  is  given  in  most  arithmetical  text-books  for  extracting  the 
cube  root,  but  it  is  needless  to  reproduce  it  here,  as  the  ezttae- 
tion  of  cube  and  higher  roots,  and  even  of  square  roots,  is  now 
accomplished  in  practice  by  means  of  logarithmic  or  other  tables 
(see  chapter  on  Logarithms). 

Oar  reason  for  dwelling  on  the  more  elementary  methods  of 
this  chapter  is  a  desire  to  cultivate  in  the  mind  of  the  learner 
exact  ideas  regarding  the  nature  of  approximative  calculation — 
a  process  which  lies  at  the  root  of  many  useful  applications  of 
mathematics. 

SQDARB  ROOT  OF  AN  INTEGRAL  FDNOnON  OF  Z. 
§  17.]  When  as  integral  function  of  x  is  a  complete  square 
as  regards  x,  its  square  root  can  be  found  by  a  method  analc^ous 
to  that  explained  in  §  12,  for  finding  the  square  root  of  a  number. 
Although  the  method  is  of  little  interest,  either  theoretically  or 
practically,  we  give  a  brief  sketch  of  it  here,  because  it  illustntes 
at  ODce  the  analogy  and  the  fundamental  difference  between 
arithmetical  and  algebraical  operations.  * 

I.  We  may  restate  Proposition  I.  of  §  1 2,  understfmding  now 
A  and  B  to  mean  integral  functions  of  %. 

II.  Jif/'=poZ»"+j)ia;*"-' +  .  .  .-vpt^aftdif  >jF={^^-\-i^~'^ 
+ . .  .  +  5„.p+,3f -P+i)  +  {?,^^-P  +  ...+?,)  =  P  +  e,  aay;  and  ./ 

iM  suppose  the  first  p  terms,  namely,  P  =  q^  +  5,3?*"^  +  .  .  .  +  q,n'P*> 
afy+i,  of  tJF  to  be  knawn,  then  the  next  p  terms  will  be  the  first  p 
terms  in  tiie  inte^alpart  of  (F-  i^/2P. 
For  we  have  F  =  P'+2PQ  +  Q'; 

*  The  method  was  probably  obtained  by  analogy  Trom  tha  arithmetical 
process.  It  was  first  given  by  Recorde  in  The  WhUatwu  of  Wiiie  (black 
letter,  I5S7),  the  eatli«»t  English  work  an  algebra. 
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2P 


-Q  + 


Now  the  degree  of  the  integral  part  of  Q'/2P  is  2{n—p)-n 
=  n-2p.  Hence  Q'/2P  will  at  most  affect  the  term  in  jf-^. 
Hence  (F  -  P^/2P  will  be  identical  with  Q  down  to  the  t«rm  in 
j«-ip+i  incluBive.  In  other  words,  the  Siiatn-p-{n-2p)=p 
terms  obtained  by  dividing  F  -  P*  by  2P  will  be  ihep  terms  of 
the  square  root  which  follow  P. 

We  may  uee  this  rule  to  obtain  the  whole  of  the  terms  one 
at  a  time,  the  highest  being  of  course  found  by  inspectioa  as  the 
square  root  of  the  highest  term  of  the  radicand  ;  or  we  may  ob- 
tain a  certain  number  in  this  way,  and  then  obtain  the  rest  by 
division.* 

The  process  will  be  understood  from  the  following  example, 
in  which  we  first  find  three  of  the  terms  of  the  root  singly,  and 
then  deduce  the  remaining  two  by  division : — 


Example, 

To  find  the  Bqiure  re 


tof 


aJ'*-(-6rf  +  18a^  +  4z'-I8ii*-12ic'+14x»-12ie*+8iE'-2a!+l 
-   4-18-12  +  14-12  +  8-2  + 


2+8 

4 

S 

6  +  18+  4-18-12  +  14-12  +  8-2  +  1 
6+  » 

2  +  0  +  2 

+  4-18-12+14-12  +  9-3  +  1 
+  12+   4 

2  +  6  +  4 

-  8-22-12  +  14-12  +  S-2  +  I 

-  8-24-lfl  +  lB 

2  +  6+4 

2+   4-   2-12+9-2+1 
2+   6+   i~   8 

-  2-   6-   4  +  9-2  +  1 

-  2-   6-   4  +  8 

-2  +  1 


*  Suit  as  in  division,  we  may,  if  we  please,  umnge  the  radicand  according 
to  aicendingpowereoti.  The  final  resnlt  will  he  the  eome  whichever  amiDge- 
ment  be  adopted  provided  the  radicand  la  &  complete  aquars.  If  this  is  not 
the  CAM  the  operation  may  be  prolong  indefinitely  just  a*  in  contiuDed 
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Hence  the  square  root  ii  tfi+i^+^~i^+x-l;  and,  since  tbe  reaidna 
a^-Sx  +  I  is  the  square  of  the  twokst  teniw,  namdj,  ai-I,  we  m*  that  the 
ndicukd  ia  an  exact  square.  Of  conne  we  obtain  anotKet  valne  of  the  aqoara 
root  by  changing  tbe  aign  of  erery  coefficient  in  the  above  lesolt. 

A  similar  proceaa  cao  be  arranged  for  the  extraction  of  the 
cube  root ;  bnt  it  ia  needless  to  pursue  the  matter  further. 

§  18.]  The  student  should  obaerre  that  in  the  simpler  cases 
the  root  can  be  obtained  by  inspection ;  and  that  in  all  cases  the 
method  of  indeterminate  coefficients  rendeia  any  special  algorithm 
fofThe  extracHon  of  roota  sa^crfluona.  This  will  be  nnder&tood 
from  tbe  following  example. 
Example. 
To  extract  the  sqiure  root  of 

aJ»  +  6ii!»+18ii^+4*'-18i^-12a^  +  lte;*-12a^+ftt?-2a!+l        (1). 
If  the  tsdieaud  be  a  complete  square,  ila  square  root  mnst  be  of  the  fonn 

z'+pE*  +  SZ»+ra?  +  »!+(  (2). 

The  sqnan  of  (2)  ia 

x"  +  2px^  +  (l)'  +  2q)3^  +  {2pq  +  2ry  +  l2pr+f+2tyi?+,  .  .        {3). 
Now  this  must  be  identical  with  (1) ;  hence  we  most  have 

2p-fi,    p»  +  2?=18,     2pg  +  2r=i,     2j>r+a"  +  2»= -18. 

The  first  of  these  eqnationa  giTcs  p=Z ;  j>  being  thus  known,  the  second 

giTeag  =  2i  ji  and  g  being  known,  the  third  gives  r=  -1;  andj>,  g,  r  being 

known,  the  last  giTeB>=l.     We  conld  nowfindtin  like  manner;  but  it  ia 

obrions  from  the  coefficient  of  x  that  t=  - 1. 

Hence  the  square  root  ie 

ii'  +  3a!»+2a^-4*'  +  !l-l. 
N^B. — The  eqnating  of  the  coeffidenta  of  the  remaining  terma  of  (1)  and 
(3)  will  aimpl;  gire  equations  that  are  satisfied  by  the  values  of  ji,  q,  r,  i  already 
fonnd,  always  aupposing  that  the  gfren  radicand  is  an  exact  eqoaie. 

A  proceaa  exactly  similar  to  the  above  will  tumish  the  not  of  an  exact 
cnbe,  an  exact  4th  power,  and  ao  on. 

ExsncisES  XT. 

Express  the  following  as  linear  functionB  of  the  iirationaU  involved 

(1.)  i/(vn+V3+V")-  (2.)  Via/d  +  VaKVa-VS). 

(3.)  (1-V2  +  V8)/(1  +  V2  +  V8)  +  (1-V2-V3)/(1  +  V2-V8)- 
Ci.)(3-V5V(V3  +  V6)'  +  C8  +  V6)/(V8-V6)'. 

(6.)  VftAVs  +  VB-aV^j-V^/CVs  +  Va-VB)- 

(6.)  {r-2V5)(fi  +  v7)(31  +  13V6)/(6-2V7)(B  +  \/S)(ll  +  *V7). 

(7.)  V(25+]ova). (8.)  V(3/2+^^). 

division.  We  leave  the  learner  to  discover  the  meaning  of  the  result  obtained 
in  such  cases.  The  fiill  discnaaion  of  the  matter  would  leqnire  some  refer- 
ence to  the  theory  of  infinite  aeiias. 
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(9.)  V(12S-22V2).  [10.)  V(**nA  +  12v^8). 

(U.)  V{(8  +  1s/10)/(8-*nAO)}. 
(12.)  V(7  +  W3)  +  V[6-2V6). 
(13.)  V(16-4\/l*)  +  VV(16  +  <Vl*)- 
(H.)  lM18  +  2Vfla)  +  l/s/(18-2v'6S). 

(IS.)  i/VUevs  +  avsi)  +  VCieVs - 6^21). 

(18.)  Calcnlaifl   to   fiva  puies  of   decimalB  the  Taino  of   (V(''  +  2v'8) 

-^AB-2^/6))/(V(6+V«)+V(6-2V«))■ 

(17.)  Calculate  to  Boven  places  of  decimals  the  valna  of  \/[\/lS  +  ^S) 
+  V(V16-V18). 
Simplily — 

(l«.)  vl'  +  V(S-j')l+V(»-V("-)fll- 

(20.)  VJa'-2+aV(a*-4)|. 

<^'i  x/0^ri)(r:Tp-')' 

(21)  Sl.™tt.t  Vl!  +  V(!-V2»-  ^{'*'^'V"^^'] 

^y^w(|±va}. 

(23.)  EjprwB  in  ■  linear  fonn  VCB  +  V^  +  VIO  +  nAS). 

(24.)  „  „  v'(26-4V8-12V2  +  flv'<l)- 

(26.)  If  a*d=be,  then  V("+V^  +  V^  + V'fl  '^''  »lwayi  be  expressed  in 
the  form  {>^x+ \/y){*/X  + ■\/Y).  Show  that  this  will  be  advantageous  if 
a*  -  i  and  a*  -  e  are  perfect  squares. 

(28.)  If  v^(a+ V^)~z  + VVi  where  a,  fi,  x,  y  are  rational,  and  \/b  and 
Vy  irratioiial,  then  ^{a- ^b)'^x- ^y.  Hence  show  that,  if  a^-b^^, 
where  [i  is  rational,  and  if  .a  be  such  that  4a^-3as!=o,  then  i/(a  +  -s/V) 
=x+V(»^-i). 

(27.)  Express  in  linear  form  V(99-3GV8}. 

(28.)  „  „  ^(896+9Sn/18). 

(29.)  ;,  „  .^(117V2  +  ?*V6)- 

(Sa)  Show  that  .^(90  +  84^/7)-  v'(B0-34V7)  =  2V7. 

(81.)  If  a=  v'd' +  ?)+  ■^(j>-?),  and  y'-g^=r»,  show  that  s^~Zm-2p 
=0. 

(82.)  If  pji*  +  gy*  +  r=0,  where  y,  ;,  r,  yareall  rational,  and  yl  irrational, 
then  7=0,  9=0,  r=0.  Hence  diow  that,  if  le,  y,  z  be  all  rational,  and 
3^,  y),  £*  all  irrational,  then  neither  of  the  equations  xl4-yl=c,  3^  +  ^^^  is 
possible. 

(33.)  Find,  ly  the  fall  use  of  the  ordinary  rale,  the  Talae  of  \/10  to  G 
places  of  decimals ;  and  find  as  many  more  figures  as  yon  can  by  division 
alone.     Use  the  valne  of  v^O  thus  found  to  obtain  V004. 

Extract  the  sqaare  root  of  the  following ; — 

(84.)  l,y»+ee+3vf- iny^x+x). 
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(3S.)  253l'+Sy'+^+6yz-10as~SOxy- 

(38.)  9a!*  +  24z'  +  ltte"-&r  +  l.  (37.)  it^-ia?  +  2»?+ix  +  l. 

(38.)  4x<-12a«y  +  26aV-2tiy  +  l«y*- 

(39.)  3i»-e3r*+4a!'  +  Ba!'-12«  +  4. 

(40.)  43!*-12iE'  +  6a!'  +  22a!'-2Sx»-8x  +  lft. 

(«.)  27(j.  +  })'(p'  +  3«)'-2(p>+4l^  +  a»)'. 

(42.)  a?-aEV'*  +  3a!-2V«+l. 

(43.)  Extract  the  cabe  root  of 

8J>-12a^  +  6i>i'-87a^  +  36a'-ftc«+64i?-27*^-27. 

(44.)  Extract  tha  cube  root  of 

18(jj»  +j^  +pf  +  rt  *  2V8(6p'+ 8p^  -  Spj"  -  Sj"). 

(45.)  Sliowt]iatXoanbedateriiiiiied«otlwta^  +  6ii?  +  7a?-8a!  +  X8h»llbe 
an  exact  square. 

(46.)  Find  a,  b,  c,  bo  that  i*-S3*  +  ax*  +  &i?  +  a»-i^  +  4  ahUl  be  an 
exact  aqnare. 

(47.)  If  iu;*  +  ^  +  ta^  be  snbtiactad  bom  (xl>  +  2z  + 4)' tha  remainder  u  an 
exact  square  ;  find  a,  b,  e. 

(48.)  lfir'+<ti!'+6i!<  +  cB»+(ic'  +  a!+/be  an  exact  Bquare,  show  that 

/=  Tt»«*  -  A<^i + A'l''! + iV'**  -  *■* + i-^  i 

And  that  the  eqoare  root  U 

(46.)  4J^+12a^.f5ic*-2a^  ate  the  first  faartermi  of  an  exact  aqnare;  find 
the  lemaining  three  terma. 

(60.)  If  a^  +  3itB'+(a!'+/r'+(B>?  +  Aa;  +  jl*  be  a  perfect  cnbe,  find  its  cube 
root ;  and  determiDe  tiie  coefficients  «,  /,  g,  h,  ia  terms  of  d  and  it. 

(51.)  Show  that 

ip>(o-6)(i:-i){(o-S)«  +  (c-6)*l-o6»c(o'+i:>)  +  6^o-i+e) 

(S2.)  ExpreM  V{^  +  *+*'+'«'+ ■  ■  •od'"}  in  the  tbnn  a  +  te+«?  + 
.  .  .  as  far  M  the  4th  power  of  x.  To  how  m&nj  terms  does  the  sqnare  of 
your  remit  agree  with  1  +x+s^  +  3?+  .   .  .  t 

(G3.)  Express,  by  means  of  the  ordinary  role  for  extracting  the  aqoaTe 
root,  ^(1  -  x)  as  an  ascending  aeries  of  integral  powen  of  z,  ai  far  aa  the 
4th  power. 

(64.)  Express  ■^{x  +  l)ai  a  descending  series  of  powers  of  x,  mlenlating 
six  terms  of  the  series. 

(66.)  Show  that  Lambert's  theorem  (chap.  ix.  g  B)  can  be  nsed  to  find 
rational  approiimationB  to  sard  unmbers.  Apply  it  to  show  that  V^  ~  1  + 1/2 
-I/2.6  +  1/2.6.7-1/2.6.7.1M  approximately;  and  estimate  th«  error. 
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CHAPTER    XII. 
Complex  Numbers. 

ON  THE  FUNDAMENTAL  NATORE  OF  COUPLEZ   NUHBERS. 

§  1.]  The  attempt  to  make  certain  formulie  for  factorisation 
as  general  as  possible  has  already  shown  us  the  necessity  of  in- 
trodncing  into  algebra  an  imaginary  unit  i,  having  the  property 
t*  =  -  1.  It  is  obviouB  from  its  definition  that  i  cannot  be  equal  to 
ant/  red  qtumtilti,  for  the  squares  of  all  real  quantities  are  positive. 
The  properties  of  i  as  a  subject  of  operation  are  tlierefore  to  be 
deduced  entirely  from  its  definition,  and  from  the  general  laws 
of  algebra  to  which,  like  every  other  algebraical  quantity,  it 
must  be  subject. 

Since  {  must,  when  taken  along  with  other  algebraical  qnan- 
tities,  obey  all  the  laws  of  algebra,  we  may  consider  any  teal 
multiples  of  i,  aay  yi  and  y't,  where  y  and  y*  are  positive  or 
negative,  and  we  must  have  yt  —  iy,  yi  +  y**  =  (y  +  y")*  =  »(y  +  y*), 
and  so  on ;  exactly  as  if  i  were  a  real  quantity. 

By  taking  all  real  multiples  of  i  from  -  oo  t  to  -i-  ao  i,  we  have 
a  continuous  series  of  purely  imaginary  quantity, 

—  eo»,..-i.  ..Oi..  .  +  »'..  .  +  oot  1, 

whose  unit  is  t,  and  which  corresponds  to  the  series  of  real 
quantify, 

-00.  ..-1...0.  ..  +  !...+  «)  IL, 

whose  unit  is  1. 

No  quantity  of  the  series  I.  (except  Ot)  can  be  equal  to  any 
quantity  of  the  series  11.,  for  the  square  of  any  real  multiple  of  t, 
say  jfi,  is  y'i'  =  y'(-  1)=  -y*i  that  is,  is  a  negative  quantity. 
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Hence  no  purdy  imaginaTy  qaantily  excf^l  Oicanhe  equal  to  a  real 
qaaniiiy.  Since  Oi  =  (  +  a-a)i=  +  {ai)  -  (at)  =  0,  if  the  same 
lawe  are  to  apply  to  imaginary-  as  to  real  quantity,  we  infer  ihai 
Oi  =  0.  Hence  0  is  the  middle  value  of  the  series  of  purely 
imaginary,  just  as  it  is  of  the  series  of  real  quantity ;  it  is,  in 
fact,  the  only  quantity  common  to  the  two  series. 

Conversely,  if  yi^O,  we  infer  Ikai  y=0.  For,  since  yi  =  0, 
yi  X  yi  =  0,  that  is,  -t^-0  ;  hence  y  =  0. 

§  2.]  If  we  combine,  hy  addition,  any  real  quantity  x  with  a 
purely  imaginary  quantity  j/i,  there  arises  a  mixed  quantity  x  +  yi, 
to  which  the  name  twisdeiijamier  is  applied. 

We  may  consider  the  infinite  series  of  complex  numbers 
formed  by  giving  all  possible  real  ralnes  to  x,  and  all  possible 
real  values  to  y.  We  thus  have  a  doubly  infinite  series  of  com- 
plex  quMatitf.  The  student  should  note  at  the  outset  this  double 
character  of  complex  quantity,  on  account  of  the  contrast  which 
thus  arises  between  purely  real  or  purely  imaginary  quantity 
on  the  one  hand,  and  complex  quantity  on  the  other.  Thus  there 
is  only  one  way  of  varying  x  continuously  (without  repetition  of 
intermediate  values)  from  - 1  to  +  2,  say,  if  z  is  to  be  always 
real ;  and  only  one  way  of  varying  z  in  like  manner  from  - 1  to 
-)-  2t,  if  2  is  to  be  always  purely  imaginary.  But  there  are  an 
infinite  number  of  ways  of  varying  z  continuously  from  -  1  +  i 
to  2  -t-  3i,  say,  if  there  be  no  restriction  upon  the  nature  of  x, 
except  that  it  is  to  be  a  complex  number. 

This  will  be  best  under- 
stood if  we  adopt  the 
diagrammatic  method  of 
representing  complex  num- 
bers originally  suggested 
by  Aigand. 

Let  XOX',  YOY'  be 
two  rectangular  axes.  We 
shall  call  XOX'  the  axis  of 
real  quantity,  or  avaxis; 
and  YOY'  the  axis  of  purel 


'  imaginary  quantity,  or  y-axis.     To 
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represent  any  complex  number  x  +  y»  we  measure  from  0  (called 
the  or^;m)  a  distance  OM,  containing  x  units  of  length,  to  the 
right  or  left  according  as  x  is  positive  or  negative ;  and  we  draw 
MP,  containing  y  units  of  length,  upwards  or  downwards  accord- 
ing as  y  is  positive  or  n^^tive.  The  point  P,  or,  as  is  more 
convenient  from  some  points  of  view,  the  "  radius  vector  "  OP,  is 
then  said  to  represent  the  complex  number  x  +  yt.  It  is  obvious 
that  to  every  conceivable  complex  number  there  corresponds  one 
and  only  one  point  in  the  plane  of  XX'  and  YY' ;  and,  conversely, 
that  to  every  one  of  the  doubly  infinite  series  of  points  in  that 
plane  there  corresponds  one  and  only  one  complex  number. 

If  P  lie  on  the  axis  XX',  then  y  =  0,  and  the  number  a:  +  yi  is 
wholly  real  If  P  lie  on  the  axis  YY',  then  x  =  0,  and  x+yi  ia 
wholly  imaginary.  Now  there  is  only  one  way  of  passing  from 
any  point  on  XX'  to  any  other  point,  if  we  are  not  to  leave  the 
axis,  namely,  we  must  pass 
along  the  x^axis;  and  the 
j^,„^  same  is  true  for  the  axis  YY'. 

/         ir  If,  however,  we  are  not  re- 

p|  stricted  as  to  our  path,  there 

J.^~'N.  are  an  infinity  of  ways    of 

p  H       1}  M  X  passing  from  one  point  in  the 

plane  of  XX'  and  YY'  to  any 
Fig  2  other    point    in    the    same 

plane.  If  we  draw  any  con- 
tinuous curve  whatever  from  P  to  Q,  and  imagine  a  point  to 
travel  along  it  from  P  to  Q,  the  value  of  x  corresponding  to  the 
moving  point  will  vary  continuously  from  the  value  OM  to  the 
value  ON,  and  the  value  of  y  in  like  manner  from  MP  to  NQ. 
Hence  there  are  as  many  ways  of  varying  x  +  jfi  from  OM  +  MPt 
to  ON  +  NQi  as  there  are  ways  of  drawing  a  continuous  curve 
from  P  to  Q. 

Similar  remarks  apply  when  P  and  Q  happen,  as  they  may  . 
in  particular  cases,  to  be  both  on  the  x-axis,  or  both  on  the 
y-axis,  provided  tJiat  there  is  no  restriction  that  the  varying 
quantity  shall   be  always  real  or  always  imaginary.     There  are 
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many  other  properties  of  complex  nambers,  trhich  are  beet  under- 
stood hj  studying  Argand's  diagr&m,  and  we  shall  return  to  it 
agun  in  this  chapter.  In  the  meantime,  however,  to  prevent 
confusion  in  the  mind  of  the  reader,  we  shall  confine  ourselves 
for  a  little  to  purely  analytical  considerations. 

§  3.]  If  x  +  i/i  =  0,ihen  x^O,  y  =  0.*  For  it  follows  from 
x  +  yi  =  0  that  x=  -yi  Hence,  if  y  did  not  vanish,  we  should 
have  a  real  quantity  z  equal  to  a  purely  imaginary  quantity  -  yi, 
which  is  impossible.  We  must  therefore  have  y  =  0 ;  and  conse- 
quently x=  -  Ot  =  0. 

Cor.  Sence  if  x  +  yi  =  af  +  fy  then  must  a;  =  ar"  and  y  =  y*. 

For  x  +  yi  =  af  +  ^i  gives,  if  we  subtract  if  +  t/'i  from  both  sides, 
(ar-!i')  +  (y-y')t  =  0. 
Hence  !i!-a!'  =  0,     y-y'  =  0, 

that  is,  x  =  3f,  y  =  /. 

RATIONAL  FUNCTIONS  OF  COMPLEX  NUMBERS. 
§  4.]  We  have  seen  that  so  long  as  we  operate  upon  real 
quantities,  provided  we  confine  ourselves  to  the  rational  opera- 
tions— addition,  subtraction,  multiplication,  and  division,  we 
reproduce  real  quantities  and  real  quantities  only.  On  the 
oth.er  hand,  if  we  use  the  irrational  operation  of  root  extraction, 
it  becomes  necessary,  if  we  are  to  keep  up  the  generality  of 
algebraical  principles,  to  introduce  the  imaginary  unit  i.  We  are 
thus  led  to  the  consideration  of  complex  numbers.  The  ques- 
tion now  naturally  presents  itself,  "If  we  operate,  rationally  or 
irrationally,  in  accordance  with  the  general  laws  of  algebra  on 
quantities  real  or  complex  as  now  defined,  shall  we  always  re- 
produce quantities  real  or  complex  as  now  defined ;  or  may  it 
happen  that  at  some  stage  it  will  be  necessary  in  the  interest  of 
algebraic  generality  to  introduce  some  new  kind  of  im^inary 
quantity  not  as  yet  im^ned  I "  The  answer  to  this  question 
is  that,  BO  far  at  least  as  the  algebraical  operations  of  addition, 

*  Here  and  hereafter  in  thU  chapter,  when  ire  write  the  form  t+yi,  it  iB 
lUldentood  that  this  denoteB  a  complex  number  in  its  simplest  fonn,  so  that 
»  and  y  are  reaL 
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subtraction,  multiplication,  division,  and  root  extraction  are 
concerned,  no  further  extension  of  the  conception  of  algebraic 
quantity  is  needed.  It  is,  in  fact,  one  of  the  main  objects  of 
the  present  chapter  to  prore  that  algebraic  operations  on  com- 
plex numbers  reproduce  only  complex  numbers. 

§  5.]  The  sum  or  prodad  of  ant/ nuiJ^Kr  of  complex!  numbers,  and 
the  quotient  of  two  amiplex  numbers,  may  le  expressed  as  a  amiplex 
numier. 

Suppose  we  have,  say,  three  complex  numbers,  ir,  +  y,i,  x,  +  yjt, 
a^  +  y,*,  then 

{x,  +  y,i)  +  {x,  +  yj.)  -  (sk,  +  y.t)  =  (a,  + 1,  -  a;)  +  (y,  +  y,  -  y>, 
by  the  laws  of  algebra  as  already  established. 

But  x,  +  x,-x,  and  y,  +  y, - y,  are  real,  eince  x„x„x„ y„  y«  y, 
are  so.  Hence  (x,  +  a^  -  z,)  +  (y,  +  y,  -  y,)i  is  in  the  standard  form 
of  a  complex  number.  The  conclusion  obviously  holds,  howerer 
many  terms  there  may  be  in  the  algebraic  sum. 

Again,  consider  the  product  of  two  complex  numbers,  x,  +  y,* 
and  x,  +  y^     We  have,  by  the  law  of  distribution, 

{x,  +  y,i)  {x,  +  y^  =  x,x,  +  y^,?  +  xj/J,  +  x^^i. 
Hence,  bearing  in  mind  the  definition  of  t,  we  have 

(x,  +  y,t)  {x,  +  y^  =  {x,x^  -  ^s^)  +  {x^t  +  x^,)i, 
which  proves  that  the  product  of  two  complex  numbers  can  be  - 
expressed  as  a  complex  number. 

To  prove  the  proposition  for  a  product  of  three  complex 
numbers,  say  for 

P  =  (^  +  y.t)  (x,  +  y,»)  (x,  +  y.t), 

we  have  merely  to  apply  the  law  of  association,  and  write 

P  =  {{x,-*-  y.O  (^  +  yJ)]  (^  +  yJ)- 

We  have  already  shown  that  the  function  within  the  crooked 
brackets  reduces  to  a  complex  number ;  hence  P  is  the  product 
of  two  complex  numbers.  Hence,  again,  by  what  we  proved 
above,  P  reduces  to  a  complex  number.  In  this  way  we  can 
extend  the  theorem  to  a  product  of  any  number  of  complex 
numbers. 
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Lastly,  consider  the  quotient  of  two  complex  numbers.     We 

have 

Xj  +  yit  ^  fe  -*-  y.t)  fa  -  y.^) » 
a*  +  y.»       («>)'- (yi*)"    ' 


\  a:,  +  y,   /       \  a;,  +  y.   / 


This  proves  that  the  quotient   of  two  complex  numbers  can 
always  be  reduced  to  a  complex  number. 

Cor.  1.  Since  every  rational  function  involves  only  the  opera- 
tions of  addition,  subtraction,  multiplication,  and  diviaion,  it 
follows  from  what  has  just  been  shown  that  euery  rational  fundion 
of  one  or  more  complex  nvmbera  am  be  reduced  to  a  compUx  nutnittr. 

If  f{x  +  yi)  be  an  integral  function  of  x  +  t/i,  whose  coefficients 
are  all  real,  and  we  reduce  it  to  the  form  P  -f  Qt,  where  F  and  Q 
are  real,  then  it  is  obvious  that  P  can  contain  only  even  powers 
of  y,  and  Q  only  odd  powers  of  y.  If,  therefore,  we  change  the 
sign  of  y,  P  will  remain  unaltered,  and  Q  will  simply  change  its 
sign.     Hence,  if /(x  +  yi)  =  P  +  Qi,  then  f(x  -  yi)  =  P  -  Qi. 

Cor.  3.  If  •ji(x  +  yi)  be  any  rational  fancium  ofx  +  ifi,  having  all 
its  co^cienU  real,  and  if 

<f>(x  +  !ft)  =  X  +  Yi, 
then  <f>(x~t/i)  =  X~Yi. 

Cor.  3.  Still  more  generally,  ^  <f>(x,  +  i/ii,x,  +  j/^  .  . .  x„  +  p„i) 
be  any  raivyml  function  of  n  complex  nuTiti^^,  having  all  its  coeffidmls 
real,  and  if 

'K^  +  y.i,   ^  +  yA  ■  ■  ■  ^  +  y«')  =  x  +  Yi, 

then  <i^x^-y,i,    x,-y,i,  .  .  .  ie„  -  y„i)  =  X  -  Yi 

Cor.  i.  If  all  the  coefficients  of  the  inte^al  fwnction  (f>(z)  be 
real,  and  if  <^{z)  vanish  when  z  =  x  +  yi,  then  ijj{z)  vanishes  when 
z  =  x-yL 

*  Here  wa  perform  an  operation  nhich  we  might  describe  as  ' '  re&liaiiig  " 
the  denominator  ;  it  a  malogoua  to  the  proces*  of  retioDalisiog  described  in 
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For,  by  Cor.  1,  >fi{x  +  yt)  =  X  +  Y»  where  X  and  Y  axe  real. 
Hence,  if  'f>{x  +  yi)  -  0,  we  have  X  +  Yi  =  0.  Hence,  by  §  3,  X  =  0 
and  Y  =  0.     Therefore  ^(2  -  yi)  =  X  -  Yt  =  0  -  Ot  =  0. 

Cor.  6.  If  all  the  coeffidents  of  the  integral  ftmtHon  ^z„ 
2|,  •  ■  '  '^)  ^  rati,  and  if  the  function  vanish  when  Zi,  z,,  .  .  .  z„ 
are  equal  to  ii  +  y,t,  k,  +  ja  -  •  ■  ^  +  ?«*  respectively,  then  ihe 
ftmeiion  wUt  also  vanish  ahen  z„  z,,  .  .  .  Zn  are  equal  to  Xi-  y^i, 
3^-y,i,  .  .  .  x„-y„irespeaively. 

Ezuuplc  1. 

B(3  +  2t)-2(2-8i)  +  (8  +  8»)=9  +  6»-*  +  W+B  +  8t, 
=  11  +  2W. 


(2+8i)(2-6i)(8  +  2i)  =  (2-Bi)(8-6+8»  +  *0, 
=  (2-EV)13f, 
=  2fl(-fS6, 
=  65  +  26*. 
EiBmpIs  3. 

(6  +  e-ai){r!+a-Ji)(a+6-(r() 

=  2a6c  +  {oie  ~  So"  ~  2a»(i  +  e)  -  Safe}  <, 
=  2abe-  {«^  +  i'  +  <?  +  {b  +  e){e  +  a){a  +  b)]i. 

Example  1. 

To  show  that  the  vslues  of  tha  powers  of  i  near  iu  a  cycle  of  i. 

WehsTe  »=t,    i'=-l,    i'=t'xi=-t,    i<=(i^=  +  l, 

and,  in  general, 

.■*«+i=^    i*»+a3=-i,    (*«+3s=-f,    ,-K"+i)=+i, 
Example  5. 

3  +  Bi^<3  +  50(2  +  80_6-15  +  18i_     £    1». 
2-3i  *+»  13  "is    IS*" 

Example  6. 

cn^+iftr=«^+,<v-'(vo+,.c^-V)'+ . .  -. 
=(*■-, tv-y+^c^af-v-  ■  •  ■    ) 

Id  particnlor 
Example  7. 

_-6  +  12i-2-3i+l 

-5  +  12t  +  2  +  8i  +  l' 
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COKJDQATB  COMPLEX  KDMBEES. 
_  -6  +  9t_8(-g  +  3i)(-2-16i) 


_147^  72. 


Fram  this  w«  infer  that 

*^^^'^-229    22^' 
Q  wMoh  the  student  should  verify  b^  direct  calcnIatiaD. 


CONJUGATE  COMPLEX    NUMBERS,    NORMS,   AMD   HODULL 

5  6.]  Two  complex  numbers  which  differ  only  in  the  aign 
o{  their  imaginary  part  are  said  to  be  conjugate.  Thus  —  3  —  2t, 
and  -  3  +  2i  are  conjugate,  bo  are  -  4t  and  +  4t ;  and,  generally, 
!c  +  yi  and  x-yi. 

Ueing  this  nomenclature  we  may  enunciate  Cor.  3  of  §  6 
as  follows : — 

If  the  coefficients  of  the  rational  function  ^^  be  real,  then 
the  valties  of 

^(z,  +y,i,    x,  +  y,i,  .  .  .  x„  +  y„t) 
and  *(a;,-y,i,    x^-y,i,  ■  ■  •  ^~Hn<), 

where  the  values  of  the  variables  are  conjugate,  are  conjugate 
complex  numbers. 

The  mm  and  the  product  of  two  amjvgale  cxmplex  niimiers  are 
real. 

For  {x  +  yi)  +  (x  -  yi)  =  2x, 

and  (a;  +  yi)  (a:  -  yt)  =  a^  -  y*?  =  a:*  +  y*. 

Conversely,  if  both  the  mm  and  the  product  of  two  complex  nuirAers 
be  real,  then  eiihw  both  ore  real  or  they  are  conjugate. 

For  let  (a;  +  yt)  +  (a:- +  j/t)  =  s  (1), 

(^  +  j«)(x'  +  y't)  =  j.  (2), 

where  both  s  and  p  are  real. 

We  may  write  (1)  and  (2)  as  follows, 

(a;  +  3r')  +  (y  +  y')i  =  s  (1'), 

{x^-y^)*(7^^7!y)i=p  (2'). 
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From  (1")  and  (S")  we  infer,  by  §  3,  that 
x  +  i^     =s  (3),  y  +  y"     =0  (4), 

^-W=P  (5).  ay  +  2'y=0  (6). 

Now  (4)  gives  y*  =  -  y,  and  this  reduces  (6)  to 

S(/-s)-0  (7). 

Hence  either y  =  0  ora;'-i  =  0. 

If  y  =  0,  then  y*  =  -  y  =  0,  and  the  two  complex  numbers 
are  both  real 

If  a"  - 1  =  0,  then  of  =  x.     Hence,  since  y"  =  -  y,  we  have 
x"  +  y**  =  a;  -  yi, 
that  is  to  say,  x'  +  y*!  is  the  conjugate  of  a;  +  yt. 

The  equations  (3)  and  (5)  enable  us  to  calculate  the  values 
of  z  and  y,  and  therefore  of  z"  and  y",  in  terms  of  s  and  j>.  The 
results  are  X  =  a:'  =  s/2,  y=  -i/  =  ^(p  - i^|4),  as  the  reader  will 
easily  verify. 

§  7.]  By  the  norm  of  the  complex  number  x  +  yt  is  meant 
a^  +  y" ;  this  is  often  denoted  by  norm  {x  +  yi),  so  that 

norm  (x  +  yi)  =  a^  +  y". 
We  have  also  norm  (a;  -  yt)  =  x"  +  (  -  y)'  =  a^  +  y*. 

Hence,  since  (a:  +  yt)  (a;  -  yi)  =  a"  +  y*,  it  follows  that  a  ampUx 
number  and  Us  conjugaU  have  the  same  norm ;  and  the  luma  is  the 
produd  of  ths  two. 

By  the  modulus  of  a  complex  number  is  meant  the  positive 
value  of  the  square  toot  of  the  norm.     The  modulus  of  x  +  yi  is 
often  denoted  by  mod  {x  +  yi).     We  have,  therefore,  by  definition 
mod  (x  +  yi)  =  +  s/(a^  +  y*). 
It  is  obvious  that  a  complex  number  and  iis  ccnjugaU  have  the 
sams  modulus ;  and  that  this  modulus  is  the  positive  valw  of  the 
square  wot  of  their  product. 
In  other  words, 

mod  (x  +  gC)^  mod  (x  -  yi)  =  +  ^/(x  ■f-yi){x-  yi). 
Ebtunplea. 

Norm  ( -  8  +  4»)={  -  8)'+4'=25.'' 
Mod[-8-)-4i)=  +  V(-B)HJ'"=6. 
Mod(-3-«)=  +  \'(^8)»+{^i)»=6. 
Mi>d(I+i)=  +  V0'+l')=V2. 
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It  should  be  noticed  that  if  y  =  0,  that  is,  if  the  complex 
number  be  wholly  real,  then  the  modnluB  reduces  to  +  Vn^, 
which  is  simply  the  vslue  of  x  taken  with  the  positive  sign, 
or,  say,  the  numerical  value  of  x.  For  example,  mod  ( -  3) 
=  +  s/(  -  3)'  =  +3.  For  this  reason  continental  writers  fre- 
quently use  "mod  iE,"_where.a;  Ja. a  real  .quantity,  as  an  abbrevia- 
tion for  "tlie  numerical  value  of  x."  We  shall  occasionaUy 
make  use  of  this  convenient  contraction. 

For  TeaaonB  Hat  will  be  understood  by  referring  once  mora  to  §  2,  the 
oidinary  algebraical  ideas  of  greater  and  lem  which  appl;  to  reel  quantitiea 
'  cannot  bs  attached  to  complex  nmnbers.  The  reader  will,  however,  find  that 
for  many  purpoeea  the  measure  of  the  "  magnitude"  of  a  coraplei  number  i« 
ita  modulns.  We  cannot  at  the  present  stage  explain  precisely  How  "^magnl- 
tnde"  isliere  to  be  nnderstood,bnt  we  may  remark  that,  in  Argaud's  diagram, 
the  representative  points  of  all  complex  numbers  whose  moduli  are  less  than 
P  lie  within  a  circle  whose'centn  ia  at  the  origin  and  whose  radius  is  p. 

§  8.]  If  a  complex  nwrnher  vanish  Us  modulus  vanishes;  aiid, 
eonversely,  if  the  modulus  vanish  the  complex  number  vanishes. 

For   if  X  +  ^  =  0,  then,  by  §  3,  x  =  0  and  y  =  0.     Hence 

Again,  if  ^(a?  +  y^  =  0,  then  a:"  +  y"  =  0 ;  but,  since  both  x 
and  y  are  real,  both  a?  and  y"  are  'positive,  hence  their  sum 
cannot  be  zero  unleBs  each  be  zero.     Therefore  x  =  0  and  y  =  0. 

If  tujo  complex  nuTnbers  are  e^ual  VieiT  moduli  are  equal ;  btUthe 
anwerse  is  not  true. 

For,  if  X  +  yi  =  3f  +  j/'i,  then,  by  §  3,  x  =  x',  y  =  y'.  Hence 
V(a^  +  J0=  ^(a^  +  n 

On  the  other  hand,  it  does  not  follow  from  a^  +  y*  =  a/*  +  y" 
that  x  =  3f,  t/  =  y'.     Hence  the  converse  is  not  true. 

5  9.]  Provided  aU  the  coefficients  in  ^j  +  yi)  be  real,  we  have 
seen  (g  6,  Cor.  2)  that  if 

<f^z  +  yi}  =  X^Yi, 
where  X  and  Y  are  real,  then 

^a:  -  yO  =  X  -  Yi. 
Now  norm  <l>{x  +  yi}  =  norm  (X  +  Y^,  f  -■'    ■ 

=  X'  +  Y', 
=  (X  +  Yt)(X-Yi), 
=  ^ai  +  yQ^a!  -  yi). 
VOL.  I.  Q 
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Hence 

norm  <ft(z  +  yi)  =  norm  <i>{x  -  yi)  =  <f^x  +  yi)<ji(x  ~  yi)        (1). 
From  this  again  it  foUowe,  since  the  modulus  is  merely  the  positive 
value  of  the  square  root  of  the  norm,  that 

Tjuid  <f^x  +  si)  =  mod  il>(z-yi)=  +  •J<p{x  +  yi).f)(x-i/i)      (3). 
In  like  manner  it  foUowe  irom  §  5,  Cor.  3,  that 
mod-f,{x,  +  tf,i,    x,  +  yj>  .  .  .  !c„  +  y„t) 

=  morf  ^(z, - y,i,     x,-y,i,  .  .  .  x^-y^i), 
=  +  ./[^z,  +  y,»,     !K,  +  jfA  -  .  .  ^  +  y«t) 

^<^x,-y,i,x^-yA  .  ■  .  a«-y„0]  (3). 

A  similar  theorem  holds  also  for  the  norm. 

The  theorems  expressed  by  (2)  and  (3)  are  very  useful  in 
practice,  as  will  be  seen  in  the  examples  worked  below. 

It  should  be  observed  that  (3)  contains  certain  remarkable 
particular  cases. 

For  example,  let  ^k,  +  y,i,  Xt  +  y,i,  .  .  .  x^*  y„i)  =  {x,  +  yii) 
(x,  +  y^)  .  .  .  (Xn  +  y„i).     Then  we  have 
mod  {(a:.  +  y,i)  (ar,  +  y^)  .  .  .  (ib„  +  y„»)} 
=  +  J[{x,  +  y,i)  {x,  +  y,t)  .  .  .  {x„  +  y„t) 

=<(x,-y,i)(x.-y.i)  .  .  .  (a^-y»i)], 

=  +  ^^{^■'  +  y.')^=f.'  +  y.')  ■  ■  •  (a^'  +  yp, 

=  ( +  ^3i*  +  y,*)  { +  "^x'  +  y.*)  .  .  .  { +  -Jx^  +  yn"), 

=  mod  (i,  +  y,i)  x  mod  {»:,  +  y,t)  x . , ,  x  mod  (z„  +  y„i)   (4), 
In  other  words,  the  moduha  of  the  product  o/  n  complex  numbers 

is  ecptai  to  the  product  of  their  modvii. 

Again,  let  <^  be  the  quotient  (as,  +  yS)l{xt  +  y^}.     By  (3)  we 

have — 


mod 


Vafi  +  y^  V   \x,  +  y,i}  ^  \x,-y,i}' 

V  ai.'  +  y." 

„+  V(z.'-.y.-) 

+  v'(3^'  +  y.')' 

__  mod  (x,  ■+  y,i) 
~  mod  {x,  +  yj) 
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In  other  words,  the  madvine  of  the  quoUerU  of  two  a/mplex  nam- 
Sen  M  ihe  quotient  of  their  modtdi. 

§  10.]  The  particular  cases  (4)  and  (fi)  of  last  paragraph  are 
80  important  that  we  shall  give  an  independent  proof  of  them. 
We  do  so  the  more  willingly  that  we  shall  light  upon  some  in- 
teresting results  by  the  way. 

Consider,  in  the  first  place,  the  product  of  two  complex 
numbers,  a:,  +  y^i,  z,  +  y,t.     We  have 

{x,  +  y,t)  (x,  +  j/,i)  =  {x,Xt  -  yj/^  +  (ayf,  +  ay(.)i, 
hence 
norm  {(k,  +  y,»)  {x,  +  y,*)}  =  norm  {{z^x,  -  yj/,)  +  {xjf,  +  a:^,)i} , 
=  {x,x,  -  yj/^'  +  (a^y,  +  x^,)', 
by  definition, 

= a^i  V  +  yi  V  ■*■  !^iV  +  '"'y'j 

=  x,'{Xt'  +  y,')  +  y,'(t/,'  +  z,'), 

=  (V  +  y.')(V  +  y.'), 

=  norm  (x,  +  y,*)  x  norm  (a^  +  y,^ 
Hence 

mod  {(z,  +  y,t)  {x,  +  y^)}  =  mod  (i,  +  y,t)  x  mod  (x,  +  y,^. 
Having  proved  the  theorem  for  two  fiictors,  we  can  eatabhsh  it 
for  three  thus. 

Mod{{x,  +  y,i){x,-,y,i)ix,  +  y.i)] 

=  mod  [  {{x,  +  y,»)  (x,  +  y^)}  {x,  +  y^], 
=  mod  {{x,  +  y,i)  (x,  +  y^}  x  mod  (x,  +  y,i), 
by  the  case  already  established,  since  (a^  +  y,t)  (x,  +  y,i)  is  a  com- 
plex number, 

=  mod  (Xi  +  y,*)  x  mod  (x,  +  y,t)  x  mod  (x,  +  y^t), 
once  more  by  the  case  first  established. 

By  proceeding  in  this  way  we  establish  the  theorem  for  any 
namber  of  factors. 

Cor.  In  the  course  of  the  above  demonstration  we  arrived 
at  the  identity 

(x'  +  y.")  (^'  +  y.")  =  (x,<e,  -  yj/,y  +  (ay/,  +  x^,y.      '  •  ■  I 
If  we  give  tox^  yuX^,  y,  positive  integral  values,  this  gives  us 
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the  proposition  that  Ifu  prodvct  of  two  integers,  each  of  vihieh  is  the 
sum  of  two  square  integers,  is  iisdf  the  sum  of  tvx)  square  iniegers  ; 
imd  the  formula  indicates  how  one  pur  of  values  of  the  two 
integers  last  mentioned  can  be  fonnd.     Again 

(^  +  y.t)  {it.  +  ViA)  (ai  +  y.i)  =  {XiXjc,  -  !c,ytf .  -  x^j/,  -  x^,y^ 
+  {jiiKA  +  y^iEi  +  V^<^  -  M*")^ 

Hence,  if  ve  calolate  the  norm  directly  from  this  last  result, 
and  also  by  the  rule  for  a  product,  we  have 

W  +  y.*)  (^'  +  y.^  K'  +  y.*)  =  (^i=v,  -  xj/a.  -  ^j/x  -  aiy.y/ 

This  shows  that  the  product  of  three  sums  of  two  integrai  squares 
is  the  sum  of  heo  integrai  squares,  and  shows  one  way  at  least  of 
finding  the  two  last  mentioned  integers. 

Similar  results  may  of  course  be  obtuned  for  a  product  of 
any  number  of  factors. 

Next  consider  the  quotient  (a:,  +  yit)/(iK,  +  y^).     We  have 

norm  (^±^')  =norm  j  (^i^lM?)  ^  (M^ZMAj  } , 


mod  (a^  +  y,i) 
mod  {x,  +  y,t)' 


Find  the  modnlns  of  (2  +  St)  (8  -  20  (6  -  4i). 
Mod{(2  +  8i)(S-2i)(6-4i)} 

=inod  (2  +  80  X  mod  (3  -  2i)  X  "nod  (8  -  «). 

=2ev(i8).  V 
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Example  2. 

Find  the  norm  of  (^2  +  1^3)  WS  +  i^/5)l(^/2  +  i\/&). 
Norm!W2±>NWN^±iV6i} 
(  ■s/2  +  i'Jb  S 

_  [  (^/24■i^/3)(V8^-fV5) )     I  (V2-tV3)(V3-VB)  I 

„(2  +  8)(8  +  5}_i0 


FindthemodolaBof  {G3+T)  +  (^-7)t}{(7  +  o)  +  (7-a)i}{<o+|8)  +  («-j9)i]. 
The  modalng  ia   V(((3+7)»  +  Q9--y)»H(.y  +  a)»+(.y-a)i}  {(a  +  ^)i+(.-ffi«}) 

Example  4. 

To  represent  26  x  20  x  84  >s  the  snin  of  two  iotegral  aqnares. 

Using  the  farmola  of  %  10  ne  have 

2ax20x84=(l»  +  6^(2'  +  4')(3'  +  6'). 

=  (1.2.8-1. 4.6-2.E.6-S.6.4)'  +  {6. 2.3  +  4. 8.1  +  6. 1.2- 6.4.6)', 
=  124* +  48*. 

§  11.]  The  modvltis  of  (he  sam  of  n  comply  nwnbers  is  neven- 
greaier  Ihan  the  mm  of  their  moduli,  and  it  tn  gen^ai  less. 

For  two  complex  numbers,  «,  =  i,  +  y,i,  z,  =  Xt  +  y^,  this 
amounts  to  proving  tli&t 

+  ^(ar,  +  a;)'  +  (y.  +  y,)'  *-  +  V{i.'  +  J'i*)+  VCV  +  y.")- 

Since  all  the  square  roots  are  positive,  this  e^ain  amounts  to 
proving  that 

(3^  +  3T,)'  +  (y,  +  y^':f-iK,'  +  y.'  +  ai'  +  y.'+2N'<3:,'  +  y,')(av'  +  y.'); 
that  ia,  if  we  subtract  x*  +  y/  +  ir,'  +  y,'  from  both  sides,  we  have 

to  prove  that  

^'^  +  2y^.  3>  2  N^(V  +  y,')(V  +  y,'); 
that  is,  that  Kia:,  +  yjf,  >■  v{3i'  +  y,")  (x^  +  y,*)- 

If  the  lefl;-hand  side  be  negative,  as  might  happen,  then  it 
is  obviously  not  greater  than  the  right,  which  is  positive  by  our 
[OQvionB  understanding ;  and  our  theorem  is  established. 

If  the  left-hand  be  positive,  it  will  be  sufficient  to  prove  that 

ziV  +  2z,3y/,y,  +  y,  V  >-  "^i  V  +  yxV.'  +  ^V  +  ^V ; 

that  is,  that  0  >■  3;,'y,'  +  a^'y,'  -  23^ar^,y, ; 

that  is,  that  0  >  {xj/,  -  xjf,y. 


byGooglc 


230   M0D(2,  +  3j  +  ...  +  2.)  >  M0D2j  +  MOD  2j  +  ...  +  MOD  Z,.  toHAF. 

Now,  since  x^  x,,  y^,  y,  are  all  real  {x^y^  -  x^,)*  cannot  be  less 
thaa  0,  and  will,  in  fact,  be  greater  than  0  unless  x,y,  -  x^i  =  0. 
The  theorem  is  therefore  proved  for  two  complex  numbers. 

Consider  now  three  complex  numbers,  z,,  z.  z.  Then,  re- 
membering that  z,  +  z,  is  a  complex  number,  we  see  by  the  case 
just  proved  that 

mod  (z,  +  ^  +  iO  =  mod  {(^1  +  ^  +  ^ 

>  mod  {z,+ziif  mod  z^ 
Also,  by  the  case  just  proved, 

mod  (zi  +  2,)  J.  mod  Zi  +  mod  z. 
Hence  mod  (z,  +  z,  +  z^  >  mod  Zj  +  mod  z,  +  mod  z^ 

Proceeding  in  this  way  we  establish  the  theorem  for  any 
number  of  complex  numbers.* 

It  will  be  seen  immediately  that  Argand'a  diagram  gives  an 
intuitive  proof  of  the  present  theorem. 

$12.]  We  have  seen  already  that  when  FQ  -  0,  then  either 
P  =  0  or  Q  =  0,  provided  F  and  Q  be  real  quantities.  It  is 
natural  now  to  inquire  whether  the  same  will  hold  if  F  and  Q 
be  complex  numbers. 

If  F  and  Q  be  complex  numbers  then  PQ  is  a  complex 
number.  Also,  since  PQ  =  0,  by  §  8,  mod  (PQ)  =  0.  But  mod 
(PQ)  :=  mod  P  X  mod  Q,  by  g  10.  Hence  mod  P  x  mod  Q  =  0. 
Now  mod  P  and  mod  Q  are  both  real,  hence  either  mod  F  =  0 
or  mod  Q  =  0.     Hence,  by  §  8,  either  P  =  0  or  Q  =  0. 

We  conclude,  therefore,  that  if  PQ  —  0  then  either  P  =  0  or 
Q=0,  whether  P  and  Q  be  real  quantiius  or  complex  n 


DISCUSSION  OF  COMPLEX  NUMBERS   BY  .  MEANS  OF 

ARCAMD'S  DIAGRAM 

§  13.]  Returning  now  to  Aland's  diagram,  let  us  consider 

the  complex  number  x  +  yi,  which  is  represented  by  the  radius 

vector  OP  (Fig,  l).      Let  OF,  which  is  regarded  as  a  signless 

magnitude,  or,  what  comes  to  the  same  thing,  as  always  having 

e  cannot  infer  the  troth  of  a  dmilar 
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the  poeitiTe  sign,  be  denoted  by  r,  and  let  the  angle  XOP, 
measured  coanter-clock-wise,  be  denoted  by  0. 

We  have  seen  that  if  OP  represent  x  +  yi,  then  x  and  y  are 

the  projections  of  r  on  X'OX  and  Y'OY  respectively.     Henc« 
we  have,  by  the  geometrical  definitions  of  cos9  and  «ai9, 

r=  +  ^/(»;-  +  rt  (1), 


-  =  cobA 


=  amfl, 


(2). 


From  (1)  it  appears  that  r,  that  is  OP,  is  the  modulus  of  the 
complex  nomber.  The  equations  (2)  uniquely  determine  the 
angle  0,  provided  we  restrict  it  to  be  less  than  2t,  and  agree 
that  it  is  always  to  be  measured  connter-clock-wise.  We  call 
6  the  am^itude  of  tJie  complex  number.  It  follows  from  (2) 
that  every  complex  number  can  be  expressed  in  terms  of  its 
modulus  and  amplitude ;  for  we  have 

a;  +  yi  =  r(cosd  + 1  sinfl)  (3). 

This  new  form  possesses  many  important  advantages. 

Since  two  conjugate  complex 
numbers  difTer  only  in  the  sign  of 
the  coefiBcient  of  t,  it  follows  that 
the  radii  vectores  which  represent 
them  are  the  images  of  each  other 
in  the  axia  of  x  (Fig.  3).  Hence  ; 
two  such  have  the  same  modulus, 
as  we  have  already  shown  analytic- 
ally; and,  if  the  amplitude  of  the 
one  be  ^,  the  amplitude  of  the  other 
will  be  2)r  -  ft  In  other  words,  the 
amplitudes  of  two   coigugate  complex  numbers  are  conjugate 


Bzunple. 
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I  li.]  If  OP,  OQ'  (Fig.  4)  represent   the  complex  uumberB 
X  +  t/i    and     3f  +  i/i,    and    if 

PQ  be  drawn  piiraUel  and  eqoal 

to  OQ',  then  OQ  vill  represent 
the  sum   ot  x  +  yi  and  a!  +  ^i. 

For  the  projection  of  OQ  on  the 
X-axis  is  the  algebraic  snm  of  the 

projections  of  OP  and  PQ  on  the 

same  am,  that  is  to  ea.j,  the  projection  of  OQ  on  the  z-azis  is 

X  -f  /.  Also  the  projection  of  OQ  on  the  ^-azis  is,  by  the  same 
reasoning,  y  +  y*.  Hence  OQ  represents  the  complex  number 
(a  +  «")  +  (y  +  y")*,  which  is  equal  to  (z  +  yi)  +  {x'  +  y'i). 

By  similar  reasoning  we  may  show  that  if  OP, ,  0P„  OP,,  0P„ 

0P„  say,  represent  five  complex  numbers,  and  if  P,Q,  be  parallel 

and  equal  to  0P„  Q,Q,  paraUel  and  equal  to  OP,,  and  so  on,  then 
OQs  represents  the  com- 
plex number  which  is 
the  sum  of  the  complex 
numbers  represented  by 
0P„  0P„  0P„  OP., 
OP.. 

This  is  precisely  what 
is  linown  as  the  polygon 
law  for  compounding 
vectors.  Since  OQ,  is 
never  greater  than  the 
perimeter  OP.Q,Q,Q.Q„ 
and  is  in  general  leas, 
F^.  5  gives  OS  an  in- 
tuitive geometrical  proof 
that  the  modulus  of  a  sum  of  complex  numbers  is  in  general  less 
than  the  sum  of  their  moduli. 
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§  16.]  If  we  employ  the  new  form  obtained  for  a  complex 
number,  and  work  out  the  product  of  two  complex  numbers, 
r,(coB9,  +  i  sin^i)  and  r^eoaff,  +.t  sin^,),  we  hare 

r,(coB9,  +  *  sm6i)r,{coi6,  +  i  sinS^ 
=  r,r,  { (coa^i  coatf,  -  ein^i  &mO^  +  (sin^i  coefl,  +  costf,  an0,)i } , 
=  r.r.  lcos(fl,  +  ^,)  +  i  sin(^,  +  $,) }  (1). 

We  thus  prove  that  the  product  of  two  complex  numbers  ia  a 
complex  number,  whoae  modulus  r,r,  is  the  product  of  the  moduli 
of  the  two  numbers,  reanlts  already  established ;  and  we  have 
the  new  theorem  that  the  ampliiude  of  Ike  product  ia  the  mm  of  the 
amplitudes  of  the  fadors. 

This  last  result  is  clearly  general ;  for,  if  we  multiply  both 
aides  of  (1)  by  an  additional  factor,  r,(cos9(  +  i  sin^J,  we  have 
r,(cosfl,  +  i  Binfli)r^cosfl,  +  i  a\n6^J^o&$,  +  i  ainfl,) 

=  r.r,  { coa(fl,  +  tf^  +  i  Hin(fl,  +  0^)  \  »-,(co8tf,  +  *  ainfl^, 
=  r.rjr,  { C08(^  +  $,  +  e,)  +  i  «ia{$^t  +  i».) } , 
by  the  case  already  proved, 

=  )-,r,r,  { co8(^,  +  e,+  9^  +  i  ain(tf ,  +  fi,  +  ^^ } . 
Proceediug  in  this  way  we  ultimately  prove  that 
ri{cosfl,  + 1  sind,)r,{co8$,  + 1  ain^,) .  .  .  r„(cofltf„  +  i  sin^q) 
=  nr..  .  .r„{co8{tf.  +i»..  .  .  +  0„)+imi{e,  +  0,  +  ...  +  e^)]      (2). 
This  result  may  be  expreased  in  words  thus — 

The  product  of  n  convplet  numbers  is  a  complex  number,  whose 
modidus  is  the  product  of  the  moduli,  and  whose  ampliiude  is  the  sum 
of  the  amplitudes  of  then  complex  numiiers. 

If  we  put  r,  =  r, .  .  .  =  r„  each  -  1  aay,  we  have 
(cos^,  +  {  sin9i)(cos0,  + 1  sind,} .  .  .  (cob9„  +  i  ain$„) 

=  cos((?,  +  6,.  .  .  +  $„)  +  ieia(9,  +  0,  +  .  .  .  +  $„)         (3). 
This  is  the  most  general  form  of  what  is  known  as  Demoiw€s 
Theorem. 

'       If  we  put  di  =  8t  =  .  .  •  =  fl„,  each  =  By  then  (3)  becomes 
(costf  + 1  ain^  =  cosntf  +  i  sinntf  (4), 
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which  is  the  aexul  form  of  Demoivre'e  theorem.*    It  is  an  analy- 
tical result  of  the  highest  importance,  as  we  shall  see  presently. 

The  theorem  for  a  quotient  corresponding  to  (1)  may  be 
obtained  thus — 
r(cosg  +  i  sing) 


r'{coae'  + 1  sinfl') 

_r(cosg  +  «  Bind)(co8^-iBin^) 
r'(oo^^  am'ff)  ' 

=  -;  { {coB$  cosff'  +  sin^  sin^)  +  (sinfl  oos^  -  coafl  sinff)t } , 

-p(oo.(»-9')  +  im(9-eO)  (6). 

Hence  the  quoHent  of  iieo  complex  wtTohers  is  a  complex  number 
lohase  modithe  u  the  quotient  of  the  moduli,  and  whose  amplitude  is 
the  differmce  of  the  ampliiudes  of  the  two  complex  mtmiers. 

g  16.]  There  is  an  instructive  way  of  looking  at  the  results 
of  last  paragraph  which  is  worthy  of  the  reader's  notice. 

We  may  write  t(cob6  +  i  sinS)  in  the  form 

r(cos9  + » aiaS)  l{co80  +  i  rinO)  (1). 

Now  1(cobO +t  sinO)  is  represented  by  a  vector  OA  of  unit 
length  lying  along  OX.  Hence  we  may  regard  r(oo8fl  + 1  sinei) 
as  an  operator  wliich  performs  the  double  function  of  turning 
OA  through  an  angle  d,  and  of  lengthening  it  in  the  ratio  r:l; 
so  that  it  finally  converts  OA  into  OP. 

If  this  view  of  r(coaff  +  i  sin^)  be  admissible,  then  in  the 
product 

/(cosfl'  +  i  anffXcoae  + 1  antf)  (2) 

/(cos^  +  i  einff)  mnat  perform  the  same  function  as  t-(cosd  + 
i  sin^)  did  in  (1).  That  is  to  say,  r'(cos^  +(  sin^")  must  be  re- 
garded as  taming  OP  through  an  angle  ff,  and  lengthening  it  in 
the  ratio  r'. 

The  final  result  is  clearly  the  same  as  if  we  had  turned  OA 

*  Thia  theoram  wu  firat  given  in  Demoivre'a  MiaaUanea  AnaXytica  (LoDd. 
1780),  p.  1,  in  the  form 

ir=J  V{i  +  V(P-l)} +l/'v'{I  +  V(P-l)}. ''liereiB=C0B9,  I=oo»ie. 
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through  the  angle  d  +  ff,  and  lengthened  it  in  the  ratio  rr" :  1. 
In  other  words,  the  operators 

/(COBS'  +  i  8in6')r(coBS  +  i  anff) 
and  rr*  { oos(tf  +  e')  +  i  8in(ff  +  ff)} 

ought  to  be  equivalent 

Thia  agrees  with  §  16  (1).  We  can  now  proceed  to  combine 
as  many  operators  of  the  form  T(cQa9-i-i  sintf)  ae  we  please; 
and  we  see  IntuitiTe)}'  that  their  combined  effect  is  that  of  an 
operator  whose  modulus  is  the  product  of  their  moduli,  and  whose 
amplitude  is  the  sum  of  their  amplitudes.  We  thus  obtain  a 
proo^  or  at  least  a  beautiful  iUuetration,  of  g  Ifi  (3)  and  (4). 

IRRATIONAL  OPERATIONS  WITH  COMPLEX  NUMBERS. 

5  17.]  Since  every  irrational  algebraical  function  involves 
only  root  extraction  in  addition  to  the  four  rational  operations, 
and  since  we  have  shown  that  rational  operations  with  complex 
numbers  reproduce  complex  numbers  and  such  only,  if  we  could 
prove  that  the  nth  root  of  a  complex  number  has  for  its  value, 
or  values,  a  complex  number,  or  complex  numbers  and  fluch  only, 
then  we  should  have  established  that  all  algebraical  operations 
with  complex  numbers  reproduce  complex  numbers  and  such 
only. 

The  chief  means  of  arriving  at  this  result  is  Demoivre's 
.  theorem ;  hut,  before  resorting  to  this  powerful  analytical  engine, 
we  shall  show  how  to  treat  the  particular  case  of  the  square  root 
without  its  aid. 

Let  us  suppose  that 

^/(a!  +  yt)  =  X  +  Y^  (1). 

Then  a;  +  yi  =  X' -  Y"  +  2XYi. 

Hence,  since  X  and  Y  are  real,  we  must  have,  by  §  3, 

X'-Y"  =  a;  (2), 

2XY  =  y  (3). 

Squaring  both  sides  of  (2)  and  (3),  and  adding,  we  deduce 
(X'  +  Y^'  =  a^  +  y'; 
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wbencQ,  since  X*  +  Y'  is  necessarily  positive,  we  deduce 

X'  +  r=  +  s/(^  +  y')  (4). 

From  (2)  and  (4),  by  addition,  we  derive 

2X'=  +  J{^  +  ff  +  z, 
that  is,  3^.^,Ly(^NjO±?. 


We  therefore  have  X  =  ±     /-^  ■J{^^f)-\rx  ^^^ 

In  like  manner  we  derive  from  (3)  and  (4),  by  snbtraction,  &c, 


'v/^ 


V(5Lt»v 


(6)- 

Since  a^  +  y*  is  numerically  greater  than  sf,  +  V(ie'  +  y^  is 
numerically  greater  than  x.  Hence  the  quantities  under  the 
sign  of  the  square  root  in  (5)  and  (6)  are  both  real  and  positive. 
The  values  of  X  and  Y  assigned  by  these  equations  are  therefore 
real 

Since  2XY  =  y,  like  signs  moat  be  taken  in  (5)  and  {6),  or 
nnlike  signs,  accordii^  as  y  is  positive  or  negative. 

We  thus  have  finally 

^(-^)-{y2EM±f,,y3EMEl}  (7), 

if  y  be  positive, 

if  y  be  negative. 

N.B. — ^Although  the  values  of  X  and  Y  are  in  all  cases  real, 
they  vill  not  be  rational  unless  x*  +  y*  be  the  square  of  a  rational 

number. 

Example  1. 

Express  •/(&  +  6i]  08  ft  complex  number. 

Let  V(8  +  6>)=»'  +  y*- 

Then  z'-y'=8,    2iv=6. 

HettM  (iE'  +  y")'=«4  +  Bfl=100. 

Hsnce  z'+y'=10; 

and  «?-y*=8. 
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Therefore  2a!"=18,     2y'  =  2. 

Hence  a!=±3,     y  =  ±l.' 

Since  2^=8,  we  mnat  have  either  as  =  +3  and  y  =  +  l,  or  a;; 
y=-l. 

Finally,  therefote,  we  hftve 

V(8  +  8»)=±(S+i); 
the  comctneas  of  which  can  be  immediately  veriAed  by  squaring. 


V(3-7i).±{  yviM)ts_(yyPFi|. 

Example  3. 

Ez^eas  V( + 0  ">^  V(  ~  *}  ■^  complex  uumbera. 
Let  V(+»)=i=+!rf; 

then  i=3?-y'+2xyi. 

Hence  ib'-j/*=0  (a),  2av=l  (p). 

From  (a)  we  have  {x  +  yHx-y)  =  0  ;  that  is,  either  y=  -  xoiy  —  x.  The 
fonner  alternative  is  inconsistent  with  (^]  ;  hence  the  latter  muat  be  accepted. 
We  then  have,  from  {p),  23?-l,  whence  a?  =  I/2  and  x=±l/-^2.  Since 
y=3!,  we  have,  finally, 

Similarly  we  show  that 

Example  4.  ^.  ^  ^„  ■{/,  iCa/^ 

To  eiprese  the  4th  roots  of +  1  and  -1  aa  complex  nnmbera,  -       f   - 

i/  +  l=  VV  +  i='\/±l=\/  +  l<'r  %/-!  =  *!  or  ±i^ 
Hence  we  obtain  1  4th  roots  of -tl,  namely,  +1,  -I,  +i,  -i. 
Again  -^ -1=  JTJ^l=  J±i. 

Hence,  by  example  3, 

Va  \/2 

§  18,]  We  now  proceed  to  the  general  case  of  the  nth  root 
of  aoy  complex  number,  r(coB6  +  i  an0). 

Since  r  is  a  positive  number,  v^r  haa  (aee  chapL  x.  §  2) 
one  real  positive  value,  which  we  may  denote  by  r"". 

Consider  the  n  complex  ntimbers — 

.^(co.?tim^)  (1), 

,  .    2^  +  *^ 
+  •"— ^  (2), 


Iifr/,/.K 


"(co 
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'^)  (')• 


^(c 


(S+1), 


2(w-lV  +  ^     -  .    2(n-l>r  +  ff\-         .  . 


No  two  of  these  are  equal,  aince  the  amplitudeB  of  any  two 
differ  by  less  than  2ir.  The  nth  power  of  any  one  of  them  is 
r(coBfl  + 1  aaS) ;  for,  take  the  a  +  1th,  for  example,  and  we  have 

|^^coe-^4-,Bin-^j| 

/'J\"/       2M+9     .  .    2sff  +  ^'' 

/      2sw+e   .  .    28V +e\ 

=  r(co6» +  »emn 1, 

by  Demoivre'e  theorem, 

=  r(cOB(2sjr  +  $)  +  i  8in(23jr  +  S) ), 

=  T{aoee  +  iam0). 
Hence  the  complex  nnmbera  (1),  (2),  ...  (n),  are  n  different 
nth  roots  of  t-{co8^  +  i  ain^). 

We  cannot,  by  giving  values  to  s  exceeding  n  -  1,  obtain  any 
new  values  of  the  nth  root,  for  the  values  of  the  series  (I),  (3), 
.  ,  .  (fl),  repeat,  owing  to  the  periodicity  of  the  trigonometrical 
functions  involved.  We  have,  for  example,  /'"{cos.  (2»ur  +  ff)/n  + 
i  sin.{2njr  +  tf)/n)=r'/"(co8.S/n  + 1  sin.  tf/n);  and  so  on. 

We  can,  in  &ct,  prove  that  there  cannot  be  more  than  n 
values  of  the  nth  root.  Let  us  denote  the  complex  number 
r(coa6  +  i  sind)  by  a,  for  shortness ;  and  let  z  stand  for  any  nth 
root  of  a.  Then  must  a"  =  a,  and  therefore  a"  -  a  =  0.  Hence 
every  nth  root  of  a,  when  substituted  for  a  in  a"  -  a,  causes  this 
integral  function  of  «  to  vanisL  Hence,  if  z,,  2,  .  .  .  z,  be  <  nth 
roots  of  a,  z-Zj,z-z,  .  .  .  z-z,  will  all  be  factors  of  ;!^  -  o, 
Now  3"  -  a  ia  of  the  nth  degree  is  z,  and  cannot  have  more  than 
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n  fftctoTS  (see  chap,  v,,  §  16).  Hence  s  cannot  exceed  n;  that  is 
to  say,  there  cannot  be  more  than  n  nth  roota  of  a. 

We  conclude  therefore  that  every  complex  mawher  has  n  rUh 
roots  and  no  mart ;  and  each  of  then  nth  roots  can  hi  ex^e^ed  as  a 
complex  nujnher. 

Cor.  1.  Since  every  real  number  is  merely  a  complex  number 
whose  imaginary  part  vanishes,  it  follows  that  every  real  number, 
whether  positive  or  negatiM,  has  n  nth  roots  and  no  more,  each  of 
which  V  ei^essUile  as  a  complex  number. 

Cor.  2.  The  imaginary  nth  roots  of  any  real  number  can  be 
arranged  in  conjugate  pairs.  For  we  have  seen  that,  ii  x  +  yihe 
any  nth  root  of  o,  then  {i;  +  yi)"-a=0.  Hence,  if  a  be  real 
(but  not  otherwise),  it  follows,  by  §  5,  Cor.  4,  that  (x  -  yi)"  -  a  =  0 ; 
that  is,  z  -  ^  is  also  an  nth  root  of  a. 

N.B. — ^Thia  does  not  hold  for  the  roots  of  a  comjJex  number 
generally,       ' 

"119.]  Every  real  positive  quantity  can  be  written  in  the 
form 

KcosQ  +  i  BJnOl. .  (A) ; 

and  every  real  neRativp  ^iiantity  in  the  form 

r(co3ir  +  »  sinir)  (B) ; 

where  r  is  a  real  positive  quantity.  Hence,  if  we  know  the  n 
nth  roots  of  cosO  -f  t  sinO,  that  is,  of  +  1,  and  the  n  nth  roots  of 
cos  IT  + 1  sin  r,  that  is,  of  -  1,  the  problem  of  finding  the  n  nth 
roots  of  any  real  quantity,  whether  positive  or  negative,  is 
reduced  to  finding  the  real  positive  value  of  the  nth  root  of  a 
real  positive  quantity  r  (see  chap.  zL  §  16). 

By  means  of  the  nth  roots  of  ±  1  we  can,  therefore,  com- 
pletely fill  the  lacuna  left  in  chap.  z.  §  2.  In  addition  to  their 
use  in  this  respect,  the  nth  roots  of  ^  1  play  an  exceedingly  im- 
portant part  in  the  theory  of  equations,  and  in  higher  algebra 
generally.  We  therefore  give  their  fundamental  properties  here, 
leaving  the  student  to  extend  his  knowledge  of  this  part  of 
algebra  as  he  finds  need  for  it. 

Putting  7=1  and  ^  =  0,  in  §  IS  (1) .  . .  (n),  and  remembering 
that  1''"  =  1,  we  obtain  for  Ae  n  nth  roota  of  +  1, 
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cosO  -I-  *  sinO  (1), 

COB  —  + »  ain  —  (2), 

2i7r      .    .      2sjr  .        ,, 

COS n  am  —  (s  +  1), 

n                n  ^        " 

2{n-l)ff      .    .     2(n-l}7r  .  , 

cos  — ^- ~  +  »  Bin  -i '—  («). 

Putting  r=  1,  6  =  v,  we  obtain,  for  the  nth  roots  of  -  1, 

COB  -  +  t  am  -  (1 ), 


3w      .    .     Stt 
COB  —  + 1  ain  — 

(n 

eo.f^'^^'.idn*'"'*' 

('+!■), 

n                         n 

W 

e   eo..S(»-lW»-K...2:r/.,   .i 

..2(« 

-lK/» 

-Bia2ir/n;cofl.2{n-2)w/n  =  coB.i)r/n,Bin.2{n-  2)5r/n  =  — Bin,4ir/n, 
&nd  so  on,  iw  can  arrange  ihe  roots  of  +  1  as  follows : — 
nth  roots  of  +  1,  »  eren,  =  2in  say, 


(■  1,  COS  —  ±  i  sin  — ,     cos  —  :t  i  sin  — ,  ,  .  . 

n  n  n  n 


nth  roots  of  +  1,  n  odd,=  2m+  1  say, 

^  .    .     2)r  4ir  _^  .    .     4)r 


(C). 

byGooglc 


ma  ROOTS  OF  ±  1. 

Similarly  tee  canarratige  the  rtx4s  of  -  1,  as  follows:— 
nth  roots  of  -  1,  n  even,  =>  3m  say. 


nth  roots  of  -  1,  n  odd,  =  2ni  +  1  say, 

n-  3ff     .    .     3»- 

-,     COB  —  ±  t  sin  —  ... 

n  n  » 

(2f»  -  IW  ^  .   .    (2m  -  1 W 
001  1 —  ± «  sin  i '—,  —  1 


(E). 


(F). 


Prom  (C),  (D),  (E),  (F),  we  see,  in  accordance  with  chap.  x. 
§  2,  that  the  nth  root  of  +  1  has  one  real  value  if  n  be  odd,  and 
two  real  valnes  if  n  be  even ;  and  that  the  nth  root  of  -  1  has 
one  real  value  if  n  be  odd,  and  no  real  value  if  n  be  even. 

We  have  alao  a  verification  of  the  theorem  of  §  18,  Cor.  2, 
that  the  imaginary  roote  of  a  real  quantity  consist  of  a  set  of 
pairs  of  conjugate  complex  numbers. 

Cor,  2,  The  first  of  the  imaginary  roots  of  +  1  in  the  series 
(1)  .  .  .  (n),  namely,  coe.2ir/n -t- i  sin.2ir/fl,  is  called  a  jirimtftM* 
nth  root  of  +  1.     Let  us  denote  this  root  by  oi. 

Then  since,  by  Demoivre's  theorem, 

.      /        2ff      .    .     2jr\*  2jjr      .    .     3»ir 

<u'=lcoB  —  +I8m  — 1  =c06  —  +  ism  — , 
\        n  n/  n  n 

and,  in  particniar, 

w"=(co8 —  +  »Bin  — )   =  cobSjt  +  i  8in2ff, 
\       n  n  / 

=  Ii 

*  By  a  primitiTtyiiiiaainary  nth  root  of  + 1  in  general  is  meant  an  nth  root  ' 
which  ii  uot  also  a  root  of  lover  order.  For  example,  coa.Sr/S  +  i  iiii.2r/8 
is  a  flth  root  of+1,  bnt  it  ii  also  a  cnba  root  of+I,  therefore  coe.2T/S4- 
jmn.eir/8  ia  not  a  prlmitiTe  Sth  root  of+1.  It  ia  obriaus  tliat  coB.2»'/n+ 
jaiii.2i'/nia  a  primitiTs  nth  root ;  bat  there  are  in  general  others,  and  it  ma^ 
be  ehowD  that  any  one  of  these  bu  the  proper^  of  Cor.  2. 
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we  see  that,  if  lole  a  jmmitwe  imaginary  rUh  root  of  +  1,  then  Qt« 
n  nik  roots  of  +  \  are 

a',  a',  ta   .   .   .  <«"  (G). 

Similarly,  if  m'  =  cob.  ir/n  + 1  Bio.  ir/n,  whuih  vie  may  call  a  primitive 
imaginary  ntk  root  of  -  1,  then  then  nth  roots  of  -I  an 

<a1,  «",  «'S  .   .   .  «'*»-!  (H). 

§  20.]  The  resolte  of  last  paragraph,  taken  in  conjunction 
with  the  remainder  theorem  (see  chap.  t.  g  15),  show  that 

Every  binomial  wUegnd  fvnctvM,  a^±A,ean  be  resolved  into  n 
factors  of  the  first  degree,  wAose  coefficients  may  or  may  not  be  vMly 
real,  or  into  at  mast  two  real  factors  of  the  first  degree,  and  a  numher 
of  red  factors  of  the  second  degree.* 

Take,  for  example,  i^  -  a**.  Thia  ftmction  vanishes  whenever  we  sab- 
Btitnte  for  x  any  2rath  root  of  a*^;  that  ie,  it  vuiiahea  whenever  x  has  any 
of  the  nines  ow,  ou*  ,  .  .  ou^  where  a  stand*  for  a  primittTe  2»ttli  loot 
of +L 

Hence  tlie  resolnllon  into  linear  factors  b  pven  b; 

a*"-a*"=(a!-(»«)(x-aw^.  .  .  («-««*■). 
To  obtain  the  resolntian  into  real  factors,  we  obeerre  that,  correspondiDg 
to  &B  woto  +0  and  -a,  we  hava  the  factors  x-a,  x  +  a;  and  that,  cone- 
aponding  to  the  roots  ii{«M.2nr/n±i  sin. 2n-/n),  we  have  the  fictots 
/    _  2»»-_    .    .     2«;W  —+    ■   •    ^""Y 

=  (  _  ??^V+  "   ■  »  — 

St? -20X008  —  + A 
Hence  the  resolntiou  into  real  bcton  ie  given  b; 

B*»-o*-3{a;-o)(aj+o)(z»-2aa!C0«  — +a^){a!'-2«>!C0«— +o'}.  .  . 
Wemay  treat  s^+o**,  ^t^l'-^"^',  and  ^^i^'+o*"*^,  in  aainiilar  way. 
Example  1. 

To  find  the  cube  rootsof -l-l  and  -1.  We  have  +l  =  l{coBO  +  i  sin'O). 
Heuoe  the  cabe  roots  of  + 1  are 

cosO+isiuO,  coB.S«'/S±isin.2T/S, 

*  The  aolntion  of  this  problem  was  first  found  in  a  geometrical  form  by 
Cotee ;  it  was  pnhliahed  witbont  demonstration  in  the  Bannonia  Menaararum 
(1722),  p.  113.  Demoivre  (Jfise.  AnaL,  p.  17]  gave  a  demonstration,  end  also 
found  the  real  quadratic  fiuiton  of  the  trinomial  l+2coaft^+^. 
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that  U  to  My,  +1,  -  l/2±l■^/3/2. 

Again  -l=l{i:osr+innT}.    Hence  tliecnbe  roots  of  -1  are 
coa.r/3±f  ain-r/S,  cosr-i-iamr, 
that  is  to  Bay.  l/2±iV3/2,  - 1. 

Example  S. 

To  find  the  cube  root*  of  l+i.      We  have   l+»=V2(l/V2  +  tl/V2) 
=  V^'^''^  ^^°  ~^  *  ^  '^°)-     Hence  the  cube  roota  of  1  + 1,  are 

2*(ooa  IB'+i  Mn  16°),  2t(co«  ISS'  +  i  sin  186*),  2*(cob  SSS'+i  «in  226°), 

2*(<JOsl6°  +  iBinl5°),  2*(-coB45°  +  iain*6'X2*(-™*6°-iain«°>, 

2»  2l 

Hera  it  will  be  observed  that  one  of  the  roots  has  no  conjugate  companioD 
root,  as  it  wonld  necesaarily  have  if  the  radicand  were  teal. 
Example  3. 

To  find  approximately  one  of  the  imaginary  7th  roots  of  + 1.     One  of  the 
imaginary  roots  is 

cos  5r25'W  +  i  Bin  Bl°26'4a*. 
By  the  table  of  natnral  sines  and  cosines,  thia  gives 

■623«S9S+-78183I8t 
aa  one  approximate  ralae  for  the  7th  root  of  +1. 

Example  4. 
■     If  »  be  one  of  the  imaginary  onbe  roots  of +1,  toahow  that  l  +  iB  +  t^=0, 
and  that  (uz+wV){<>'^  +  "V)  >a  l^-  ' 

We  haTel+u+«i*=(l-«^/(l-w)=0,  since  u^sl  and  1-w^O. 

Ajiain, 

(we  +  w^)  (<Ai+ iijj()= lA?  +  (ai*  +  ii^iy  +  ii^. 

Now  (1^=1 ;  and  u*-4-t^=w*w+is'=u+ii'*=  - 1,  aince  l  +  u+u*=0. 

FUNDAMSNTAL  PEOPOBITIOK  IN  THE  THEORY  OF  EQUATIONS. 
S  21.]  I/f{z)  =  A,  +  A,i  +  A^  +  ...+  A^  he  an  mUgrtdfum- 
tion  of  %  of  the  nth  degree,  whose  coefidetUs  A„  Ai  . .  ^„  are  given 
complex  numbert,  or,  in  partwuiiar,  real  tmmbers,  wAere,  of  cowae. 
An  +  0,  then  f{z)  can  alviays  be  ea^etaed  as  the  product  of  n/aeb/n, 
each  of  the  first  degree  in  z,  say  z-z„  z-e,,  s-z,.  .  .  s-Snt 
z„  Zt .  . ,  z„  being  in  general  complex  numbers. 
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It  is  obrioQS  that  this  proposition  can  be  deduced  from  tho 
following  subsidiuy  theorem : — 

One  value  of  z,  in  general  a  cotnpltx  number,  can  alwat/s  be  foand 
vihich  canues  /(e)  U>  vanish.   *) 

For,  let  us  Buppose  that  ^z^  =  0,  then,  by  the  renuunder 
theorem,  f(z)  =/,{«)  (z  -  «,)  where  /,{z)  is  an  integral  fuDcUon  of  z 
of  the  n  -  1th  degree.  Now,  by  our  theorem,  one  value  of  z  at 
least,  say  z,,  can  be  found  for  which  /,(z)  Tanisbeg.  We  have, 
therefore,  f,(z^  =  0 ;  and  therefore  fi{z)  =/,(s){e  -  z^,  where  /,{«) 
is  now  of  the  n  -  2th  degree  j  and  so  on.  Hence  we  prove 
finally  that 

where  A  is  a  constant. 

§  22.]  To  prove  the  subsidiary  theorem  of  last  paragraph, 
we  have  to  show  that  a  value  of  e  can  always  be  found  which 
shall  render  mod/(z)  smaller  than  any  asaignable  quantity.  This 
will  be  established  if  we  show  that  however  small  mod/(2)  be, 
provided  it  be  not  zero,  we  can  always,  by  properly  altering  z, 
make  mod/(z)  smaller  stilL 

Let  us  suppose  that  z  is  altered  to  z  -t-  A,  where  A  is  a  com- 
plex number,  say  r(cos^  +  i  sin^). 

Since 
/(.-.;*).  A.  +  A.(2 +  »)  + A^« +  *)■  +  ...+ A.(.  +  A)-, 
we  have,  arranging  according  to  powers  of  h, 

f{z  +  A)  =/{3)  +  B,A  +  B^'  + .  .  .  +  A«A»  (1). 

Here  A„  depends  neither  on  A  nor  on  2,  and,  by  our  hypothesis, 
cannot  vanish.  B,,  B, .  .  .B„_,  are  all  functions  of  z,  and  one  or 
more  of  them  may  vanisL  Let  us  suppose  that  B„  (m< n)  is 
the  firat  that  does  not  vanish. 

We  may  divide  both  sides  of  (1)  hjf(z),  and  write 
fiz+h)_-       B„         Bm+.^B^4.i  I  +^A«  (2) 

Now  'B^{z),  &C.,  are  all  complex  numben,  hence  we  may 
write 
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where  b^  ^m-vu  ^-i  ^i^  ^  finite,  aince  m.oAf(z)  is,  b;  hypothe- 
sis, =«=0. 

Also  A*"  =  r"{oo8n»^  + 1  sinm^},  &c , 

Hence,  using  Dentoivre'e  theorem,  we  may  write  (2)  in  die 
form 

•^^Z.     =  1  +  6m^  { coB(mtf  +  <>,„)  +  »  sin(ffifl  +  «^} 

/W  ___  

+  Sm-fe""*"^  {«>8(m  +  Itf  +  <L„+,)  +  i8in(m  +  1«  +  a„+,)J 

+  6„i-  { coB(nfl  +  a„)  + » 8in(ti*  +  o„)}  (3). 

Here  we  have  h,  and  therefore  r  and  d,  at  dot  disposal  Let 
ns  so  choose  6  that  mB  +  <L„  =  T,  and  let  us  denote  the  resulting 
valnes  of  m  +  Id  +  0™+,,  m  +  2tf  +  om+it  &c,  by  tf«+i,  ff'm+ti  *<5' 

We  then  have,  from  (3), 

^^^  s  1  -  6„T«  +  &„+,'"+'  I  coeff™+,  + 1  sin^„+.} 


+  6„r"{cOB^„  +  t  Bine's}  (4). 

Now  since  mod{l  -  V'*")  =  1  -  6m'™>*  and  since  (by  §  11) 
the  modulus  of  &  Hum  never  exceeds  the  sum  of  the  moduli  of 
the  constituents,  we  deduce  from  (4)  that 

modfe^)  >  1  - 1„^  +.&„+,r™+»  +  ...  +  &„»« 

Here  r  is  still  at  our  disposal. 

Since  by  making  r  infinitely  small  each  of  the  terms, 
6„+jj-/6„,  b„+^jb„  .  .  .  h^-™jbm  is  made  infinitely  small, 
and  therefore  their  eum  is  made  infinitely,  small,  it  follows  that 
for  some  finite  value  of  r  the  quantity  inside  the  crooked  bracket 

*  This  uaamsB,  of  conrao,  that  1  -  5j-"  is  poaitiTB ;  bnt  it  will  be  seen 
from  what  follows  that  -wa  may  always  BUppose  r"<l/&K  in  which  esse 
1  -  i„»"  ia  poaitire. 
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on  the  light-hand  side  of  (S)  will  be  positive,  and  hence  the  whole 
of  the  right-hand  side  of  (5)  <  1. 

We  conclude  therefore  that  it  is  possible  so  to  choose  r  and 
6,  that  is,  BO  to  choose  h,  that 


mod 


m-- 


that  is,  so  that  mod/(g4-A)^ 

mod/(2) 
that  is,  so  that  inod/(;!-<- A)<mod/(2). 

In  other  words,  so  long  as  mod  ^2}  is  not  zero,  we  can  so  alter 
2  as  to  diminish  modf{z). 

It  follows  then  that  one  value  at  least  can  always  be  found 
for  2  such  that  mod/(/)  =  0,  that  is,  such  that/{2)  =  0. 

We  have  now  eatabliahed  that  in  all  cases 

/W.A(2-«,)(«-;^)  .  .  .  (z->^ 
where  A  is  a  constant 

Zi,z,  .  .  .  Zn  may  be  real,  or  they  may  be  complex  numbers 
of  the  general  form  x  +  yL  They  may  be  all  diflerent,  or  one 
or  more  of  tbem  may  be  identical,  as  may  he  easily  seen  by 
considering  the  above  demonstration. 

§  23.]  The  general  proposition  established  In  last  paragraph 
is  equivalent  to  the  following : — 

If  Jlz)  be  an  irtiegral  fwnciion  of  n  of  the  rttk  degree,  there  are 
n  vatues  of  z  far  which  f{s)  vanishes.  These  vaiues  may  he  rati  or 
complex  mtmliers,  and  may  or  may  not  be  all  wtegval. 

We  have  already  seen  in  chap.  v.  §  16,  that  there  cannot 
he  more  that  n  values  of  z  for  which  /(z)  vanishes,  otherwise 
all  its  coefficients  would  vanish,  that  is,  the  function  would 
vanish  for  all  values  of  z.  We  have  also  seen  that  the  constant 
A  is  equal  to  the  coefficient  A^  We  have  therefore  the  unique 
resolution 

/(«).A.<.-^)(.-»,)  .  .  .  (.-a 

§  24.]  If  the  coefficients  of  f(z)  be  all  real,  then  we  have 
seen  Uiat  if  f{x  +  t/i)  vanish  f{x  -  yi)  will  also  vanish.  In  Uiis 
case  the  imaginary  values  among  z,,  z,  .  .  .  z^  will  occur  in 
conjugate  pairs. 
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If  a  +  ^i,  a  -  )3t,  be  aucb  a  conjugate  pair,  thee,  correspond- 
ing to  them,  we  have  the  factor 

(>-.-^-)(»-.+w-('-«)'+^. 

that  is  to  say,  a  real  factor  of  the  second  degree. 

It  may  of  course  happen  that  the  conjugate  pair  a  ±  ^*  is 
repeated,  say  s  times,  among  the  values  z„  ^  .  .  .  s;^  In  that 
case  we  should  have  the  factor  (z  ~  a)*  +  )8*  repeated  s  times ;  so 
that  there  would  be  a  factor  {{z  -  a)'  +  f?}'  in  the  function  f{z). 

Hence,  cBen/  wUe^al  function  of  z,  xehose  coeffiderUs  are  aB  real, 
can  be  resolved  into  a  product  of  real  factors,  each  of  which  is  either 
a  positive  iiUeyral  fower  of  a  reai  integrai  fwictiofi  of  the  first  degree, 
or  a  positive  inte^al  power  of  a  reai  integral  function  of  the  second 
degree. 

This  is  the  general  proposition  of  which  the  theorem  of  §  20 
is  a  particular  casa 

Exercises  XTI. 
Elrpresa  as  complex  nnmber^— 


(8.) 


l  +  W'^l-M 
24-3(K    7 -get 
6  +  8i'''8-«  ' 


"■'(f?s)'-(i;S"- 


69-7V(15}  +  (VS-6VE)i 


(B.) 

(S.)  Show  that 


if  n  be  my  inUgar  which  Is  not  a  mnltiple  of  3, 

(7.  ]  Expand  and  arrange  according  to  powant  of  x — 

(ie-l-»V2)(«-l+<V2)(ie-2  +  iVS)[«-2-.-V8). 
{8.)  Show  that 

i(2a-S-c)+i(S-d)V8}'={(2ft-B-«)  +  t{«-a)V3}*. 
(9.)  Show  that 

(10.)  If  i+iji  b«  a  Tftlae  of  x  for  which  aa^  +  bx+c-O,  a,  b,  e  being  all 
real,  then  2afir+^  =  0,  aTi'=a^  +  b(  +  c 

(11.)  If -^'(»  +  irf)=X  +  Yi.  show  that  4(X>-Y»)=a^+lf/Y. 
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(12. )  If  n  be  ft  mnltiple  of  i,  ahoir  that 

l  +  at  +  3i->  +  .  .  .+(ii  +  l).-"=i(n+2~»i). 
(13.)  Show  that  in  general 

Diod(u  +  v)  >  modu-modt'. 
(14.)  Find  the  modnlna  of 

(2-30  (8  +  Ji). 
(6  +  if){16-8i) 
(15.)  Find  tbs  modnlnsof 

{z+V("?  +  jH-)}» 
(19.)  Findthsmodolosof 

be(,b-a)  +  ea{e-ai\  +  ab{a-lnj. 
(17.)  Showdiat 

mod{l+ia+fte'+i'a!'+.  . .  id  no) =1/^/(1+ a?),  whwea!  <  1. 
(18.)  Knd  tha  moduli  of  (a+yi)"  and  {a!  +  iri)"/(x-yi)". 

Eipreaa  the  following  m  complex  DnmbeTS . — 
(19.)  V- 7  +  2*1.  (20.)  V6+iV18. 

(21.)  V-7/3e  +  2i/3.  (22.)  Viai  +  2(a'-P)t: 

(28.)  VlTWlJ^-l^-  <24-)  Vl  +  iV('«*-l)- 

(26.)  Find  the  4tli  rooUi  of-  ll»  +  120i 
(26.)  BesolTe  a^- a*  into  tiutore  of  the  firat  degree. 
(27. )  Besolve  3^  +  1  into  real  facton  of  the  Snt  or  of  the  second  degree. 
(28.)  Seeolve  a^+a^+ie'+a^+a^+aj+l  into  real  factors  of  the  iecond 

(29.)  Besolve  a^-  2  coe  ft(■^^+a*"  into  real  factors  of  the  Brat  or  of  the 
second  d^ree. 

(30.)  If ubeanimaginaiynthroot of +l,showthatl +  »+«*+. ..  +  B*-'=0. 

(31.)  Show  that,  if  wbe  an  imaginarr  cobe  root  of +  1,  then 
a?+S*  +  2?-3iiys=(a!  +  y+*)(a!+i»j/  +  iA)(a:  +  «'y  +  '«*)i 
(a+iBy  +  <A)»+(ii!+c^  +  «)'=(2a!-i/-8)(2i,-i-i«)(2»^a-y). 

(82.)  Showthat{ai+y)"-z^-S"iadiTi»iblBbya?+ay  +  s*  for  every  odd 
valneofm  which  is  greater  than  3  and  not  a  mnltiple  of  9. 

(38.)  Show  that 

|(x««?^_Y^^)+(x«n^+Tco.^)i}"=(X+T.l-. 

Hulorical  yoU. — Imsginar;  qnantitiee  appear  for  the  first  time  In  the  works 
of  the  Iteliso  mathematicians  of  the  ISth  centur;.  Cardano,  In  his  Ariit 
ifa^Tuetivedt  regvlu  Alg^micii  Liber  Unvt  (16 4G),  points  ant  (cap.  luviL  p.  66) 
that,  if  we  solve  in  the  nsual  wa;  the  problem  to  divide  10  into  two  parts  whose 
prodnct  shall  be  40,  we  arrive  at  two  formoln  which,  in  modem  notation,  may 
be  written  6  +  -^-i&,  6-  t^-16.  He  leaves  hia  reader  to  imagine  the  mean- 
ing of  these  "sophistic"  numbers,  bnt  shows  that,  if  we  add  asd  multiply 
them  in  formal  accordance  with  the  Drdinary  algebraic  rules,  their  sum  and  pro- 
duct do  come  out  as  required  in  the  eTidently  impoesible  problem  ;  and  he  adds 
"  hucusque  progredltur  Arithmetica  suhtilita^  cujus  hoc  ertremom  nt  dill  adao 
est  subtile,  ut  sit  inutile."    Bombelli  in  his  Alf^bra  (1672),  following  Cardano, 
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devoted  coDBidcrabls  attsBtion  to  the  theory  of  complei  nnmben,  more  especUlly 
in  connectiOD  with  the  BolutioD  of  cubic  equations. 

There  ta  clear  indlcatian  in  the  fragment  dt  Artt  Logittiea  (see  above,  p.  1B7)> 
that  Napiar  was  In  posssesioa  to  eome  extent  at  leut  of  the  theory.  He  waa 
folly  cognisant  ot  the  independent  eilateuce  of  negative  qoautity  ("  qnantitatea 
defectivB  minoreB  nihila  ")  ;  and  dnws  a  clear  diaticction  between  the  roots 
of  poeitive  and  of  negatlva  Dmnben.  He  points  out  (Napier's  Ed.,  p.  85)  that 
roots  of  even  order  have  no  real  value,  either  positive  or  segatlve,  when  the 
Tadicand  is  native.  8nch  loots  he  calls  "nngacia;"  and  expressly  warns 
agaioBt  the  error  of  supposing  that  U-B=  -U  8.  In  this  passage  there  occurs 
the'  curious  sentence  "  Hujus  arcani  magni  algebraici  fundameatum  superius 
Lib.  L  cap.  6,  Jecimus  :  quod  (quamvis  i  nemiue  quod  sciam  revelatmn  sit)  quan- 
tum tunen  amolDtnentl  adferat  hole  aiti,  et  ceteris  mathematiciB  postaa  patebit." 
There  is  nothing  ftrther  in  the  (rsgnient  de  Arie  Logittiea  to  show  how  deeply  be 
bad  penetrated  the  secret  which  was  to  "tia  hidden  from  mathematicians  for  200 

Tix  theory  of  Imagiiuuies  received  little  notice  until  attention  was  drawn 
to  it  by  the  brilliant  results  to  whidi  the  use  of  them  led  Buler  (1707-1763) 
and  his  contemporarie*  and  followers.  Notwithstanding  the  use  made  by 
Ealsr  and  others  of  complei  nnmbura  in  many  importaiit  inveetigationa,  the 
fnndamectal  principles  ot  their  logic  were  little  atteaded  to,  it  not  entirely 
misunderstood.  To  Argand  belongs  tbe  honour  ot  first  clearing  up  the  mattOT 
in  hli  Baai  rur  uiw  manitn  de  rtpriaenler  let  qvantiUi  irnaffinaira  dant  la 
conilruciiona  glomttriquet  (1806).  He  there  gives  geometrical  constructions 
for  the  sum  and  product  of  two  complex  numlMrs,  and  deducee  a  variety  of 
coDclnsians  thereltrim.  He  also  was  the  first  to  thoroughly  understand  and 
answer  the  qnestion  of  §  21  regarding  the  existence  of  a  root  of  every  int^ral 
tiinctloD.  Argand's  results  appear  to  have  been  at  firat  little  noticed  ;  and,  as  a 
matter  othistory,  it  was  Oaoss  who  first  initiated  mathematicians  into  the  true 
theny  of  the  Imaginarias  of  ordinary  algebra.  He  fint  used  the  phrase  com- 
pUa:  numier,  and  intrcxluced  the  symbol  >  for  the  imaginary  unit.  He  illas- 
trated  Ou  twofold  nature  of  a  complex  number  by  means  ot  a  diagram,  as 
Argand  had  dona ;  gave  a  masterly  diacnssion  of  the  fundamental  prindplea 
of  the  subject  in  his  memoir  on  Biquadratic  Resldnes  (1831 ;  see  his  Wi^a, 
ToL  ii.,  pp.  101  and  171]  ;  and  fomisliad  three  distinct  proofs  ot  the  proposi- 
tion that  every  equation  has  a  root. 

From  the  researches  of  Caachy  (178S-1867)  and  Biemann  (1826-1366)00 
COinplei  nombera  has  sprung  a  great  branch  of  modem  pare  mathematics,  called 
on  the  Continent  liuiction  -  theory.  The  stadsnt  who  wishee  to  attain  a  toll 
comprehension  of  the  generality  of  even  the  more  elementary  theorems  of  algebiaic 
analysis,  will  find  a  knowledge  of  the  theory  of  complex  quantity  indispensable ; 
and  without  it  he  will  find  entrance  into  many  parts  of  tbe  higher  mathematica 
Impossible. 

For  further  Information  we  may  refer  the  reader  to  Peacock's  Algtbra,  vol  iL 
(1815),  to  De  Morgan's  TngotunMrg  and  Double  Algebra  (1840),  where  a  list 
of  most  of  the  English  writiDgi  on  the  subject  is  given ;  and  to  Hankel's 
Vorleiungen,  llier  die  emnpUaxn  Zahlat  (1867),  whare  a  Ml  historical  account 
of  continental  tesearche*  will  be  found.  It  may  not  be  amiss  to  add  that  the 
theory  ot  complex  nombels  Is  closely  allied  to  Hamilton's  theory  of  Quaternions, 
"  's  Anadehnungslehre,  and  tlieii  modem  developmeDts. 
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CHAPTEE  XIII. 
Batio  and  Proportion. 

RATIO  AND  PROPORTION  OF  ABSTRACT  QUANTTriES. 

S  1.]  The  ratio  of  the  ahskad  guardUy  a  to  the  abstract  quaiUity 
b  is  singly  the  quotient  of  a  by  b. 

When  the  quotient  a-i-b,  or  ajb,  or  p  is  spoken  of  as  a  rado, 
it  is  often  writteii  a:b;  a  is  caUed  the  antecedent  and  b  the  cm- 
sequent  of  the  ratio. 

There  is  a  certain  convenience  in  introducing  this  new  name, 
and  even  the  new  fourth  notation,  for  a  quotient  So  far,  how- 
ever, as  mere  abstract  quantity  is  concerned,  the  propositions 
which  we  proceed  to  develop  are  simply  results  in  the  theory 
of  algebraical  quotients,  arising  firom  certain  conditions  to  which 
we  subject  the  quantities  considered. 

If  a  >  £,  that  is,  if  a  -  6  be  positive,  a :  (  is  said  to  be  a  ratio 
of  ffrecUer  inequality. 

If  a<b,  that  is,  if  a-bhe  negative,  a:b  ia  said  to  be  a  ratio 
of  less  mequtdUy. 

When  two  ratios  are  multiplied  together,  they  are  said  to  be 
compounded.  Thus,  the  ratio  aa' :  bb'  is  said  to  be  compounded  of 
the  ratios  a :  b  and  a' :  b'. 

The  compound  of  two  equal  ratios,  a :  b  and  a :  b,  viz.,  a' :  b', 
is  called  the  dvjdicale  of  the  ratio  a  :  6. 

Similarly,  <^:b'  ia  the  triplicate  of  the  ratio  a:b.* 
'  Foimerl;  a* ;  l^  was  spoken  of  as  the  doaUe  of  the  ratio  a :  b.     Similarly 
\/a  X  ^/J>  WBB  c&lled  the  half  or  rabdaplicate  ota:b,a':biaa  tbe  sesquiplicate 
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§  2.]  FiMT  abstrcKt  nun^ers,  a,b,  c,  d,  are  said  to  le  pn^rtional 
lohen  the  ratio  a:b  is  equal  to  the  raHo  c ;  d. 
We  then  write 

a:b  =  e:d.* 

a  and  d  are  called  tbe  estrones,  and  b  and  e  the  means,  of  the  pro- 
portion, a  and  c  are  said  to  be  homolognee,  and  b  and  d  to  he 
bomologues. 

li  a,  b,  c,  d,  e,  f,  &c,  be  sncb  that  a:b~b:c  =  e:d-d:e  =  e:f 
=  Sic,  a,b,  c,d,  e,f,  &c.,  are  said  to  be  in  eontmued  proporlion. 

If  0,  &,  c  be  in  continued  proportion,  h  is  said  to  be  a  mean 
proporlional  between  a  and  c. 

If  d,  6,  c,  (2  be  in  continued  proportion,  b  and  c  are  said  to  be 
Iteo  mean  proparHoitals  between  a  and  d ;  and  bo  on. 

§  3.]  If  b  be  positive,  arid  a>b,  the  toOo  a:b  is  diminished  by  \  J.S-^H. <!fi. 
adding  the  same  positive  guantity  to  both  antecedent  and  consequent, ■\Sijif^i..ihii 
and  increased  by  sublraeiing  the  same  positive  quantity  ( <  ^)  /^"^  , 
bo&  antecedent  and  cmsegueTtt.  ' 

If  a  <b,  the  iwnJs  iwreased  and  diminisked  must  be  interchanged 
in  the  ahove  statement. 

For  a-vz_a_U,a-¥x)-a(b  +  x) 

b-^x    b  b{b  +  x) 

^^b_-a) 

b{b+xy 

Now,  if  a>b,b--a  is  negative ;  and  x,b,h  +  x,  are  all  positive 
by  the  conditions  imposed ;  hence  i(J  -  ffi)/6(J  +  z)  is  negative. 


a*x  _a 
b+x    b 


IB  negative, 


's- 


But,  since  a  >  (,  a  -  &  is  positive,  and  x  and  b  are  positive,  and, 
since  x<b,b-x  is  positive.     Hence  x{a  -  b)lb(b  - 1)  is  positive. 

"  Fonnarly  in  writing  proportiona  fhe  mgn  : :  (originally  introdnced  bj 
Onghtnd)  was  used  instead  of  tba  ordinary  sign  of  equality. 
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Hence 


PERMUTATIONS  OP  A  PROPORTION. 


b~x     J" 


The  rest  of  the  propositioa  may  be  established  in  like  manner. 

The  reader  will  obtain  an  inBtractive  vieir  of  this  propoaition 
by  comparing  it  with  ezerciae  7,  p.  262. 

§  4.]  Permutalwmt  cf  a  Prsportum.    ~ 

(1). 

(2), 
(3), 


If 

then 

and 

c:a  =  i: 

For,  from 

(1),  we  have 

hr 

Hence 

11 

%    3 

that  is. 

h^d. 

that  is, 

h-.a-d: 

which  eeUbliahea  (2). 

A^n 

from 

(1). 

a     c 

multiplying  both  sides  by  -,  we  have 


b     c~d    c' 

that  IS,  -  =  -, ; 

c     a 

that  is,  a:c  =  b:d, 

which  proves  (3). 

(4)  follows  from  (3)  in  the  same  way  as  (2)  from  (1). 

§  5.]  The  product  of  the  enirana  of  a  proportion  is  equal  to  the 
produd  of  Ike  means  ;  and,  conversely,  if  the  product  of  two  guaniities 
be  equal  to  the  product  of  two  others,  the  four  form  a  proportion,  the 
extremes  being  the  conatilwnts  of  one  of  the  products,  the  means  the 
constOaenis  of  the  other. 
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aULE  OF  THREE. 

For,  it 

a:b.e:d. 

that  ia, 

a    e 

then 

s-'^-r"' 

whence 

ad-bc. 

Again,  if 

ad-bc, 

then 

^x'.5,.l, 

bd  bd' 

whence  S  ~  3  ■ 

Cor.  If  three  of  the  lerme  of  a  proportwn  are  gieen,  the  Tettuaninff 
one  u  uniquely  determined. 

For,  when  three  of  the  quantities  a,  6,  c,  (/  are  given,  the  equation 
ad  =  bc, 
which  results  b;  the  above  from  their  being  in  proportion,  be- 
comes an  equation  of  the  first  degree  (see  chap,  zvl)  to  deter- 
mine the  remaining  one. 

Suppose,  for  eiample,  that  the  Ist,  8rd,  andlth  ternuofthoproportiDiiare 
),  t.  Mid  I ;  and  let  z  denote  the  nnbnown  eecond  term. 
Then  *:a!=*-*i 

whence  txz=ix  j. 

Hnltiplying  by  {,  we  have  x=  (  x  t  x  I. 

=A 

§  6.]  Relaivms  ammecting  gwaTitilies  in  amiinued  pri^orMon. 
If  three  quanHHes,  a,b,  e,  he  in  continved  proportion,  thm 
a:C  =  a'iU'  =  b':<!'; 
and  J=  •/ac. 

If  four  qiumtilies,  a,  b,  c,  d,be  in  ctmHmied  proportion,  then 
a:d  =  a':b'  =  b':,?  =  (?:d', 
and  b  =  Vcfd,    c  =  Vod*. 

For  the  general  proposition,  see  exercise  12,  p.  262. 
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For,  if  a:b  =  b:e, 

then 


»■;■ 

Therefote 

«    b_b     b 
b     e     c     e' 

whence 

(I)- 

Aim 

oc.i", 

whence 

J=  J^ 

(2)- 

Equations  (1)  and 
tiona  abore  stated 

(%)  eiteblisb  the  first  of  the 

two 

propoai- 

A«ain,lt 

a:>»i:c  =  e 

:J, 

then 

a    i 
r-=r» 

th&tiB, 

a     a 

therefore 

r 

«■    »■     c" 

Farther,  since 

a    o- 
5=8" 
b'.a'd; 

whence 

4=  Va 

Also,  since 

(3)- 


(*)■ 
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deluln  problem. 


80  that  c  =  Va^  (6). 

It  ahonlil  be  notlcsd  th&t  the  reenlt  (2)  sbowe  that  the  finding  of  •  mean 
proportional  between  two  given  quantities  a  and  e  depend*  on  tlie  extraction 
of  a  eqwre  root  For  example,  the  mean  propoitianal  between  1  and  S  is 
Vr72  =  '>^  =  l-«42  .  .  . 
Again,  (4)  and  (G)  enable  na  to  insert  two  mean  proportioDala  between  two 
given  qnantitieB  l^  extracting  certain  cube  roots.  For  example,  the  two 
mean  pi«portionala  between  1  and  2  are 

Vl72  =  V2  =  l-2689  .  .  . 

and  Vrir2"  =  -j^^l-5874  .  .  . 

CoDveraelf,  of  conne,  the  finding  of  the  cube  root  of  2,  which  again  corre- 
■ponda  to  the  famous  Delian  problem  of  antiqnitj,  the  dnplication  of  the 
cabe,  could  be  niada  to  depend  on  the  finding  of  two  mean  proportiouale,  a 
result  well  known  to  the  Greek  geometen  of  Plata's  time. 

§  7.]  After  what  has  been  done,  the  BtadeDt  vill  have  no 
difBcDlty  in  shoving  that 
if  a:b  =  e:d, 

then  ma;mb  =  7K:nd  (1), 

and  ma:nb  =  mc:nd  (2). 

§  8.]  Also  that 

0, :  6,  =  c; '.  1^, 

a„:bn  =  c„:dn, 
then  aid,. . .  0^:1  J},. .  .  6„-c,c,.. .  c„:(f,(^..  .d^  (1). 

Cor. 

If  a:b  =  e:d, 

then  a'-M  =  <f*:^. 

(Here  n,  see  chap,  x.,  inaj  be  positive  or  negatiTe,  int^iral  or 
fractional,  provided  a",  &c  be  real,  and  of  the  same  sign  as  a, 

&C.) 
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§9.]  //  a:b  =  c:d, 

then  a±b:b  =  e±d:d  (1), 

a  +  b:a-b  =  c  +  d:e-d  (2). 

la  +  mb  :pa  +  qb  =  k  +  md:jK  +  qd  (3), 

la'  +  mb'  -.pa'  +  qb'  =  lif  +  mcP  :p<f  +  qd'  (4), 

where  /,  tn,  p,  q,  t,  are  any  quantities,  positive  or  negative. 

AUo,  if       o,:i,  =  (^:6,  =  (i,:6,  =  ...  =  an:6„ 
then  each  of  &ese  ratios  a  equal  to 

o,  +  a,  + .  . .  +  o„ :  6,  +  6,  + ,  .  .  +  fi„  (6) ; 

and  also  to 

V(i,< +w+...^i^n- Viw + w + . . . + Wni  (6). 

Though  outwardly  somewhat  different  Id  appearance,  these 
six  results  are  io  reality  very  much  allied.  Two  different 
methods  of  proof  are  usually  given., 

FIBST   HSTEOD. 

Let  ua  take,  for  example,  (1)  and  (2). 
Since  J,~a' 

therefore  7  ±  1  =  -5  ±  1 ; 

,  a±b    c±d 

whence  — ;—  =  — ^  ; 

b  d 

this  establishes  the  two  results  in  (1). 

Writing  these  separately  we  have 


'  b    ~    d    ' 
whence  («^  ;<a-6)  J^  ,(^_ 

b     j      b  a     I     d 

,,   ^.  a  +  b  .e  +  d 

that  IS,  ■——;  =  — — , , 

a-b     C-d 
which  establishes  (2). 

Similar  treatment  may  be  applied  to  the  rest  of  the  six 
results. 
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SECOND   UBIHOD. 
Let  OB  take,  for  example,  (2). 

Since  a/b  =  cjd,  we  may  denote  each  of  these  ratios  by  the 
same  symbol,  p,  say.     We  then  hare 


h'l^ 

d'!"-' 

whence 

a.pb. 

c.pd 

Now,  ufling  (a),  we  have 

fb*b 

'fJ>~b' 

S<f+1) 

-s(p-i)' 

P+1 

In  exactly  the  same  way,  wt 

have 

c-td 
c-d 

pdtd 
-pd-d' 

Hence 

p  +  1 

a+b    p+1     e+d 
a-b~p-l'c-d' 

Again,  let  m  take  (6). 

We  have        |!  = 

•h'i.-- 

-£-- 

■P."?, 

hence  a,  =  />(„     o^  =  (i)^  . .  .  a„  =  f>&„ ; 

.  ■  .  ■  +  On  ^  A  +  pi.  +  .  ■  ■  +  p6, 
, . . .  +  6„       J,  +  6,  + .  . .  +  J„    ' 
_  p{fti  +  6,  + .  ■  ■  +  ft^ 
J,  +  &,  +  ...+  4„   ' 


therefore 
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Finally,  let  ns  take  (6). 
Since  a,'  =  (pS,)'  =  p^x, 

we  haye 

(see  chap,  x.,  g  4).     It  foIloTs  that 

^m-^w+. .  .+a«')      *.  '>'' 

Of  the  two  methocU  there  can  be  no  doubt  that  the  seconil 
is  the  clearest  and  most  effectiv&  The  eecret  of  its  power  lies 
in  the  following  principle : — 

In  establiAmff  on  equatvm  bdwem  amditvmed  ^oaiUiHea,  if  vx 
Jirst  ea^tsa  all  the  quantiiies  awolved  in  the  equation  in  terms  of  the 
feioesl  quantitus  passible  under  the  amdiiions,  then  &e  verifieaiian  of 
the  equation  invohies  merely  the  estaUishmeni  of  an  algdmuad  identUy. 
In  eet&blishing  (2),  for  inatance,  we  expressed  all  the  quantities 
involved  in  terms  of  the  three  6,  i^  f^  bo  many  being  neceeaary, 
by  §  6,  to  determine  a  proportion. 

A  good  deal  of  the  art  of  algebraical  manipulation  consists 
in  adroitly  taking  advantage  of  this  principle,  without  at  the 
same  time  destroying  the  symmetry  of  the  functions  involved. 

I  10.]  The  following  general  theorem  contains,  directly  or 
indirectly,  all  the  reaolta  of  last  article  ae  particular  cases ;  and 
will  be  found  to  be  a  compendium  of  a  very  large  class  of 
fayoorite  exercises  on  the  present  subject,  some  of  which  will 
be  found  at  the  end  of  the  present  paragraph. 

If  ^ic,,  Xf  .  .  .x,^ie  any  homogeneous  integral  fwicHon  of  the 
variabUs  x,,  x,  .  .  .  x^  of  the  rth  degree,  or  a  homogeneous  /undion 
of  degree  r,  aecordiag  to  the  extended  notion  <4  homogeneiig  and 
degree  given  at  the  foot  of  p.  71,  and  if 

o,:6,  =  o,:J,  =  .   .  .  =  <h,-i« 
Sien  eath  of  these  roHos  is  eqwd  to 

VK*^,,  a,...a^:  Z^HK  &.  •  •  ■  U 
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This  theorem  ie  an  inunediate  consequence  of  the  property 
of  homogeneous  functions  given  in  chap,  iv^  p  71. 


Whidi  is  the  grwtar  ratio,  3?-i-j^:x+i/,  oii?~j^;x-y,  xind  y  beisg 
wch  poaitiTe  t 

^+J?  _  =^-»'-('^+i^('-y)-(^-B*)('+y) 

x  +  y       x-y  («+K)(a-»)  ' 

~(^+v)(«-y)' 

2xs{x-V) 

aj  +  !/" 
Now,  if  X  and  y  be  each  positive,  -2ayl{x+y)  ia  easeiitially  nf^tdve. 

3?-¥}^:x-i-y<a?~^:x-y. 
Example  2. 

ir  oiJ=e!(t  and  AiB  =  CiD,  then  a^Jk-h',/^:e\/C-d^=a-Jk 
+  b\/B:ey/C+dt/D. 

Let  eacli  of  the  ratios  a  -.  b  and  e :  d=p,  and  each  of  the  two  A ;  B  and 
CiD=o',  tliena=p(,  e=fd;  A.=frB,  C>=<rD.    We  then  have 
g  VA  -  jyB  _  pty  ^  -  6  Vb 
sVC-dVD    pdVffD-dVD' 

0.v'a--l)SVB_&VB  ,  , 

In  the  nme  way  ira  get 

aVA+6VB    (pVg+ljtyB     6yB  jm 

From  (a)  and  (^  the  required  result  foUom. 
Example  S. 
If  &  be  a  mean  proportional  between  a  and  e,  abovUMt 

and  <B+6+e)'+o'+J»+(?=2(o+6+e)(a+e)  OJ). 

Taking  (a)  we  bave 

(*+6+e)(o-J+e)=(a+e+6)(a+^-6), 

Nov,  bfdata,  a/&=iye,  and  therefore  A*=»;;  hence 

Ca+e)»-6'=(a  +  ()'~«, 

dnce  fi'soe.    Hence  (a)  is  proved. 
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Taking  now  (P),  and,  for  Tuiety,  adopting  the  second  method  of  %  9,  let 


Eeace  a  =  pb,h=pc  ;  bo  (li*ta=pOic)=^ 
We  h»Te  now  to  verily  the  identity 

that  ia  to  say. 

Now 

{{p»+P+i)»+0.'+p'+i)l.?=(p»+i.+i){(p>+f+i)+(p'-P+i)!£». 

=  2(/^+p  +  l)(p»+l)c>, 
which  proTSB  the  truth  of  {y),  and  therefore  eetabliebes  ip). 

Biample  i.' 
V 3!/(b+c-a)=vl(c+a~b)  =  tfia+b-c),  Oum  lb-e)x  +  (c-a)y+{a-b)i=0. 


hen  a!=(6  +  «-o)p,„ 

.=(a  +  6-e)p. 
Now,  &om  the  last  three  eqnstionB,  we  have — 

(b-c)x'+{c-a)i/-H<'-i> 

=  C*-i)(i+e-a)p  +  {c-a){c+<.-&)p+(»-6){o+6-e)ft 
^  =J(J'-e>+<?-<?+o>-S>)-(o(6-e)+*(e-«)+<<«-6))ift 

=  {0-0}p, 

=0. 


then                              (o  +  H-e){a:  +  y+*)  =  ira  +  6i/  +  ra 

(2). 

Let  each  of  the  ratios  in  (1)  be  eqna]  to  p,  then 

ta+ey=p(t-c) 

(8), 

eB+ai=p(e-a) 

(*). 

av  +  te=p(a-i) 

(6), 

Prom  (8),  (4),  (6),  by  addition, 

{t+<r>r+Ce  +  a)j(  +  (a+ft>=p  {{»-<}+(« 

-«)+(»■ 

-6)}. 

=pO, 

=0 

(«). 

If  now  we  add  asc+hy+a  to  both  ddes  of  (6)  we  obtMn  eqnatioD  (2). 

\\: 


*  Examplee  i,  6,  and  6  illnstnite  a  ipeciea  of  algebrucol  tranaformation 
rhich  ia  very  common  in  geometrical  applicationB.  In  lealit;  Uiey  an  ex- 
aminee of  a  pnceaa  which  i*  ooaddered  more  folly  in  chap.  liv. 
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(     Example  6. 
If 

EXASIPLEa. 
ey  +  fe           'oi*«j!           bx+ay 

■how  that 

qb+re-pa    rc+pa-^    pa+^-re 

a  {M'^+b- 

i-c)-^a+b~c)-Tc(,a-b-i-c)} 

i(l6(«  +  *+<)-J«(«  +  *-«)"«(-a  +  *+e)}' 

c{re(a+b+c)-qb(,-a+b+e)-paia-b+e)} 
Let  each  of  the  frutiaiu  of  (1)  be  =p;  and  obwrre  that  the  thme 
eqaatioDB, 

cii+bz=(qb  +re-pa)p{a)  ■» 

<K+M={«  +pa-qb]p  OS)   V  (3), 

feB+ay=(ya+jft-re)p  {7)  J 

which  thtu  arise  are  ajmmatncal  in  the  triple  set  j  oic  >  ,  m  that  the  nmol- 
tpqr) 

taneom  interchange  of  the  letters  in  two  of  the  vertical  colnnma  simply 
changes  each  of  the  eqaations  (3)  into  another  of  the  same  set.  It  follows, 
then,  that  a  similar  interchange  made  in  any  equation  derived  &om  (8)  will 
derive  there&om  another  equation  also  derivable  &om  (S). 

Now,  if  we  mnltiplj  both  sides  of  (ft)  by  b,  and  Ixith  sides  of  (y)  by  «,  we 
obtain,  by  addition  from  the  tiro  eqoatione  thus  derived, 

26ca!+a  [eg  +  bx}  =p  {Hn+pa-qb)  +  c(^  +  qb-re)}  {*). 

Now,  nring  the  valne  of  ey  +  bi  given  by  (a),  we  have 
•a<a!+M^  +  Te~pa)=p{pa(b  +  e)-gb{b-e)-n(-b  +  e)}  (6). 

Sabtractingpa(;&+ni-jia)  irom  both  mdes  of  (6),  we  have 

■2ie;e=p  {fa(,a+b+c)-qHa+b-c)-itia--b+e)}        (6). 
..    From  (6),  we  have 

? L.  (7). 

a  [Ma+b+c)-^a  +  b-e)-n!l,''-b  +  c)}      20*=  ^  '' 

(Mtp\  fvaip  \ 

into  I ,  or  I  into  } ,  and  we  shall 

obtain  two  other  equations  dsrivable  from  (8)  by  a  process  like  that  used  to 
derive  (7)  itself.  These  interchanges  leave  the  right-hand  side  of  (7)  un- 
altered, bot  change  the  left-hand  dde  into  the  second  and  third  members  of 
(2)  respectively.  Hence  the  three  memben  of  (2)  are  all  eqoal,  each  being  in 
&ct  eqnal  to  p/2abe. 

This  is  a  good  example  of  the  ose  of  the  principle  of  symniBtry  in  compli- 
cated algebraical  caloolatioiu. 
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EZEBCISEB  2V1L 

(1.)  Which  ia  the  greater  ratio,  G:7  or  ISl  :208! 

(2.)  If  the  ratio  3  :  (  be  daplicatad  by  subtracting  a;  ftom  both  tuktecedeut 
and  conaeqnaut,  show  that  z^  If. 

(3.  ]  What  qnantity  x  added  to  the  antecedent  and  to  the  conae^aent  of 
a :  b  will  concert  this  ratio  into  e:d1 

(i. )  Find  the  footth  proportioiial  to  Si,  E},  S| ;  alao  the  third  proportional 
toH-V2ftnd3  +  2Va. 

(5.)  InMrt  a  mean  proportional  betireen  11  and  19 ;  and  alao  two  mean 
propoitiouaU  between  the  tame  two  nmnbers. 

(6.)  Knd  a  rimple  anrd  unmber  which  ahall  be  a  mean  proportional  he- 
tween  V7  -  VS  and  "  V?  +  18VB- 

(7.)  If  X  and  V  be  mch  tha^  when  thayare  added  to  the  antecedent  and 
oonaeqnent  reepeetively  of  the  ratio  a;b,  ita  Talue  is  nnaltered,  ahow  that 
«:j=a:i.         fTi,:     !',' Sj  •■\*-',  ■■   ^.J   ■ 

(8.)  If  X  and  y  be  >ach  that  when  they  are  added  mpectiTely  to  the  ante- 
cedent and  consequent,  and  to  the  consequent  and  antecedent  of  a :  i  the  two 
resulting  ratio*  are  equal,  show  that  either  2=y  or  «-l-v=  ~a-b. 

(9. )  Find  a  quantity  x  auch  that  when  it  ia  added  to  the  four  given  quao- 
tiUes  a,  b,  e,  d,  the  re«ult  la  four  quantities  in  proporHon.  Exemplify  with 
8,  1,  9,  IS ;  and  with  S,  i,  li,  2. 

(10.)  If  fooT  qnantitieB  be  proportional,  the  sum  of  the  greatest  and  least 
ia  always  greater  than  the  enia  of  the  other  two. 

(11. )  If  the  ratio  of  the  diflenmce  of  the  antecedents  of  two  isdoa  to  the 
nun  of  their  conaeqnenta  is  equal  to  the  difference  of  the  two  ratioe,  then  the 
aatecedenta  are  in  the  daplicate  ratio  of  the  conaequants, 

(12.)  If  the  n  quantities  o^  a,  ...  a.  be  in  continaed  proportion,  then 
Oi:o,=o,'*"':iij"~'  =  o,"~':a,""'  =  to.  ;  and 

(18.)  If  (pa  +  ^  +  n  +  adi{pa-^-Te+ti) 

=  Cpo  -  si + rt -- ai)  (jw + gi  -  M  -  «f), 
then  be:ad=pg:qr; 

and,  if  either  of  the  two  seta  a,  b,  «,  d,  or  p,  q,  r,  $,  form  a  proportiou,  the 
other  will  alao. 

(H).  Ua:b  =  ii:d=*:f, 
then  (^+8o'fi  +  i»:(!>  +  8(?(i+(?=<i'  +  6':<!*+ii»  (o) ; 


pa-ic  +  re:pb-jd  +  rf=  l/aee:  i/bdf 

=  V('^-'!'+'^+2«!)!VC**-<''+/*+!W) 
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{15.)  Ha:o'=6:6', 
then  ffl"+»+,rt"  +  i>*+-:o'~+-+*'*J'"+y"+» 

=.(a+J)-+-:{o'  +  &')-+-. 
(18.)  If<»:i  =  cni,Mldn:P=Y:B. 
than  <^a»  +  {a*6+oM)a^  +  i>^:{o'  +  (p^{a'  +  ^) 

=cV  +  {e''*  +  n''M+'«*:(e'+<i»)(7»  +  i>). 
(17.)  Ifa:t=6:e=e:<i,th8ii 

(i^+6'+c»)(6'+c'  +  (P)  =  (al  +  ie  +  «f)»  (a); 

(6_e)>+(B-o)'+(d-6)'={»-d)»  09); 

at  +  ai  +  ad=(o  +  i+c)^-e+ii)  (y) ; 

ad-i-be  ^  ' 

(IS.)  If  d,  6,  c,  be  in  continaed  proportioD, 

then  a'+a4+*»:B*+>e+e'=0!e  (»); 

o"(<.-ft+<!)(o  +  6+<!)=o*+<rti*+6*  (|9); 

(16.  )Ua,b,  Cjdjheia  oantinDed  praportioii, 

than  (.a~e)(b'd)-(.a-d)(b-e)=(fi-e!^  {.); 


Va6  +  Vic+VcS=V(o  +  i  +  e)(6  +  ' 
(2a)  Ifa6=ai=«/; 

«  +  «+*.  _      a'  +  <^  +  ^ 


(21.)  U^y^  then  «cl.  of  them  =*t^r|+MzfO. 
(22.)  If  1=1=1" 

IKE     ?     ^ 

(S8.)  If         ila:  +  is:Sy-¥it:*z  +  Ba=ia-Eb:Sb-a:2b-ia, 
then  7a  +  6y+8i=0, 

(21.)  Uaa  +  ei/:by-i-di  =  ay-i-a:bi  +  dx  =  <a  +|»  :  &e  +  iy,  utd  if 
z+y+z  +  0,  a£~eii  +  0,  ad  ~  (c  ^  0,  tlieu  each  of  these  ratioB  =a  +  e:b+d; 
and  a^+y'  +  ^=yi+2a;+ay. 

(2B.)  If  (a-My+flw}/I'=(ft-b+«a!)/»'={e-ow+ftf)/»',  then 

*  Important  in  the  tbeoTj  of  the  central  ftzie  of  a  BTHtem  of  force*,  Jtc. 
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264  OONCaETE  EATIO  AND  PROPOBTION.  [OttAP. 

RATIO  AND  PgOPORTIOM  OF  CONCRETE  QUANTITIBS. 
§  11.]  We  have  sow  to  oonsider  how  the  theorems  we  have 
established  regarding  the  ratio  aod  proportion  of  abstract  num- 
bera  are  to  be  appUed  to  concrete  quantitiee.  We  shall  base 
this  application  on  the  theory  of  units.  This,  for  practical  pur- 
poses, is  the  most  conTenient  course,  but  the  student  ia  not  to 
suppose  that  it  is  the  only  one  open  to  as.  It  may  be  well  to 
recall  once  more  that  any  theory  may  be  expressed  in  algebraical 
B3rmbols,  provided  the  fundamental  principles  of  its  logic  are  in 
agreement  with  the  fundamental  laws  of  algebnucal  operation. 

§  12.]  If  A  and  B  he  two  conereU  quanHiies  of  the  same  Idnd, 
which  ore  et^taaible  tn  terms  of  one  and  the  same  wul  bt/  the  coto- 
measwaUe  mmbers  a  and  b  retpecHvely,  then  the  ratio  of  A  to  B  is 
defined  to  be  the  ratio  or  quatieni  of  these  ahstrad  numbers,  via.,  a :  b, 
or  ajb. 

It  dioald  be  obMrred  that,  by  properly  choosing  the  nnit,  Uie  ratio  of 
two  concrete  quantities  which  an  each  commensiirable  with  any  Gsite  imit  at 
all  can  always  be  ezpressed  as  the  ratio  of  two  integral  nnmben.  For  ex- 
ample, if  the  qoantitiea  be  lengths  of  SJ  feet  and  4|  feet  rMpectiTely,  then, 
by  taking  for  anit  Jth  of  a  foot,  the  qnantltiea  are  expvedble  by  26  and  S6 
respectively ;  and  the  ratio  is  2S :  36.  This  follows  also  from  the  algebraical 
theorem  that  {3 + i)/(4  +  i) = 28/86. 

If  A,  B  he  two  concrete  quantities  of  ihs  same  kind,  whose  ratio  is 
a :  h,  and  C,  D  two  other  concrete  quanOti^  of  the  same  kind  (btii  not 
necessarily  of  the  soma  kind  as  A  amd  B),  whose  ratio  is  c-.d,  then 
A,  B,  C,  D  are  said  to  be  proportional  when  the  ratio  of  A  to  B  is 
equal  to  the  ratio  of  Oio  D,  that  is,  when 
a:b  =  c:d. 
We  may  speak  of  the  ratio  A :  B,  of  the  concrete  magnitudes 
themselves,  and  of  the  proportion  A :  B  =  G  :D,  without  alluding 
explicitly  to  the  abstract  numbers  which  measure  the  ratios ;  but 
all  condusions  regarding  these  ratios  will,  in  our  present  manner 
of  treating  them,  be  interpretations  of  algebraical  results  such  as 
we  have  been  developing  in  the  earlier  part  of  this  chapter,  ob- 
tfuned  by  operating  with  a,h,e,d.  The  theory  of  the  ratio  and 
proportion  of  concrete  quantity  is  thus  brought  under  the  theory 
of  the  ratio  and  proportion  of  abstract  quantities. 
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There  are,  however,  seireral  pointe  which  require  a  nearer 
examiiuttion. 

§13.]  In  the  first  place,  it  must  be  noticed  that  in  a  concrete 
ratio  the  antecedent  and  the  consequent  mast  be  qaantities  of  the 
Bame  kind ;  and  in  a  concrete  proportion  the  two  first  terms  must 
be  alike  in  kind,  and  the  two  last  alike  in  kind.  Thus,  from  the 
present  point  of  view  at  least,  there  is  no  senee  in  epeakiDg  of 
the  ratio  of  an  area  to  a  line,  or  of  a  ton  of  coals  to  a  sum  of 
money.  '  Accordingly,  some  of  the  propositions  proved  above — 
those  regarding  the  permntationa  of  a  proportion,  for  instance — 
could  not  be  immediately  cited  as  tine  regarding  a  proportion 
among  four  concrete  magnitudes,  unl^  all  the  four  were  of  the 
same  kind. 

This,  however,  is  a  mere  matter  of  the  interpretation  of 
algebraical  formulee — a  matter,  in  short,  regmling  the  patting  of 
a  problem  into,  and  the  removing  of  it  from,  the  algebraical 
machine. 

§  14.]  A  more  important  question  arises  from  the  considera- 
tion that,  if  we  take  two  concrete 
magnitudes  of  the  same  kind  at  random, 
there  is  no  reason  to  expect  that  there 
exists  any  unit  in  terms  of  which  each 
is.  exactly  expressible  by  means  of  com- 
mensurable numbers. 

Let  us  consider,  for  example,  the 
historically  famoas  case  of  the  side  AB 
and  diagonal  AC  of  a  square  AECD.  On  the  diagonal  AC  lay 
off  AF  =  AB,  and  draw  F£  perpendicular  to  AG.  It  may  be 
readily  shown  that 

BE  =  EF=FC. 
Hence  CF  =  AC-AB  (1), 

CE  =  CB-CF  <2). 

Now,  if  AB  and  AG  were  each  commensnrably  expressible  is 
terms  of  any  finite  unit,  each  would,  by  the  remark  in  §  1 2,  be  an 
intend  multiple  of  a  certain  finite  unit  But  from  (I)  it  follows 
that  if  this  were  so,  OF  would  be  an  integral  multiple  of  the 
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same  unitj  and,  again,  from  (2),  that  CE  would  be  an  integral 
multiple  of  the  same  nnit  Now  G£  and  GF  are  the  side  and 
diagonal  of  a  aqoare,  CFEG,  whose  side  is  less  than  half  the  Bide 
of  ABCD;  and  from  CFEG  could  in  turn  be  derived  a  still 
smaller  square  whose  side  and  diagonal  would  be  integral  mul- 
tiples of  our  supposed  unit ;  and  so  on,  until  we  had  a  square 
as  small  as  we  please,  whose  side  and  diagonal  are  integral 
multiples  of  a  finite  unit;  vhich  is  absurd.  Hence  the  dde 
and  diagonal  of  a  square  are  not  magnitudes  such  as  A  and  B 
are  supposed  to  be  in  our  definition  of  concrete  ratio. 

§  16.]  The  difficulty  which  thus  arises  in  the  theory  of  con- 
crete ratio  is  surmounted  as  follows : — 

We  assume,  as  axiomatic  regarding  concrete  ratio,  that  if 
A'  and  A*  be  two  quantities  respectively  less  and  greater  than 
A,  then  the  ratio  A :  B  is  greater  than  A' ;  B  and  less  than 
A' :  B ;  and  we  show  that  A'  and  A'  can  be  found  such  that, 
whUe  each  is  commensurable  with  B,  they  differ  from  each  other, 
and  therefore  each  differs  from  A  by  as  little  as  we  please. 

Suppose,  in  fact,  that  we  take  for  our  onit  the  nth  part  of  B, 
then  there  will  be  two  consecutive  integral  multiples  of  B/n,  say 
mB/n  and  (m  +  l)B/n,  between  which  A  will  lie.  Take  these 
for  our  values  of  A'  and  A* ;  then 


Hence  A'  -  A'  can,  by  sufficiently  increasing  n,  be  made  as  small 
as  we  please. 

We  thus  obtain,  in  accordance  with  the  definition  of  §  12, 
two  ratios,  m/n  and  (m  +  l)/n,  between  which  the  ratio  A :  B  lies, 
each  of  which  may  be  made  to  differ  from  A :  B  by  as  little  as 
we  please. 

Practically  speaking,  then,  we  can  find  for  the  ratio  of  two 
iocommenBurables  an  expression  which  shall  be  as  accurate  as 
we  please. 
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If  B  be  tha  Bide,  sud  A  the  dugonal  of  a  squaie,  to  find  a  ratioiia]  valne 
of  A :  B  which  shall  be  correct  to  1/1 000th. 

If  we  take  for  unit  the  l/lOOOth  part  of  B,  then  BalOOO,  and  A'= 
2,000,000.  Now  14I1>=1999S98,  and  I41G>=200222S.  Hence  Ijli/lOOO 
<A/B<1415/1000.  Bat  UlG/1000 - 1411/1000=  1/1000.  Hence  we  hare 
A/B=1'414,  the  error  beuig<lAOO0. 

1 18.]  The  theory  of  proportian  given  in  Euclid's  EUmenit  geta  over  the 
dif&ml^  of  incommenanr&blee  in  >  very  ingenions  although  indirect  manner. 
No  working  definition  of  a  ratio  is  attempted,  bat  the  proportionality  of  four 
magnitndea  is  defined  subit«ntisllj  as  follows  :— 

If  there  be  fonr  magnitudes  A,  B,  C,  D,  such  that,  always, 
TnA>,  =,  or  <»B, 
according  as  mC>,  =,  or  <nD, 

m  and  n  being  any  integral  numbers  whatsoeTor,  then  A,  B,  C,  D  are  said  to 
he  ^oportional. 

Here  no  n«e  ie  made  of  the  notdon  of  a  nnit^  so  that  the  difficnlty  of  in- 
conunensnrability  is  not  raised.  On  the  other  hand,  there  is  snbetitDted  a 
somewhat  indirect  and  complicated  method  for  testing  the  sabustence  or  non- 
snbsiEtenoe  of  propoitioniility. 

It  b  easy  to  see  that  if  A,  B,  0,  D  be  proportional  according  to  the 
algebraical  definition,  they  have  the  property  of  Enclld's  definition.  For,  if 
a  1  b  and  e :  d  be  the  nnmerical  fflcasntea  of  the  ratios  A :  B  and  C :  D,  we 


from  which  it  follows  that  7na>,  =,  or  <n£,  aceotdlug  as  mo,  =,  or  -end. 
The  converse,  viz.,  that,  if  A,  B,  C,  D  be  proportional  according  to  Euclid's 
definition,  then 

b~d' 
can  be  proved  by  means  of  the  following  lemma. 

Oixeit  any  contnunsuroUs  qumUi^  aft,  another  eommauitrailt  gwtnHiy 

can  be  found  vihich  thail  eKeetd  or /all  short  qfa/b  bj/<ulittit  as  mtpUaae. 

Let  n  he  an  integral  nnmber,  and  let  mi  be  the  least  multiple  of  h  which 
exceeds  no,  so  that 


where  r<i. 

Dividing  botli  ddes  of  this  equation  by  ni,  we  have 
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so  that  nt/n  exceeds  a/b  bj  r/nt.  Now,  nnce  r  never  ezceedi  the  given 
quantity  b,  bj  m  airing  n  guffidentlj  gnat,  we  cui  make  r/ni  as  amaR  as  ne 
please  ;  that  is  to  say,  we  can  make  mjn  exceed  a/b  by  aa  little  at  we  please. 

Similarly  we  may  show  that  another  commenBarable  qnantity  may  be 
found  falling  short  i^  a/b  by  sa  little  as  we  pluae. 

From  this  it  follows  that  if  two  commnturaile  qutKUiHa  differ  by  ever  m 
littit,  vx  nan  aivxa/ifind  anoAer  eammennvrablt  quaiiUtf!  which  lie*  between 
them ;  for  we  can  find  another  coDunensuistile  quantity  which  exceeds  the  less 
of  the  two  by  less  than  the  diffetence  between  it  and  the  greater. 

Suppose  now  that 

according  aa  me>,  =,  or  <iid, 

m  and  n  being  any  intc^era  whatever,  then  we  most  have 

b~d' 
For,  if  these  fractions  (which  wa  may  suppose  to  be  commensurable  by 
virtQe  of  S  IS,]  diSei  by  ever  so  little,  it  wUl  be  possible  to  find  another 
fraction,  n/m  say,  where  n  and  m  are  integers,  which  lies  between  them. 
Hencc^  if  a/b  be  the  leas  of  the  two,  we  must  have 

■T<— ,  that  is,  ma<nb; 

3>— ,  that  is,  monA 

In  other  words  we  have  found  two  integers,  m  and  n,  such  that  we  have 
at  once 

But,- by  hypotbeaia,  when  ma<nb,  we  must  have  7nc<nd.     Hence  the 
"  sjid  e/d  cannot  be  unequal. 


"  VARIATION." 
§  17.]  There  are  an  infinite  number  of  watb  in  irhicli  we 
ma;  conceive  one  quantity  y  to  depend  upon,  be  calculable  from, 
or,  in  technical  mathem&tical  language,  be  a  function  o^  another 
quantity  x.     Thus  we  may  hare,  for  example, 
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For  conveiuence  z  is  called  the  indg>endent  variabU,  and  y  Hie 
d^tendent  variable  ;  because  we  imagina  that  any  value  we  please 
is  given  to  x,  and  the  corresponding  value  of  t/  derived  from  it 
by  means  of  the  functional  relation.  All  the  other  symbols  of 
qnantjty  that  occur  in  the  above  equations,  such  as  3,  17,  a,  6,  c, 
2,  &C.,  are  supposed  to  remain  fixed,  and  are  therefore  called 
emstanls. 

Here  we  attach  meanings  to  the  words  variabk  and  amelant 
more  in  accordance  with  their  use  in  popular  language  than 
those  given  above  (chap.  iL,  $  6). 

The  justification  of  the  double  usage,  if  not  already  apparent, 
will  be  more  fully  understood  when  we  come  to  discuss  the 
theory  of  equations,  and  to  consider  more  fully  the  variations  of 
functions  of  various  kinds  (see  chaps,  xv.-xviii). 

§  18.]  In  the  meantime,  we  propose  to  discuss  very  briefly 
the  nmplest  of  all  cases-  of  the  fonctional  dependence  of  one 
quantity  upon  another,  tiat,  viz.,  which  is  chancterised  by  the 
following  property. 

Let  the  following  scheme 


ValuM  of  the 
Independent  Vwuble. 

Comeponding  VbIum  of 
the  Dependent  V«ri«ble. 

X 

V 

denote  any  two  corresponding  pairs  whatever  of  values  of  the 
independent  and  dependent  variables,  then  the  dependence  is  to 
be  snch  that  always 

y:y'  =  ir:x'  (1). 

It  is  obvious  that  this  property  completely  determines  the 
nature  of  the  dependence  of  y  upon  z,  as  soon  as  any  single  cor- 
responding pair  of  values  are  given.  Si^pose,  in  fact,  that, 
when  x  has  the  value  2^,  y  has  the  value  yg,  then,  by  (1), 
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-e> 


Not  we  may  keep  x„  and  y,  as  a  fixed  standard  pair,  for 
reference  as  it  were ;  their  ratio  yjx,  b  therefore  a  giren  con- 
stant qoantity,  which  we  may  denote  by  o,  aay.  We  therefore 
have 

y  =  ax  (2), 

that  is  to  Bay,  y  is  a  giren  constant  multiple  of  x;  or,  in  the 
lai^jnage  of  diap.  ir.,  §  17,  a  hontogeneoua  integral  function  of  x 
of  the  first  degree. 

Ezunple.  Let  ns  nippoae  that  we  luve  for  taj  two  correipondiiig  ptiira 
y,  X,  and  v*,  z*,  thereUtdon  y:z=y  -.3^ ;  and  tliat  when  z=8,  y=6.  Then 
■inee  6  and  S  an  corrMponding  pain  y:x=8:Z.  Hence  y/x=S/8=2. 
Henoe  y=23S. 

OonTersely,  of  coarse,  the  property  (2)  leads  to  tlie  property 
(1).     For,  from  (2), 

hence,  if  x*  and  y'  be  other  two  corresponding  values. 

Hence  r;  =  -3  =  =;• 

y     cu!     X 

When  y  depends  on  x  in  the  manner  just  explained  it  is  said 
io  vary  diredly  as  x,  or,  more  shortly,  to  vary  a»  x. 

A  better  *  phrase,  which  is  also  in  use,  is  "  y  u  propor&mai 
tox." 

This  particular  connection  between  y  and  x  is  sometimes 
expressed  by  writing 

y-x. 

*  The  vae  ot  the  word  Tariation  in  the  present  connection  it  ODfortnDate, 
became  tha  qualifying  particle  "as"  is  all  that  indieatee  that  we  are  here 
concerned  not  with  variation  in  general,  ai  explained  in  g  17,  but  merely  with 
the  dmplett  of  all  the  possible  kinds  of  it.  llien  is  a  tendency  in  nnedacated 
minds  to  snppoae  that  this  amplest  of  all  kinds  of  fimctianality  is  the  onlj 
one ;  and  this  tendency  is  encouraged  by  the  retention  of  the  above  piece  of 
antiquated  nomendatnre. 
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§  19.]  In  placfl  of  it^  we  might  write  in  equation  (3)  ^,  Xjx, 
l/x*,  x-\-h,  and  bo  on ;  we  shoold  then  have 

yoJ  W, 

y-l  («. 

»-?  » 

y  =  a{x  +  b)  (p). 

The  corresponding  forms  of  eqiution  (1)  would  then  be 

y  ia  then  said  to  vary  as,  or  be  proportioned  to,  a^,  I/x,  l/x*, 
X  4-  &  In  cases  (Ji)  and  (r)  y  is  sometimes  said  to  rarjr  inTeisely 
as  21,  and  inversely  as  the  square  of  x  respectiTelf . 

Still  more  generally,  instead  of  supposing  the  dependent 
variable  to  depend  on  one  independent  variable,  we  may  suppose 
the  dependent  variable  u  to  depend  on  two  or  more  independent 
variables,  x,  y,  z,  &c 

For  example  we  may  have,  corresponding  to  (2), 


u  =  aey 

(0, 

u  =  axyz 

(0. 

u  =  a(z  +  y) 

(1). 

-  =  a| 

(«)■ 

correepondisg  to  (1), 

«:«'=^:»;S' 

(0, 

«iii'  =  i5.  :!■}■!' 

(0. 

«:«'  =  a!  +  y:iB'  +  y' 

M. 

,   xy 

(0\ 

y'V 

In  case  (<)  u  is  sometimes  said  to  vvy  as  x  and  y  jointly ; 
in  case  {$)  directly  as  x  and  inversely  as  y. 
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$  20.]  The  whole  matter  ve  are  dov  discussing  is  to  a  large 
extent  an  affair  of  nomenclature  and  notation,  and  a  litde 
attention  to  these  points  is  all  that  the  etadent  will  require  to 
prove  tiie  following  propositiona.  We  give  the  demonatrationB 
in  one  or  two  specimen  oases. 

(I.)  Ifztcy,  and  jfoez,  then  zoo  a 

Prool — ^By  data  z  =  ay,  y  =  hx,  where  a  and  i  are  conatantB  j 
therefore  z  =  dbx.     Hence  z<xx,  since  (J>  is  constant. 

(2.)  Ify^ax^aaidy,ax„  tte»  y,y,  =  K,i>» 

Proof. — By  data  y,  =  a^x^,  y,  =  a^r„  where  Oi  and  a,  are  con- 
stants. Hence  yiy,  =  0,0^11^  which  proves  the  proposition,  since 
0,0,  is  constant 

In  general  */  y,  =  «,,  y,  «=  z,  .  .  .  y„  =  z*  (Am  y^,  .  .  .  y^ 
°=XiX,  .  .  .  x^     Ajid,  in  particular,  ify^x,  then  j("™z". 

(3.)  Ifyc-:x,lhemyccez,vJuHia-zbevariailewconslatit. 

(4.)  Ifz<^xy,  thai  X'^e/y,  and  yccz/x, 

(6.)  If  z  depend  on  z  and  y,  and  on  ihese  aions,  and  if  zi^z 
toAen  y  is  amatant,  and  z»y  when  z  is  constant,  then  z=xy.when 
both  z  and  y  vary. 

Proof. — Consider  the  following  system  of  corresponding 
values  of  the  variables  involved. 


Dependent 
VuiaUe. 

■vSr' 

llien,  unce  y  has  the  same  value  for  both  z  and  z„  we  have, 
by  data, 

z  _z 
z,~'7 
Agun,  since  sf  is  the  same  for  both  z,'  and  /,  we  have,  by 
data, 
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From  these  tiro  equations  we  hare 

which  proves  that  zona/. 

A  good  example  of  tliu  cue  ia  the  dependence  of  the  axea.  of  a  triangle 
upon  its  base  and  altitude. 

WeliaTe 

Area  «  base  (altitude  constant). 
Ana  K  altitode  (base  constant). 
Hence  area  «  baae  x  aldtnde,  when  both  Tary. 

(6.)  In  a  aimilar  manner  we  may  prove  that  if  z  d^>end  m 
Xi,z,  .  .  .  x„,  and  m  these  alone,  and  vary  as  any  one  of  these  uAen 
the  rest  remain  constant,  then  z  "=  x,x,  .  .  .  x„,  vJien  all  vary. 

(7.)  If  zo^z  (i)  amstani)  and  zoi  \jy  (^  constami),  then  z<^xly, 
when  both  vary. 

For  example,  if  T,  P,  T  denote  the  volnniB,  preBsnre,  and  abiolnte  tem- 
peratnre  of  a  given  maaa  of  a  perF^  gae.     Then 

V  « 1/P  (T  conrtant),  V  «:  T  (P  conatant). 
Hence  In  general  Y  cc  T/P. 

Example  1. 

It  t  <cfi  when/ is  constant,  and  t  «/when  (is  constant,  and  Zs— /when 
1  =  1,  find  the  relation  connecting  >,/,  I. 

It  follows  by  a  slight  extension  of  |  20  (5),  that  iThen/and(  both  vary, 
I  QCjP.     Eence  i=q^,  where  a  ia  a  constant,  which  we  have  to  determine. 

Now,  when  (=1,  »=i/,  hence  if=itfl\  that  is,  \f=af;  in  other  worde, 
we  mnst  have  a=\.     The  relation  reqalrad  is,  therefore,  t— }/I*. 

Example  2. 

The  tbickneM  of  a  grindstone  is  nnaltered  in  the  using,  but  ita  radius 
gradually  diminishes.  By  how  much  must  ita  radius  diminish  before  the 
halt  of  its  mass  ia  worn  away !  Given  that  the  mass  varies  directly  aa  the 
square  of  the  radius  when  the  thickness  remains  unaltered. 

Let  tn  denote  the  mass,  r  the  radina,  then  by  data,  tn=ay*  where  a  ia 
constant. 

Let  now  r  become  ■t',  and,  in  conseqaence,  m  become  \m,  then  im=ar^, 

VOL.  L     ■  T 
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It  follows,  thersfore,  that  the  radioB  of  the  stone  must  be  dimiitiehed  in 
the  ratio  1 :  s/2. 

Eiampla  8. 

A  and  B  are  partuera  in  a  biuitieM  in  which  their  interests  are  in  the 
ratio  a :  b.  They  admit  C  to  the  partnership,  without  altering  the  whole 
amoqnt  of  capital,  in  such  a  way  that  the  interests  of  the  three  partners  in 
the  business  ate  then  eqnal.  C  pays  £e  for  the  privilege.  How  is  this  sum 
to  be  divided  between  A  and  B  T  and  what  capital  had  each  in  the  bnainess 
originally  I 

Solution — Since  what  C  pays  in  is  his  share  of  the  oapitol,  they  each 
hare  GnsUy  ^  iu  the  business  ;  let  now  £z  be  A's  share  of  C'b  payment,  so 
that  £(>:  -  «)  is  B's  share  of  the  same.     In  effect,  A  tahea  £x  and  B  £[c  -  x) 
oat  of  the  business.     Hence  they  had  originally  £(_c+x)  and  £{e+e-x)  in 
the  tinsinsBs.     By  data,  then,  we  must  have 
e+x     a 
2e-x~b' 
hence  b(c+!e)=a{'2c-x); 

we  have,  therefore,  be  +  bx=^Sae-ax. 

From  this  last  equation  we  derive,  by  adding  ou;  -  fie  to  both  sides, 

(fl  +  b)x={2a-b)e. 
Hence,  dividing  by  a + b,  we  have 


(2). 

It  appears,  then,  that  A  and  B  take  £{2a'b)eHa  +  b)  and  £(!»-a)<:/(a  +  t) 
respectively  out  of  the  business.  Cs  payment  must  be  divided  between 
them  in  the  ratio  of  these  sums,  that  is,  in  the  ratio 2a-b:2b-a.  They 
had  in  the  business  originally  £Sacl(it+t)  and  £SbeHa+b)  respectively. 

EXSBCIBES  XTIII. 

(1.)  Ifycg,  andif  v=S|  whenz=S^  find  the  value  of  y  when  a;=|. 

(2.)  y  varies  invetsaly  as  a? ;  and  s  varies  directly  aaa^.  Whenx=2,  y  +  t 
-340 ;  when  x=l,y-z-1275.     For  what  value  of  « is  y=z1 

(S.)  it  u-c;  uci  x;  n  (c  z*.  When  x=2,  z=48 ;  when  as=&,  s=SO. 
For  what  valuBSof  ziBx=Ot 
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(4.)  If  zyica^+y',  and  iii=3  when  ■g=i,  find  the  equation  conoecting 

(6.)  Ux+y<cx-y,  then  a^+B^ocaj/,  and  !B'  +  y'iic!ey(a!±y), 

(6.)  It  (ie+i/+j)(a+y-i){ai-i/  +  i){-a:+(/+2}«aV.  then  either a^+s' 

(7.)  Ifawy,  thenaj'  +  y'aiy. 

(8.)  Ifa»  +  i«!t'-i,  then  y»l/i«!. 

(B. )  If  >! «  v",  B»  «  **,  *■  X  u",  u' «  D*,  dian  (x/v)  (y/i.)  (i/«}  {«/«)  i.  conrtant 

(10.)  Two  trains  take  S  aeconda  to  clear  each  other  when  passing  in 
opposite  directions,  and  36  seconds  when  passing  in  the  same  direction  :  find 
the  ratio  of  their  velocitiea. 

(11.)  A  watch  loses  2iminQte8  per  daj.  It  is  set  right  on  the  15th  March 
at  1  F.u. :  what  will  the  proper  time  be  when  It  indicates  i  A-U.  on  the  20th 
April! 

(12. )  A  araall  disc  is  placed  between  two  infinitely  small  sources  of  Tadiant 
heat  of  eqnal  intensitj,  at  a  point  on  the  line  joining  them  equidistant  from 
the  two.  It  is  then  moved  parallel  to  itself  through  a  distance  a/2  V3  towards 
one  of  the  two  sonrcee,  a  being  the  distance  between  them :  show  that  the 
whole  radiation  foiling  on  the  disc  is  trebled. 

(The  radiation  falling  on  the  disc  varies  iuverselj  ss  the  square  of  the  dis- 
tance from  the  lonice,  when  the  disc  is  moved  parallel  to  itself  towards  or 
f Mm  the  source. ) 

(13.)  The  radios  oF  a  cylinder  is  r,  and  its  height  h.  It  is  fonnd  that  by 
incresaing  either  its  radius  or  its  height  by  x  its  volume  is  increased  bj  the 
same  amount.  Show  thatx  =  r(r- 2A)/ft.  What  condition  is  there  upon  r 
and  h  in  order  that  the  problem  may  be  possible  1 

(Oiran  that  the  volume  of  a  cylinder  varies  directly  ss  its  height,  when 
its  radius  is  constant ;  and  directly,  as  the  square  of  its  ladlas,  vhen  its 
height  is  constant ) 

(14.)  A  solid  sphetical  mass  of  glass,  1  Inch  in  diameter,  is  blown  Into  a 
shell  bounded  by  two  concentric  spheres,  the  diameter  of  the  outer  one  being 
3  inches.  Calculate  the  thickness  of  the  shell.  (The  volume  of  a  sphent 
varies  directly  as  the  cube  of  its  diameter. ) 

(15. )  Find  the  radins  of  a  sphere  whose  volume  is  the  sum  of  the  volnmet 
of  two  spheres  whose  radii  are  3^  feet  and  6  feet  respectively. 

(16.)  Two  eqnal  veasels  contain  spirit  and  water,  the  ratios  of  the  amoont 
of  spirit  to  the  amount  of  water  being  p :  1  and  p* :  1  respectively.  The  con- 
tents of  the  two  are  mixed :  show  that  the  ratio  of  the  amonnt  of  spirit  to  the 
omonnt  of  water  in  the  mixture  is  p + p* -f  2pp':  24- p-Kp'. 
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CHAPTEE   XIV. 
On  Oonditional  Equations  in  GteneraL 

DEFINITIONB  AND  QENERAL  NOTIONS. 

§  1.]  It  will  be  tueful  for  the  student  at  this  stage  to  attempt 
to  form  a  wider  conception  than  we  have  hitherto  presupposed  of 
wha.t  is  meant  by  an  analytical  function  in  general  Dividing  the 
subjectG  of  operation  into  variables  {x,  y,z,.  .  .)  and  constants 
(a,  b,  e,.  .  .),  we  have  already  seen  what  is  meant  by  a  rational 
integral  algebraical  ftmctioa  of  the  variables  z,  y,z,  .  .  . ;  and  we 
have  also  had  occasion  to  consider  rational  fractional  algebraical 
functions  cA  x,  y,  n,  .  .  .  We  saw  that  in  distinguishing  the 
nature  of  such  functions  attention  was  paid  to  the  way  in  which 
the  variables  alone  were  involved  in  the  fimctioo.  We  have  al- 
ready been  led  to  consider  functions  like  \/x  +  */y,  or  \/x  +  i/y, 
OT  ax^  +  bx^  +  C,  where  the  variables  are  involved  by  way  of  root 
extraction.  Such  functions  aa  thesd  are  called  irrational  alge- 
braical functions.  These  varietiee  exhaust  the  category  of  what 
are  usually  called  algebraical  ftmctions.  In  short,  any  irUelli- 
gible  concatenaiion  of  operaiions,  in  which  the  operajids  selected  for 
notice  and  called  the  tariailes  are  involved  in  no  other  vays  than  by 
addition,  subtraction,  multipticaiion,  division,  and  roof  extraction,  is 
called  an  algdrraieal  function  of  these  vaxicMes. 

Although  we  have  thus  exhausted  the  category  of  algebraical 
functions,  we  have  by  no  means  exhausted  the  possibihties  of 
analytical  expression.  Ckinsider  for  example  a",  where,  as  usual, 
X  denotes  a  variable  and  a  a  constant  Here  x  is  not  involved 
in  any  of  the  ways  recognised  in  the  definition  of  an  algebraical 
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function,  but  appears  as  an  index  or  exponent.  <fi  is  therefore 
called  an  exponentiai  fvneiion  of  x.  It  should  be  carefully  noted 
that  the  discrimination  tarns  solely  on  the  vay  in  which  tfae 
variabU  enters.  Thos,  while  a*  is  an  exponential  function  of  x, 
le'  is  an  algebrucal  function  of  x.  There  are  other  functions  in 
oidinaiy  use, — for  example,  sinz^  ^ogx,  and  an  infinity  besides 
that  might  be  imagined, — ^which  do  not  come  under  the  category 
of  algebraical ;  all  aucli,  for  the  present,  we  claw  under  the  general 
title  of  tra/tacmdenial  functions,  so  that  transcendental  simply 
means  non-algebraical.  We  use  the  term  anali/tical  fwuMon,  or 
simply  fimdvm,  to  include  all  functions,  whether  algebrucal  or 
transcendental,  and  we  denote  a  function  of  the  variables  x,  y, 
z, .  .  .,  in  which  the  constants  a,b,  c, .  .  .are  also  involved,  by 

4>{x,y,z,...a,b,c,...)i 
or,  if  explicit  mention  of  the  constants  is  unnecessary,  by 
4.{x,  y,z,..  .). 

§  3.]  Consider  any  two  fantions  whatever,  say  ^x,  y,z, .  .  . 
a,b,c,...),  and  i^(x,  y,  ^  .  .  .  a,  &,  c,  .  .  .),  of  the  variables 
x,y,z,.  .  .  involvii^  the  constants  a,b,e,.  .  . 

If  the  equation 
^x,y,z,.  .  .a,b,e,.  .  .)  =  'l^x,y,z, .  .  .  a,  b,  c, .  .  .)  (1) 
be  satisfied  for  all  valves  of  the  variaUes  x,y,  z, .  .  .,  it  is  called 
an  identical  equation,  or  an  idmHiy;  and  what  is  understood  is 
that  the  left-hand  side  can  be  transformed  into  the  right,  or  vice 
versa,  by  merely  applying  the  fundamental  laws  of  algebra,  and 
the  definitions  of  the  operations  involved,  no  reference  whatever 
being  necessary  to  the  values  of  the  letters  x,i/,  z,  .  .  .  a,  b,  c, 
,  ,  .  With  equations  of  this  kind  the  student  is  already  very 
^miliar. 

If,  on  the  other  band,  the  equation  (1)  is  fu>t  stUisfied  for  all 
values  of  the  variables  a^  jr,  ;^  .  .  .,  it  is  called  an  equation  of 
amdiHon,    or    a    conditional  equation,  *   because,    although    the 

*  When  it  is  necassary  to  diatinguish  between  on  equation  of  ideutitf  and 
an  eqimtian  of  condition,  the  sign  =  is  used  for  the  fonnei,  and  the  sign  = 
for  the  latter,     Thna,  waahonld  write  (3:+l){a:-l)Sii?-l ;  but2ai  +  2=3.   ■ 
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equation  is  not  satiefiod  by  all  values  of  the  variables,  we 
know,  or  suppose,  that  it  will  be  satisfied  on  condition  that 
certain  particular  values  be  given  U)  the  variables.  Examples  of 
such  equations  have  already  occurred,  more  especially  in  chap. 
yjii.  One  of  the  earHest  may  be  seen  in  chap,  iv.,  §  34, 
where,  inter  alia,  it  was  required  to  determine  £  so  that  we 
should  have  2£  +  3  =  2 ;  in  other  words,  to  find  a  value  of  x  to 
satisfy  the  equation 

2s  +  3  =  3  (2). 

Every  determinate  problem,  wherein  it  is  required  to  deter- 
mine certain  unknown  quantities  in  terms  of  certain  other  given 
or  known  quantities  by  meana  of  certain  given  coflditions,  leade, 
when  expressed  in  analytical  language,  to  one  or  more  equations 
of  condition ;  to  as  many  equations,  in  facl^  as  there  are  condi- 
tions. The  quantities  involved  are  therefore  divided  into  two 
classes,  known  and  unknown.  The  known  quantities  are  denoted 
by  the  so  called  constant  letters  ;  the  unknown  by  the  variable 
letters.  Hence,  in  the  present  chapter,  amstant  and  hwvm  are 
convertible  t«rms ;  and  so  are  variable  and  unknoum.  The  con- 
stants may  be  actual  numerical  quantities,  real  and  positive  or 
negative  ( —  4,  -  J,  0,  -hi,  +  ^,  &c.),  or  complex  numbers  ( -  i, 
I  +  2t,  &c.);  or  they  may  be  letters  standing  for  any  such 
quantities  in  general. 

§  3.]  Equations  are  classified  according  to  their  form,  and 
according  to  the  number  of  variables  that  occur  in  them. 

If  transcendental  functions  appear,  as,  for  example,  in 
2"  =  3'  +  2,  the  equation  is  said  to  be  IraTUcendenid.  'With 
such  for  the  present  we  shall  have  little  to  do. 

If  only  algebraical  functions  appear,  as,  for  example,  in 
'/x  +  jf+  '/x-y=  I,  the  equation  is  called  an  dgebraicxd  egm- 
tvm.  Such  an  equation  may,  of  course,  be  rational  or  irra- 
tional, and,  if  rational,  either  fractional  or  integral,  according  to 
circumstances. 

It  will  be  shown  presently  that  every  algebraical  equation 
can  be  connected  with,  or  made  to  depend  upon,  an  equation 
of  the  form  ^^  y,z,,..)  =  0, 
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vhere  ^  is  a  rational  integral  function.  Such  equations  are 
therefore  of  great  analytical  importance ;  and  it  is  to  them  that 
the  "Theory  of  Equations,"  as  ordinarily  developed,  mainly 
applies.  *  An  integral  equation  of  this  kind  is  described  by 
assigning  its  de^ee  and  the  number  of  its  variables.  The  de- 
gree of  the  equation  is  simply  the  degree  of  the  function  ^ 
Thus,  x*  +  2xy  +  y*  -  2  =  0  is  said  to  be  an  equation  of  the  second 
degree  in  tvo  variables. 

§  4.]  Equations  of  condition  may  occur  in  sets  of  one  or 
of  more  than  one.  In  the  latter  case  we  speak  of  the  set  as 
a  set  or  system  of  simidtaneaiii  equaiums. 

The  main  'problem  which  arises  in  connedum  wiih  every  system 
of  equaiions  of  amdiivm  it  to  find  a  set  of  values  of  the  variables 
which  shail  render  every  egmHtm  of  the  systetn  <m  identity  lOeral  or 
nwnericai. 

Such  a  set  of  values  of  the  variables  is  said  to  soMsfy  the 
system,  and  is  called  a  sduHon  of  the  system  of  equations.  If 
there  be  only  one  equation,  and  only  one  variable,  a  value  of 
that  variable  which  satisfies  the  equation  is  called  a  root. 

It  is  important  to  distinguish  between  two  very  difierent 
kinds  of  solution.  When  the  valuee  of  the  variables  which  con- 
stitute the  solution  are  closed  expressions,  that  is,  functions  of 
known  form  of  the  constants  in  the  given  equations,  we  have 
what  may  be  called  a  formal  sdution  of  the  system  of  equa- 
tions. In  particular,  if  these  values  be  algebraical  functions  of 
the  constants,  we  have  an  aigebraieal  solution.  Such  solutions 
cannot  in  general  be  found.  In  the  case  of  integral  algebraical 
equations  of  one  variable,  for  example,  if  the  degree  exceed  the 
fourth,  it  has  been  shown  by  Abel  and  others  that  algebraical 
solutions  do  not  exist  except  in  special  cases,  so  that  the 
formal  solution,  if  it  could  be  found,  would  involve  transcen- 
dental functions. 

When  the  values  of  the  variables  which  constitute  the  solution 
are  given  approximately  as  numbers,  real  or  complex,  the  solution 
is  stud  to  he  an  apprtxdmate  numeriad  solution.  In  this  case  the 
words  "  render  the  equation  a  numerical  identity  "  are  understood 
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to  mean  "  reduce  the  tvo  eidea  of  the  eqti&tion  to  ralnes  which 
shall  differ  by  less  than  some  quantity  which  ie  asaigned."  For 
example,  if  real  valaes  of  the  two  sides,  say  F  and  P',  are  in ' 
question,  then  these  must  be  made  to  differ  by  less  than  some 
given  small  quantity,  say  1/100,000;  if  complex  values  are  in 
question,  say  P  +  Qi  and  P'  +  Q't,  then  these  must  be 
so  reduced  that  the  modulus  of  their  difference,  viz., 
V{P  -  P')'  +  (Q  -  Q')',  shall  be  less  than  some  given  small 
quantity,  say  1/100,000. 

As  a  matter  of  fact,  numerical,  solutions  can  often  be  ob- 
tained ^ere  formal  solutions  are  out  of  the  question.  Integral 
algebraical  equations,  for  example,  can  always  be  solved  niuneii- 
cally  to  any  desired  approximation,  no  matter  what  their  degree. 

Example  1. 

2a+2=2. 
ii;=0  is  a  lolnlion,  for  this  Tala«  of  x  reduces  the  ec[aatian  to 


Examples. 

ax-ff'=0. 
X = Vfa  rediiM*  tiia  eqnation  to 

niiicli  is  a  litenl  identic ;  hence  asi^^/a  is  ui  algebitucalaolntioii. 

Examples. 

a?- 2=0. 
"Ren  x=  +  \/Z  i.-dA  x=:  -••/ieadi  rednce  the  sqoatlou  to  the  identity 

2-2=0; 
these  therefore  are  two  algebraical  solutions. 

On  the  other  haod,  *=  +  lil*2  and  a  =  -  1-4142  are  approximate 
nnmerical  solutioaa,  for  each  of  them  reduces  a^-2  to  -  '00003836,  which 
differs  iVom  0  by  less  than  -00004. 

Example  4. 

(a:-l)>  +  2=0. 
»=1  +  V^  *^^  x=l-'t/2i  are  algebndcal  solutions,  as  the  student  will 
easily  veri^. 

x=l-0001  +  l-4142i  and  i=l'0O01-I'4142i  are  approximate  numerical 
solntioDS,  for  they  reduce  (x- 1)'  +  2  to  -00003837  +  '00028284i  and  -00003837 
34f  respectively,  complex  niunbers  whose  moduli  are  each  less  than 
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ExAmple  &. 

Here  x  =  l,y=0,m  a  solution;  so  La  x=V5,  y='S;  so  U»=2,  y=l  ;  and, 
in  fact,  BO  is  z=a-f  1,  y=a,  where  a  is  any  quantity  whatsoever. 

Here,  then,  there  sre  an  infinite  nmnber  of  solntiDns. 

Example  6.  Consider  the  following  s<^tein  of  two  er[a>tions : — 
x-y=l,    2K+y=6. 
Here  x=2,  y=l  ia  a  solution  ;  and,  as  we  shall  show  in  chap.  xtL,  there  is 

The  definition  of  the  solution  of  a  conditional  equation 
suggests  two  remarks  of  some  importance. 

1st.  Every  condiUonal  equa^on  u  a  hypothetical  ideniity.  In 
all  operations  with  the  equation  we  sigtpose  the  variables  to  have  sack 
values  as  wHl  render  it  an  identity. 

2tid.  The  vltimaie  test  of  eveiy  solution  is  that  the  valjtes  which  it 
assigns  to  the  vari/^les  shall  satisfy  the  egyations  when  subsliiuted 
therein. 

No  matter  how  elaborate  or  ingemonB  the  process  by  which 
the  solution  has  been  obtained,  if  it  do  not  stand  this  test,  it  is 
no  solution  j  and,  on  the  other  hand,  no  matter  haw  simply  ob- 
tained, provided  it  do  stand  this  teat,  it  is  a  solutioa*  In  fact, 
as  good  a  way  of  solving  equations  as  any  other  is  to  guess  a 
soluUon  and  test  its  accuracy  by  substitution,  f 

§  5.]  The  consideration  of  particular  cases,  such  as  examples 
1-6  of  §  4,  teaches  us  that  the  number  of  solutions  of  a  system  of 
one  or  more  equations  may  be  finite  or  infinite.  If  the  number 
be  finite,  we  say  that  the  solution  is  determinate  (singly  determi- 
nate, or  mtdtiply  determinate  according  as  there  are  one  or  more 
solutions) ;  if  the  number  be  infinite,  we  say  that  the  solution  is 
indeterminate. 

The  question  thus  arises,  Under  what  circumstances  is  the 
solution  of  a  system  of  equations  determinate  ]  Fart  at  least  of 
the  answer  ia  given  by  the  following  fundamental  propositions : — 

Proposition  I,  The  soltUiim  of  a  system  of  eqvatums  is  in  general 


*  A  little  attention  to  these  self-evident  tmtha  would  save  the  begioner 
from  msD  J  a  needless  blunder. 

+  This  is  called  solving  by  "inspection." 
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determinate  {singly,  or  multiply  aea/rding  lo  drcamstances)  uhen  the 
number  of  the  equations  is  equal  lo  the  number  of  the  txiriables. 

Rightly  considered,  this  is  an  ultimate  logical  principle  which 
may  be  discussed,  but  not  in  any  strictly  general  sense  proved. 
Let  us  illustrate  by  a  concrete  example.  The  reader  is  aware 
that  a  rectilinear  triangle  is  determinable  in  a  variety  of  waye 
by  means  of  three  elements,  and  that  consequently  three  condi- 
tions will  in  general  determine  the  figure.  To  translate  this  into 
analytical  langut^e,  let  us  take  for  the  three  determining  elements 
the  three  sides,  whose  lengths,  at  present  unknown,  we  denote 
by  z,  y,  z,  respectively.  Any  three  conditions  upon  the  triangle 
may  be  translated  into  three  equations  connecting  z,y,z  with 
certain  given  or  constant  quantities ;  and  these  three  equations 
vill  in  general  be  sufficient  to  determine  the  three  variablea, 
3i,y,si.  The  general  principle  common  to  this  and  like  cases  is 
simply  proposition  I.  The  truth  is  that  this  proposition  stands 
leas  in  need  of  proof  tiian  of  limitation.  Wliat  is  wanted  is  an 
indication  of  the  circumstances  under  which  it  is  liable  to  excep- 
tion. To  return  to  oar  particular  case :  What  would  bappen, 
for  example,  if  one  of  the  conditions  imposed  npou  onr  triangle 
were  that  the  sum  of  two  of  the  sides  should  fall  short  of  the 
third  by  a  given  positive  quantity  1  This  condition  could  be 
expressed  quite  well  by  an  equation  (viz.,  x-¥y=-z  —  q,  say),  but 
it  is  fulfilled  by  no  real  triangle.*  Again,  it  m^ht  chance  that 
the  last  of  the  three  given  conditions  was  merely  a  consequence  of 
the  two  first  We  should  then  have  in  reality  only  two  conditions 
— that  is  to  say,  analytically  speaking,  it  might  chance  that  the 
last  of  the  three  equations  was  merely  one  derivable  from  the 
two  first,  and  then  there  would  be  an  infinite  number  of  solutions 
of  the  system  of  three  variables.  Such  a  system  is 
3:  +  y  +  z=  6, 
3a:+2y  +  2=10, 
2a:  +  y=  4, 
for  example,  for,  as  the  reader  may  easily  verify,  it  is  satisfied 
by3;  =  a-2,  y  =  8-2a,s  =  a,  where  a  is  any  quantity  whatsoever. 

*  8«e  bsloir,  chap.  lix. 

DB,l,r..cb,.GOOglC 


XtT.]  DSTERUINATENES3  OF  SOLUTION.  283 

It  will  be  seen  in  following  chapters  how  these  difficulties  are 
met  in  particular  cases.  Meantime,  let  us  observe  that,  if  we 
admit  proposition  I.,  two  others  follow  very  readily. 

Proposition  U.  If  the  number  of  tquaiions  he  less  iKan  the  number 
of  variables,  the-solution  is  m  general  indeterminate. 

Proposition  in.  If  Ihe  number  of  eqmUims  be  ^eater  than  ike 
nvmier  of  variables,  there  is  in  general  no  solution,  and  the  system  of 
equations  is  said  to  be  inamsisteni. 

For,  let  the  number  of  variablea  be  n,  and  the  number  of 
equations  m,  say,  where  nt  <  n.  Let  ua  assign  to  the  first  n-m 
variables  any  set  of  values  we  please,  and  regard  tiiese  as  constant. 
This  we  may  do  in  an  infinity  of  ways.  If  we  substitute  any  such 
set  of  values  in  tiie  m  equations,  we  have  now  a  set  of  m  equa- 
tions to  determine  the  last  m  variables ;  and  this,  by  proposition 
I.,  they  will  do  determinately.  In  other  words,  for  every  set  of 
values  we  like  to  give  to  the  first  n-m  Tariables,  the  m  equations 
give  us  a  determinate  set  of  values  for  the  last  m.  We  thus  get  an 
infinite  number  of  solutions ;  that  is,  the  solution  is  indeterminate. 

Next,  let  m  be  >n.  If  we  take  the  first  n  equations,  these 
will  in  general,  by  proposition  I.,  give  a  determinate  set,  or  a 
finite  number  of  determinate  sets  of  values  for  all  the  n 
variables.  If  we  now  take  one  of  these  sets  of  values,  and 
substitute  it  in  one  of  the  remaining  m-n  equations,  that 
equation  will  not  in  gener^  be  satisfied ;  for,  if  we  take  an 
equation  at  random,  and  a  solution  at  random,  the  latter  will 
not  in  general  fit  the  former.  The  system  of  m  equations  will 
therefore  in  general  be  inconsistent. 

It  may,  of  course,  happen,  in  exeepliffncd  eases,  that  this 
proposition  is  not  true;  witness  the  following  system  of  three 
equations  in  two  variables : — 

x-y=l,      2x  +  y=5,     3z  +  2y  =  8, 
which  has  the  common  solution  x  =  2,  y  =  1. 

§  6.]  We  have  also  the  further  question,  When  the  system 
is  determinate,  how  many  solutions  are  there  t  The  answer 
to  this,  in  the  case  of  integral  equations,  is  furnished  by  the 
two  following  propositions : — 
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Proposition  L  An  integral  equation  of  the  nth  degree  in  one 
variaUe  has  n  roots  and  no  more,  which  may  be  real  or  complex,  and 
all  urt^qtiaJ  or  not  all  wneguai,  according  to  circumsianixs. 

Propoaition  11.  A  determinate  system  of  m  integral  equaliona  wUh 
m  variables,  whose  degrees  in  these  variables  are  p,  q,  r,  .  .  .  respect- 
ively, has,  at  itwst,  pqr .  .  .  sduttons,  and  has,  in  general,  jttst  that 
number. 

FroposilioQ  1  was  proved  in  the  chapter  on  complex  num- 
bers, where  it  vas  shown  that  for  any  given  integral  function 
of  X  of  the  nth  degree  there  are  just  n  values  of  x  and  no  more 
that  reduce  that  function  to  zero,  these  T^ues  bdng  real  or 
complex,  and  all  unequal  or  not  &s  the  case  may  he. 

Proposition  II.  will  not  be  proved  in  thia  work,  except  in 
particular  cases  which  occur  in  chapters  to  follow.  General 
proofo  will  be  found  in  special  treatises  on  the  theory  of  equa- 
tions. We  set  it  down  here  because  it  is  a  useful  guide  to  the 
learner  in  teaching  him  how  many  solutions  he  is  to  expect. 
It  will  also  enable  him,  occasionally,  to  detect  when  a  system 
is  indeterminate,  for,  if  a  number  of  solutions  be  found  exceed- 
ing that  indicated  by  proposition  II.,  then  the  system  is  certainly 
indeterminate,  Uiat  is  to  say,  has  an  infinite  number  of  solu- 
tions. 

Eiample.  The  ByBtem»^  +  s'=I,  a!-y  =  l,hBB,  bypropoaitionlL,  2x1  =  2 
aolutiatu.    As  a  matter  of  &ct,  these  eolations  uex=0,  y=  -1,  and  x=l, 

EQUIVALENCE   OF   SYSTEMS   OP  EQUATIONS. 

§  7.]  Two  systems  of  equations,  A  and  B  (each  of  which  may  am- 
sist  of  one  or  more  equations),  are  said  to  be  equivalent  when  every 
soltUian  of  A  is  a  soluHon  of  B,  and  every  solution  of  B  a  solvlitm 
of  A. 

From  any  ^ven  system,  A,  of  equations,  we  may  in  an  in- 
finity of  ways  deduce  another  system,  B ;  but  it  will  not 
necessarily  be  the  case  that  the  two '  systems  are  equivalent. 
In  other  words,  we  may  find  in  an  infinity  of  ways  a  system, 
B,  of  equations  which  will  be  satisfied   by  t£i  values  of  the 
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variables  for  which  A  ie  satisfied ;  but  it  will  not  follow  con- 
versely that  A  will  be  satisfied  for  aU  valnes  for  which  B  is 
satisfied.  To  take  a  very  simple  example,  x-  1  =  0  is  satisfied  by 
the  value  z  =  1,  and  by  no  other ;  z{z  -  1)  =  0  is  satisfied  by 
x=  1,  that  is  to  say,  x(z-  I)  =  0  is  satisfied  when  z-  1  —  0  is 
satisfied.  On  the  other  hand,  x{x  -  1)  =  0  is  satisfied  either  by 
x  =  0  or  by  a;  =  1,  therefore  a:  -  I  =  0  is  not  always  satisfied  when 
x(x-\)  =  0  IB  bo;  tor  x  =  0  reduces  x-  1  to  -  1,  and  not  to  0. 
Briefly,  a:(a:  -  1)  =  0  may  be  derived  from  k  -  1  =  0,  but  is  not 
equivalent  to  x  -  1  =  0. 

x{z-l)  =  Q  is,  in  fact,  more  than  equivalent  to  x-l=0, 
for  it  involves  z  -  1  =  0  and  z  =  0  as  alternatives.  It  will  be 
convenient  in  such  cases  to  say  that  x(x~  1)  =  0  ia  equivalent  to 

When  by  any  step  we  derive  from  one  system  another  which 
is  exactly  equivalent,  we  may  call  that  step  a  renerBible  deriva- 
tion, because  we  can  make  it  backwards  without  fallacy.  If 
the  derived  system  is  not  equivalent,  we  may  call  the  step 
irreversible,  meaning  thereby  that  the  backward  step  requires 
examination. 

There  are  few  parts  of  algebra  more  important  than  the 
logic  of  the  derivation  of  equations,  and  few,  nnhappUy,  that 
are  treated  in  more  slovenly  fashion  in  elementary  teaching. 
No  mere  blind  adherence  to  set  roles  will  avail  in  this  matter ; 
while  a  little  attention  to  a  few  sunple  principles  will  readily 
remove  all  difBcnlty. 

It  must  be  borne  in  mind  that  in  operating  with  conditional 
equations  we  always  suppose  the  variables  to  have  such  values 
as  will  render  the  equations  identities,  although  we  may  not  at 
the  moment  actually  substitute  such  values,  or  even  know  them. 
JFe  are  therefore  at  every  step,  hypoiheticaily  at  least,  applying  (he 
fundamental  laws  of  algebraical  transformaiion  just  as  in  chap.  i. 

The  following  general  principle,  already  laid  down  for  real 
quantities,  and  carefully  discussed  in  chap.  ziL,  §  12,  for  com- 
plex quantities,  may  be  taken  as  the  root  of  the  whole  matter. 

Let  P  ami  Q  be  hco  /uBctions  of  tite  variables  x,y,  z, . . .,  tokich 
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do  not  become  infinite*  for  any  valves  of  those  variables  thai  toe  have 
to  consider.  IfPxQ  =  OaRdQ4^0,ihenwUlF^O,andifP''Q  =  0 
and  P^t'O,  then  will  Q^O. 

Othervriae,  the  onlt/  valves  of  the  variables  which  make  P  ^  Q=0 
are  mh  as  Titake  either  P  =  0,  or  Q=0,  or  both  P  =  Q  and  Q=0. 

§  8.]  It  follows  by  the  fundamental  laws  of  algebra  that  if 

P  =  Q  0). 

then  P±E  =  Q±E  (2), 

where  S  is  either  constant  or  any  function  of  the  variables. 

We  shall  show  that  this  derivation  is  reoersiUe. 

For,  i!  P  ±  E  =  Q  ±  E, 

then  P±EtE  =  Q±EtE 

that  ia,  P  =  Q ; 

in  other  words,  if  (2)  holds  so  does  (1). 

Cot.  1.  If  we  transfer  any  term  m  an  equation  from  the  one  side 
to  the  other,  at  the  same  time  revering  its  sign  of  addiHon  or  suHrac- 
tim;  or,  if  toe  reverse  all  the  signs  on  both  sides  of  an  eqitatton,  we 
deduce  in  each  case  an  equimUait  e^tatimi. 

For,  if  P  +  Q  =  E  +  S,  w^, 

then  P  +  Q-S  =  E  +  S-S, 

that  is,  P  +  Q  -  S  =  E 

Again,  if  P  +  Q  =  E  +  S, 

then        P  +  Q-P-Q-E-S  =  E  +  S-P-Q-E-S, 
that  is,  -  E  -  S  =  -  P  -  Q, 

or  -P-Q=-E-S. 

Cor.  2.  Every  equation  can  be  reduced  to  an  equivalent  equation  of 
the  form — 

E  =  0. 

For,  if  the  equation  be     P  =  Q, 

■  In  all  that  foUows  all  fouctioiu  of  the  variablas  that  ftppettr  are  Bapposed 
not  to  become  infinite  for  au7  Talnes  of  the  Tiuiab1«e  contemplated.  Cose* 
wbsre  thit  nnibntanding  u  violated  must  be  considered  sepuatelf. 
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we  hare  P  -  Q  =  Q  -  Q, 

that  is,  P  -  Q  =  0, 
^Hiich  ia  of  the  form  E  =  0, 

Example. 

SnbtrMting  i?  -  a  -  8  ftom  both  aides,  we  hava  the  equivalent  equation 

Changing  sll  the  dgns,  we  bare 

Id  this  nay  an  iotegral  eqoatian  can  alwa^ie  be  anaoged  trith  all  its  terms  on 
one  aide,  so  that  the  coeffident  of  the  highest  tenn  is  poaitiTs. 

§  9.]  It  follows  from  the  fundamental  laws  of  algebra  that 

if  P  =  Q  0), 

that  PR  =  QR  (2), 

thg  step  being  reveriihle  if  R  is  a  cojtstanl  d^ering  from  f),httt  nU  if 
■R  be  afundim  of  ike  varUihUe.* 

For,  if  PR=QE, 

an  equivalent  equation  is,  by  §  8, 

PR-QR=0  (3), 

that  is,  (P  -  Q)R  =  0  (4). 

Now,  if  R  be  a  constant  =4=  0,  it  will  follow  from  (i),  by  the 
general  principle  of  §  7,  that 

P-Q  =  0, 
which  is  equivalent  to  P  =  Q. 

But,  if  R  be  a  function  of  the  variables,  (4)  may  also  be  satiefied 
by  values  of  the  variables  that  satisfy 

R  =  0  (5); 

and  such  values  will  not  in  general  satisfy  (1). 

In  fact,  (2)  is  equivalent,  not  to  (1),  bat  to  (1)  and  (5)  as 
alternatives. 

*  This  is  apoken  of  as  "mnltiplTiDg  the  eqoatioD  bj  B."  Similarly  the 
proceea  of  S  8  is  apoken  of  as  "adding  or  anbtracting  E  to  or  from  the  equa- 
tion." Thia  langnage  is  not  atrictl;  correct,  bnt  la  Bo  convenient  that  ve 
shall  use  it  where  no  confnsion  ia  to  be  feared. 
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,  Cor.  1.  From  the  above  it  followa  that  dividing  both  sides  of 
an  egiuUi(m  by  any  fandion  other  than  a  constant  Tiot  equal  to  esro  is  net 
a  legiiimate  process  of  derivation^  since  we  may  thereby  lose  solvtions. 

Thns  PR  =  QR  is  eqmvalent  *o {  b'  ** -  o  I ' 
whereas  PR/R  =  QE/R  * 

gives  P  =  Q, 

which  is  equivalent  merely  to 

P  -  Q  -  0. 
Example.  If  yre  divide  1)oth  Bides  of  the  equation 

(*- 1)^=4(3:- I)  (a) 

b7*-l,  we  reduce  it  to  3?=i  (fi), 

which  IB  eqaiTalent  to        (z-  2)(z  +  2)  =  0. 
(n),  on  the  other  hood,  is  equivalent  to 

{x-inx-2nx  +  2)  =  0. 
Hence  (a)  has  the  three  eolntioiis,  x=  1,  z=3,  x  =  -  2 ;  while  OS)  has  only  the 
two,  ic=2,  x=-2. 

Cor.  2.  To  multiply  or  divide  both  sides  of  an  equation  by 
any  constant  quantity  differing  from  zeio  is  a  reversible  proceae 
of  derivation.  Hence,  if  the  coefficients  of  an  integral  equation  be 
fractionai  either  in  the  algebroMal  or  in  the  arOhmeticai  sense,  tee  can 
ahoays  find  an  egrtivale^  equation  in  which  the  eoeffidenis  are  all 
integral,  and  have  no  common  measure. 

Also,  we  can  always  so  arrange  an  integral  equation  that  the  co- 
^iciemt  of  any  term  vie  please,  say  the  highest,  shall  be+  1. 

Example  1. 

33;  +  2    ex  +  3_2x+i 
4     "*"     6     ~     8 
gives,  OD  nmltipljing  both  sidea  hj  40, 

10(3*  +  2}  +  8(61+  8)  =  6(23!  +  4), 
that  is,  803!  +  20  +  *8x+24  =  10a!  +  20, 

whence,  after  rabtiacting  lOz  +  20  from  both  sides, 
e&e+24  =  0. 

*  As  we  are  here  meielj  establishing  a  negative  proposition,  the  reader 
ma;,  to  fix  his  ideas,  asanme  that  all  the  letters  stand  for  integral  fonctians 
of  a  single  variable. 
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whence  agam.  after  division  ot  both  aide*  bj  68, 

Example  2. 

If  W8  nmlliplyboth  tHeahj pg{p-q)lp+q),  that  ia,  bj^j^- j*),  we  derive 
the  equivalent  equation 

{(ji'-j'>=+«y}{(r»-9'>«+J>w}  =  2ps<f^ -!■>!*, 

which  U  equivalent  to  ( ji*  -  ^fi?  +i>^ V = 0. 

Cor.  3.  From  enery  rational  algebraical  equation  an  integral  equa- 
tioii  can  be  deduced,-  biit  it  is  possible  that  extraneous  soluUtms  may 
be  vntrodueed  in  the  process. 

Suppose  we  have  P  =  Q  (a), 

where  P  and  Q  are  rational,  but  not  integrsL  Let  L  be  the 
L.C.M.  of  the  denominators  of  all  the  fractions  that  occur  either 
in  P  or  in  Q(  then  LP  and  LQ  are  both  integral.  Hence,  if  we 
multiply  both  sides  of  {d)  by  L,  we  deduce  the  integral  equation 
LP-LQ  («. 

Since,  however,  the  multiplier  L  contains  the  variables,  it  is 
possible  that  some  of  the  solutions  of  L  =  0  may  satisfy  (^,  and 
such  solutions  would  in  general  be  extraneous  to  (a).  We  say 
possible ;  becauae  P  and  Q  contain  fractions  whose  denominators 
are  factors  in  L.  Hence  the  solutions  of  L  =  0  will  in  general 
make  either  P  or  Q  infinite,  and  tiierefore  (P  -  Q)L  not  necee- 
sarily  zero.  The  point  at  issue  will  be  best  understood  by  study- 
ing the  two  following  examples : — 
Example  1. 

If  we  maltipl7  both  ddes  by  (»  -  2)  («  -  8),  we  dadnce  the  eqnatioii ; 

(2ai-8)(a:-2)(a!-8)  +  [j!'-aj!4-8)(»-3)  =  (a!-2)>  (jS), 

which  is  integnJ,  and  is  aatiafied  bj  any  solution  of  (a).  We  mmt,  however, 
eiamino  whether  any  of  the  solutions  of  (x~2){x-S)  =  0  satisfy  (j8). 
These  solntions  ore  *=2  and  x=S.  The  second  of  these  obvionaly  does  not 
satiafy  (p),  uid  need  not  b«  considered  ;  but  x=2  does  satisfy  ffi^,  and  we 
must  examine  (a)  to  see'whether  it  satisfies  that  equation  also. 

VOL.  r.  xj 
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which  is  obvioiulf  sot  utufied  by  x=2. 

It  appeara,  therefore,  that  in  ite  proceu  of  mtognlisation  we  hara  intro- 
daced  the  extraneoiu  solution  31=2. 

Examples. 

x-2         x-S 
Proceeding  as  befoTC,  ve  deduce 

(!te-3)(a!-2)(iB-S)  +  (at*-fa  +  8)(»-S)={a!-2)*  ip"). 

It  will  be  fonnd  that  neither  of  the  valaee  a=2,  x=S,  satMea  {^). 
Hence  no  eztranaons  aolntiona  have  been  introduced  in  this  case. 

ff.3. — The  reason  wbj  x=2  satisfies  {p)  in  exaniple  1,  is  that  the  Domer- 
ater  ii^-6z-l-S  of  the  fiction  on  the  left  contakis  the  tttctorx-2  irhicb 
occnra  in  tiie  denoniinator. 

Cor.  y.  liaising  both  sides  of  an  eguaiion  to  the  same  ivtegral 
poaer  is  a  legitimate,  bat  not  a  Teveraible,  process  of  derivation. 

The  equation  P  =  Q  (1), 

is  equivalent  to  P  -  Q  =  0  (2). 

If  we  multiply'by  P»->  +  P""^  ■!■  P»-*Q2  +  .  .  .  +  Q»-»,  Tce 
deduce  from  (2) 

P"-Q»  =  0  (3), 

which  ia  Batisfied  by  any  solution  of  (1) ;  (3),  however,  is  not 
equivalent  to  (1),  but  to 

\  P"-"  +  P"-*Q  +  .  .  .  +  Q"-!  =  0  J 

It  will  be  observed  that,  if  we  start  with  an  equation  in  the 
standard  form  P  -  Q  =  0,  transfer  the  part  Q  to  the  right-hand 
side,  and  then  nuse  both  sides  to  the  nth  power,  the  result  is  the 
same  as  if  we  had  multiplied  both  sides  of  the  equation  in  its 
original  form  by  a  certun  factor.  To  make  the  introduction  of 
extraneous  factors  more  evident  we  chose  the  latter  process ;  bat 
in  practice  the  former  may  happen  to  be  the  more  convenient* 

If  the  reader  will  reflect  on  the  nature  of  the  process  described 
in  chap.  x.  for  rationalising  an  algebraical  function  by  means 
of  a  rationalising  factor,  he  will  see  that  by  repeated  operations  of 

*  See  belov,  g  12,  Ex.  8. 
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thia  kind  ever;  algebraical  equation  can  be  reduced  to  a  rational 
form ;  but  at  each  step  extraneoua  Bolutions  may  be  introduced. 
Hence     (- 

Cor.  i.  From  every  aigebraical  equation  vx  can  derive  a  raHoital 
inU^red  equation,  which  wUl  be  saiisJKd  by  any  solntiffn  of  the  given 
equation  ;  but  it  does  wrf  foUow  thai  every  solvHon,  or  even  thai  any 
solution,  of  the  derived  equaium  vjiU  satisfy  the  original  one. 

Example  1.    Consider  the  equation 

\^+T+\^^=l  (a), 

vhsre  the  aqaara  root  in  nndantood  to  have  the  positive  sign, 
(a)  is  eqaivaleut  to                    Vii!+l=l- Vi-l, 
whence  we  derive,  by  squaring  

which  is  eqniv»lont  to  1  =  -  aV«-l. 

From  thia  last  again,  b;  squaring  we  derive 

l=4(z-l), 
which  is  equivalent  to  the  integral  equation 

the  only  aolntion  of  which,  as  we  shall  see  hereafter,  i8Z=t.      

It  happens  here  that  k=)  is  not  a  solntloa  of  (a),  for  V|+l+V|-l 

=1  +  1  =  2. 

Example  2< 

Proceeding  exactly  aa  before  we  have 

1+1  =  1+3! -1+2'/^^, 

■l  =  *{x-l). 

Here  (^)  gives  z— {,  which  happens  this  time  to  be  a  solntion  of  the 
original  eqnatian. 

We  conclude  this  diBcaasion  by  giving  two  propositions 
applicable  to  Bystems  of  equationa  contuning  more  than  one 
equation.  These  by  no  means  exhaust  the  subject ;  but,  as  oar 
object  here  is  merely  to  awaken  the  intelligence  of  the  studrat, 
the  rest  may  be  left  to  himself  in  the  meantima 
§  10.]  From  the  system 

P,  =  0,     P,  =  0,  .  .  .  P,  =  0  (A) 

wederioe 

L,P,  +  L^,+    .  .  .+LJP„  =  0,     P.  =  0,  .  .  .  P„  =  0     (B), 
and  the  two  wtU  be  eqtdvaletit  ^  L^  be  a  censiant  differing  from  0. 
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Any  solution  of  the  eyatem  (A)  reduces  P„  Pb  .  .  .  Pn  all 
to  0,  and  therefore  reduces  L,P,  +  h^,  + ,  .  .  +  L„P„  to  0,  and 
hence  Batisfies  (B). 

Again,  any  solution  of  (B)  redncea  P„  P^  .  .  .  P,  all  to  0, 
and  therefore  redncea  L,Fi  +  LJ",  -t-  .  .  .  +  LbP„  =  0  to  L,P, 
=  0,  that  is  to  aay,  if  L,  be  a  constant  ■^  0,  to  P,  =  0.  Hence,  in 
this  case,  any  solution  of  (6)  satisfies  (A). 

If  Li  contain  the  Tariables,  then  (B)  is  equivalent,  not  to  (A) 
simply,  bnt  to 

(P,  =  0,     P,  =  0,  .  .  .  P»  =  0) 
1l,  =  o,    P,  =  o,  .  .  .  P„  =  0  )■ 
As  a  particular  case  of  the  above,  we  have  that  the  two 
systems 

P  =  Q,         R  =  S; 
and  P  +  E  =  Q  +  S,  R  =  S 

are  equivalent     For  these  may  be  written 

P^=0,  R^S  =  0; 
P^Q  +  R^  =  0,  E^S  =  0. 
If  I,  I',  m,  m'  le  constants,  any  one  of  which  may  be  zero,  hat 
which  are  such  that  Im'  -  I'm  ^  0,  Vien  the  two  systems 

U  =  0,  U'  =  0, 
and  ?U  +  ro'  =  0,  mU  +  m'U'  =  0 

are  eguivalent. 

The  proof  is  left  to  the  reader.  A  special  case  is  used  in 
chap,  xvi.,  §  4. 

i  11.]  Any  aotuiion  of  the  system 

P  =  Q,    R  =  S  (A) 

isasohititm  of  the  system 

PR  =  QS,  R  =  S  (B); 

but  the  two  sydemt  are  not  eqaimtleni. 
From  P  =  Q,  we  derive 

PR=QR, 
which,  since  R  =  S,  is  equivalent  to 
PR  =  Qa 
It  follows  therefore  that  soy  solution  of  (A)  satisfies  (B). 
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Starting  now  with  (B),  we  have 

PR  =  QS  (1), 

R=S  (2X 

Since  B  =  S  (1)  becomes  , 

PB  =  QB, 
which  ia  equivalent  to 

(P-Q)R  =  0, 
that  ia,  equivalent  to 


{'-U- 


Hence  the  Bystem  (B)  is  equivalent  to 
fP  =  Q,R  =  S 
lR  =  0,E  =  S 


that  is  to  Bay,  to 

fP=Q,R  =  S) 

tR  =  0,  S  =  0/' 

In  other  worda,  (B)  involves,  besides  (A),  the  alternative  system, 

E  =  0,  S  =  0. 

Eiample.     From  ic-2=l-y,  a=l  +  p, 

s  EfBtem  nhich  has  the  dngle  loliition  x=%  y=l,  we  darive  the  aystem 

iTMch,iiiadditioRtothe»oIatioii3!=2,  y=l,basalsothe»olntioiiz=0,  y=-l 
belonging  to  tlie  STntem 

x=0,  l+y=0. 

§  13.]  In  the  pioceas  of  solving  syfitems  of  equations  one  of 
the  most  commonly-occurring  requirements  is  to  deduce  &om  two 
or  more  of  the  equations  another  that  shall  not  contain  certain  as- 
signed variables.  This  ia  called  "  eliminating  the  variables  in  ques- 
tion between  the  equations  used  for  the  purpose."  In  performiog 
the  elimination  we  may,  of  courae,  use  any  legitimate  process  of 
derivation,  but  strict  attention  must  always  be  paid  to  the  quea  • 
tion  of  equivalence.  -' 

Example.     Oiven  the  sjEtem 

a»+V'=l  (1), 

z+y=l  (2), 

it  ia  required  to  eliminate  y,  that  is,  to  deduce  from  (1)  and  (2)  an  equation 
ioTolving  X  alone. 


D,g,l,7.cbyGOOglC 


294  EXAMPLE  OP  ELIMINATION.  [chap. 

(2}  ii  eqaivalent  to 

S=l~x. 

Hence  (1)  Je  equivalent  to 

that  is  to  Mjr,  to 

2^-2b=0, 
or,  if  we  please,  to 

And  thai  we  have  eliminated  y,  and  obtAinsd  ah  equation  in  x  alone. 

The  method  we  hare  employed  (elmply  enbetitntion}  is,  of  conree,  only 
one  amaag  man^  that  might  have  been  selected. 

Observe  that,  as  a  reeult  of  our  reasoning,  we  have  tbattliei7sCem(l)  and 
(2)  is  equivalent  to  the  ETKtem 

d>~x=0  (3), 

from  which  the  reader  will  have  do  difficult  iu  deducing  the  solution  of  the 

given  If  stem. 

§  13.]  Although,  as  we  have  said,  the  solntion  of  a  system 
of  equations  is  the  main  problem,  yet  the  reader  will  leani, 
especially  when  he  comes  to  apply  algebra  to  geometry,  that 
much  information — very  often  indeed  all  the  information  that  is 
required — may  be  derived  from  a  system  without  solving  it, 
but  merely  by  throwing  it  into  Tarious  equivalent  forms.  The 
derivation  of  equivalent  sjrstems,  elimination,  and  other  general 
operations  with  equations  of  condition  have  therefore  an  im- 
portance quite  apart  from  their  bearing  on  ultimate  solution. 

We  have  appended  to  this  chapter  a  large  number  of  ezerciseB 
in  this  branch  of  algebra,  keeping  exercises  on  actual  solntion  for 
later  chapters,  which  deal  more  particularly  with  that  part  of 
the  subject  The  student  should  work  a  sufficient  number  of  the 
following  seta  to  impress  upon  his  memory  the  general  principles 
of  the  foregoing  chapter,  and  reserve  such  as  he  finds  dMcnlt  for 
occasional  future  practica 

The  following  are  worked  out  as  specimens  of  various  artifices 
for  saving  labour  in  calculations  of  the  present  kind ; — 
Example  1.     Beduce  the  following  equation  to  an  integral  fonn  :— 

ptP  +  ^  +  r'  pe  +  q 
We  may  write  (a)  in  the  form 

:^ax  +  b)+c  ^ax  +  b 
x(,pi:  +  g)  +  r    px+q 
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Multiplying  O)  by  [px+q)  {xipx  +  qy+r}  ,  we  obtwn 

aiflx  +  b)(j7X  +  q)  +  cipx+j)=x(ax  +  b)i,pc+q)+T{ax  +  b)  (y). 
Now,  (7)  ii  eqniviJeiit  to 

cUa+q)=r{ax+b)  («), 

which  again  ia  eqoiTnlent  to 

icj>-ra)ie+(eg-rb)='0  («). 

The  only  poetdbly  irrarenible  itep  here  is  tbat  &om  {^)  to  ly). 

Obeeire  the  use  of  the  brackets  in  {fi)  and  (y)  to  lave  oselen  detail.        >^ 

Example  2. 

Integraliee 

(a-ii!)(a!+TO)_(a-t-8)fa-m)  ,   , 

ai+n  x-n  '   '" 

Sinc«  z+m— z+n+nt-n,  a;-m=x-n-ii(-)t,  (a)  may  be  written  in  the 
equivalent  form, 

whence  the  equivalent  form 

that  is. 


Multiplying  by  -  i(ii?  -  n*),  we  dednce  from  (t)  the  integral  equation 

In  this  case  the  only  extraneoas  Bolntiona  that  could  be  introduced  are 
those  of  a?-n*=0. 

Note  the  preliminary  tranifbrmation  in  Ifi) ;  and  obserre  that  the  order 
in  which  the  operations  of  collecting  and  distributing  and  of  using  any 
legitimate  procesiea  of  derivation  that  may  be  neceasaiy  ia  quite  nnreetricted, 
and  sUoold  be  detennined  by  conaideratione  of  analytical  simplicity.  Note 
also  that,  although  we  can  remove  the  namerical  factor  2  in  (y),  it  ia  not 
legitimate  to  remove  the  (actor  x ;  x=0  is,  in  fact,  as  the  stndent  will  see  by 
inspection,  one  of  the  solutdons  of  (a). 

Example  8. 

X,  Y,  Z,  U  denoting  rational  fractions,  it  is  required  to  rotionaUse  the 

"^^  "*"  VX±VY±VZ±VU=0  (o). 

We  shall  take  +  signs  thronghont ;  bnt  the  reader  will  Bee,  on  looking 
through  the  work,  that  the  final  resnlt  would  be  the  same  whatever  arrange- 
ment of  eigus  be  taken. 
From  (a), 

VX  +  VY=-v'Z-VU. 
whence,  by  squaring, 

X+Y-f-2VXY=Z+U+2VzU  (/S). 
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From  (fi),]  

X+Y-Z-U=-2n/Iy+2VZU, 

whence,  hf  ftqaaimg, 

(X+Y-z-U)»=iXY+tza-evxyzu  (>)• 

We  get  from  (7), 

X'+Y'+Z»+U'-2XT-2XZ-2Xa-2YZ-3YU-2ZU=-8VxYZU, 

whence,  by  squaring, 
{X»  +  T*  +  Z'  +  D"-2XY-2XZ-2XU-2Y2-2TII-2Zn|'  =  64XYZU   (8). 
Since  X,  Y,  Z,  U  are,  hy  hypotbeaia,  ol!  rational  {S)  is  the  required  resnlt. 
Ah  a  particalar  lnetanc«,  comdder  the  equation 

'v'25  +  8  +  Vto+2-V^+6-V8S=0  («'). 

HeTeX=29!+3,  Y=Sx+2,Z=2i;+e,  U=Sz;  and  the  student  will  find, 
from  (I)  above,  as  the  rationalised  equation, 

.  (48iB'  +  U2i+24)'=a4(22:+3)(Ba!  +  2)(2ie  +  6)3a!  (8"). 

Alter  some  reduction  (I*)  will  be  found  to  be  equivalent  to 

It  may  be  verified  that  a  =  3  is  a  commoa  aolntion  of  (a')  and  (e'). 

Althongb,  for  the  aake  of  the  theoretical  insight  it  gives,  we  have  worked 
ont  the  general  formula  (i),  and  although,  as  a  matter  of  &ct,  it  contains  u 
paiticnlai  oases  very  many  of  the  elementary  eramplea  usually  given,  yet 
it  is  by  no  means  advisable  that  the  student  should  work  particular  caaet  by 
merely  substitnting  in  (J) ;  for,  apart  from  the  disciplinary  advantage,  it 
often  happens  that  direct  treatment  is  leas  laborious,  owing  to  intervening 
amplifications.  Witness  the  following  treatment  of  the  particular  case  (a'} 
above  given. 

From  (a'),  by  transpodtdon, 

V2iB+!  +  V3*+2  =  "V^i  +  6  +  V8x, 
whence,  1^  squaring, 

fa+5  +  2V8ar'  +  183!  +  6=6a!  +  6  +  2Vte"  +  lBi, 
which  redncea  to  the  equivalent  equation 

From  (^),  by  squaring, 

ei?  +  lSiB+6=ea?  +  lfe, 
which  is  equivalent  to 

a: -3  =  0  (5*). 

Thus,  not  only  is  the  labour  lass  than  that  involved  in  redncing  (J),  bt^t 
(P)  is  itself  somewhat  simpler  than  (£').  ^ 

Example  4.  If 

x  +  »+l=0  (a), 

show  that 
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WehsTe 

=i'+3¥+I^.  by  symmetry. 
It  toaom  then  th&t 

(rl 

Mid                                   Sn(j^  +  jp+i*)  =  Hy'  +  yt+^ 

(1). 

From  (-y)  and  (i),  (^)  foUows  «t  once. 

Ezuuple  G.  If 

■how  that 

From(«),                                i,+j=-ie 

(7), 

whenra,  aqnaring  wid  then  tnnqraeing,  we  have 

From  the  Uit  four  equation*  we  have 


=2ia+<Ji'-^2-S»»+^) 

W- 

T,  fram  (a),  b;  eqouing  and  tnnapoeiD^ 

Sa?=-a2«y 

=  -I.!V.b;(.). 

(* 

If  m  nae  {f)  and  (?),  (c)  redacea  to 

'  (,+.)(.+.)  -  "^' 

which  u  equivalent  to  (^V 

The  nae  of  the  principle!  of  Hymmetry  in  coiyunction  with  the  2  natation 
in  shortening  the  calcuhttions  in  thie  example  cuiDot  &il  to  atrike  the 

Example  6.  If 
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and  it  X,  y,  z,  be  aH  unequsl,  show  that  each  of  these  eiprsBgions  a  equftl  to 
{iiV-s^)/(«+y),  andalao  toai+y+i, 

DsQOte  each  of  tlte  sides  of  (a)  by  U.     Then  ve  have 


S)iicey+z=Oaiidi+ii;=0  would  rauder  tike  two  ddes  of  (a)  inAuite,  we 

may  assume  tliat  values  of  z,  y,  z  fiilGlling  thsae  conditiaDs  are  not  in  ques- 
tion,  and  multiply  ip)  and  (7)  by  y  +  i  and  i+sc  respectivelj.  We  then 
deduce 

yi-3?-(i/  +  t)V=0  (8), 

7x-y'-{z+x)TJ=0  H 

From  {!)  tud  (•),  by  subtraotioo,  we  have 
:>[x-y)+{'^-y')-lx-y)\}=0. 
that  is,  ix+y+i-V){x~y)=0  (f). 

Now  i:-y=0  i«  excluded  by  oar  data;  hence,  by  (f ),  we  must  have 

«+ff+i~U  =  0,  (ij), 

that  is,  JJ=x+v+z.  {»). 

We  have  thus  established  one  of  the  desired  conclusions.  To  obtain  the 
other  it  is  sufficient  to  observe  that  (1;)  is  synuuetrical  ia  ai,  y,  z.  For,  if  we 
start  with  (q)  and  multiply  by  3!  -  :  (which,  by  hypotheds,  is  +  0),  we  obtain 

y(i!-*)  +  («»-i^)-(x-i)U=0; 
and,  combining  this  by  addition  with  (3), 
!iy-j'-{!c+y)U=0; 
-/-        which  gives  (dnoea'/y+O), 

The  reader  should  notice  here  the  conrenient  artifice  of  introdnODg  an 

ausUiary  variable  U.     He  should  also  stndy  closely  the  logic  of  the  process, 

and  he  sure  that  he  soea  clearly  the  necessity  for  the  reatrictiona  x-y4'0, 

iC  +  V  +  O.  / 

Example  7,  To  eliminate  x,  y,  z  between  the  equatdons, 

y*+!?-'m    .  (a), 

*"+!>!>=  teu  (fi), 

3?+j^=cxy  (7). 

where x^Oiyi'O,  t*0. 

In  the  first  place,  we  observe  that,  although  there  are  three  variables,  yet, 
since  the  equations  are  homogeneous,  we  are  only  concerned  with  the  ratios 
of  the  three.  We  might,  for  eiample,  divide  each  of  the  equations  by  3^  ; 
we  should  then  have  to  do  merely  with  y/n  and  s/z,  each  of  which  might  be 
regarded  as  a  angle  variable.  There  are  therefore  enough  equations  for  the 
purpose  of  the  elimination. 
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From  (a)  nod  (j9}  we  dedoce,  b;  mbtiaction, 

^-y'=(,bx-av)»  (8). 

We  remark  that  it  follom&om  thie  eqtiatioii  that  icc-ayi^O;  toibx-ay  =  (i 
would  giT«  3^=^,  and  heaoB,  by  (7),  x=0  (at  least  if  we  snppoee  be  =¥  2a). 
Tbia  being  so,  we  ma;  multiply  (^)  by  (fix  -  ayf.     We  thus  obtain 

s^  ill!  -  i^f)" + a^te  -  ^)»=  M&e  -  ay?, 
whenoe,  using  (J),  wb  have 

(sB"  -  S^)" + a^&ii  -  «»)'= 6«(te  -  ay)  (a?  -  If"), 
wbioli  Tedn<Me,  after  tmupositioii,  to 

{i^-y'y^inyiaa-byHbx-'ayX 
that  is  to  Bay,  (i.?+y>)>-4i!V="!y('W!-6»)  (te-ay)  ((). 

Using  (t),  we  deduce  from  (e) 

(ij>- 4)eV=3*(««  -  6y)  (*«  -  oy), 
whence,  bearing  in  mind  that  zy  =t^  0,  we  get 

which  ia  equiTklent  to 

(rf'+6»+,?-*>^=<ii(a!'+y)  (r). 

Using  (t)  once  mra^  and  tranapoaiiig,  ws  i«ach  finally 

(a*+t/'+>?-i-abe)xy=0, 
whence,  dnce  zjr  *0,  we  coudnde  that 

<:^  +  S'  +  i?-l-aie=0  (i,), 

so  that  (i))  is  the  nqaii«d  Tsaolt  of  eliminating  x,y,  »  between  the  equations 
(b)i  (^)i  (t)'  ^Dch  an  equation  as  (1)]  U  often  called  the  diminant  (or  re^ 
sultant)  of  the  given  cTatem  of  equations. 

Example  8.  Show  that,  if  the  two  fiist  of  the  fbllowing  three  equationa  be 
given,  the  third  can  be  deduced,  it  beiug  suppoaed  that  z+y:^«=#0. 

«V+y2+'^-aiB{y  +  i)  +  sW=0  (a), 

oV+sE+^)- ■«"<*  + 3:)  +  A!"  =  0  03), 

a\^+Ty+^)-a^x+y)+:^=(i  (7). 

This  is  equivalent  to  showing  tbst,  if  we  eliminate  z  between  (a)  and  (^),  the 
result  is  (y). 

Amngiug  (a)  and  (jS)  ac<»irdiDg  to  powers  of  i,  we  have 

aV-<i(-(^  +  lf^  +  ((^-<iy+y')^=0  W, 

aW-o<-oa!+a^+{«»-aa:i+ii')2'=0  {t). 

Mnltiplying  (8)  and  (i)  by  a?  and  y*  respectively,  and  subtracting,  we  get 

chy(x-y)x+  [a\x+y)-axy)(,j,-vy^=0, 
whence,  rqecting  the  fketor  a(«-y)t, 

03!^+  {a(,x  +  y)-xy]i=Q  (ft 

Again,  moltdplying  {i)  and  ((]  by  a^-aa+^  and  a*-ay-\-j^  respectiTely, 
and  SQbtractiDg,  wo  get,  after  rqecting  the  factor  a\ 

a(a+ir)-iv+  {<.-(»+y)}i=0     ,  (,). 
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Finall;,  mnltiplpog  (fl  and  (ij)  by  a(x  +  y)-3v  mi  axg  reapectiTBly,  and 
gnbtrictiug,  we  get,  smce  z  +  0, 

{aix+y)-xy)»-m],{a~f,x  +  y)}  =0, 
which  gives  a'{a?+a^  +  j^-axy{x+y)+3^  =  0,  / 

the  reqnired  rainlt. 

EXBROIBBS  XIX. 
(On  (A«  rtttudion  tfaqaatuna  to  an  integral /orm.) 
SolTe  bj  iiupectioii  the  foUowing  ijattna  of  eqnations  : — 
(1.)  !<s-l-3[z  +  2)  =  0. 

(2.1  ?±*-JL 

(8.)  (a-6)r-o»  +  6"=0. 

(4.)  a<t-c)+j{e-«)+«.-ft)=0, 

ax(,b-e)+by(e-a)+e(,a-b)=:0. 
(6.)  z+y+s=«+S+(i 

ca!+bg+ez=a*+lf+<?, 
bx+^+ia=bc+ea+ab. 
(9.)  Foi  what  Talnes  of  a  and  fi  does  the  eqnatioD 

(x-a)(Sx-2)=3}?+bx+lO 
become  an  identic  t 

Int«graliie  the  following  eqnationH  ;  and  discnt*  in  e*ch  case  the  equiva- 
lence of  the  final  equation  to  the  given  one. 


(8.)  I- 


+  1 


(la) 
(11.) 


a*        y  _  a^      a'+H' 

!i:-a'^x-b~x-a*  x-b' 
^3-x)(x^lO)_(3■^x){x-~10) 


,«j  s?+px  +  q_  af+px+t 


(18- ) 

(H.) 


(x-a)'      ,       (^-b)' 


l-()a:+»(2-»-()    a!'  +  (2-»>j  +  ((2-»-()" 
where  2T=«-K-^-»<-C. 
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EXEBCISES. 


BationitUse  the  following  equations  and  rednce  the  nanlting  eqn&tlou  to 
as  simple  a  form  as  possible  : — 

(16.)  \/a+  *Jy+^s=0,    where   x^   y,   s  are  rational    funotione  of   the 
variables. 

(17-)  ViTT-tV^il+V^i^so. 

(18.)  Vl+^  +  V4  +  «-V8+i=0. 

(11.)  [i-.+  {(x-,f-Hf)>]/lx-Ht  {(x-c)-  +  ^}']- 
(») 
(21.) 


x-a: 

=  V«'-V(aW- 

■n 

■v/i+V^^: 

21 

"V("!-7)' 

Vi  +  3- 

V2Ti 

V2::i 

V2  +  V[2+*) 

^/2-v(a-«) 

Vit  +  O  +  N 

^::^+ViT^+ 

vr 

V1+1!+I»+V1 

.-a!+J!' 

(!■.) 
(M.) 

"^'  V(i+«)  +  V(l-») 

(26.)  {y-i)(iia:+i)*  +  (*-3!)(ay  +  i)t  +  (z-y)(a«  +  i)*=0. 

(27.)       ZVy-i=0 ;  and  ahow  that  2a=W61yz^titnB  nriablM  le,  y,  z). 

I"*'  v5T^)*V(^W)-^«^^ 

(Sg.)  xl  +  6xi-22=0. 

(81.)  5/0  +  ^^+  V»-  V":=  V*- 

when  ii:+y  +  i=0. 


[On  (As  IVnTl^or-ntaJum  of  Syltemi  qf  SqvaHont.) 
In  woiting  this  set  the  itadent  shonld  examine  carefolly  the  logic  of  every 
step  he  take*,  and  satisfy  himself  that  it  is  consistent  with  his  data.      He 
should  also  make  dear  to  himself  whether  each  step  is  or  is  not  rerenible. 

.(l.)If  ^■^'~+'^  +  2  =  0,x+y  +  z'^0. 

then  '         "      llui=^_. 

X    y    s    x+y+x 
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(2.)  If  ^+^=^, 

tl'fl''  l(^+*'M'+{(^"!/'M'={(j/»+iV}'     (Tail). 

(3.)  Ifa^y,  absraal,  andif  a^y-z)+y*(i-i)  +  s^!C-S,)=0,  then  two  at 
least  of  the  three  most  be  equal. 

(4.)  If  (=:+y  +  z)'=3^  +  S'+s'. 

then  (s  +  y+!^»»+i=a*«+l+«»»+l  +  ^+l 

(5.)  If  

(p^+2pry+rt!)(j»!i!+2}iy+A)=0>ja!+pi+p-.j(+m)', 
U(en  either  ^-SE=:0,  orji»-ir=0. 

<•■>■'  ,^*^*A.o, 

where  r'=i?+-y'+i», 

where  p>=<A?+6V+=V- 

(Important  in  the  theory  of  the  ware  nufiMW.—^'ait.) 

(7.)  It  tt--.£±^.iLts,  „an.,+..o. 


show  that  each  of  them  is  equal  to  VSii/QIZa*-  2i(). 

{&)  If           o{ly  +  o 

-ax)  =  b{a  +  ax-by)  =  clcai  +  iS-cz), 

and  if 

a+b+e=D, 

then 

x+y  +  t  =  0. 

(9.)  If 

x  +  iy    y+2i    i+ae 
2a  +  b~2b  +  e~2c*a' 

then 

(10 )  If                      «: 

a'+oS  +  f     ''    a'  +  ai  +  f 

then 

J^+V=j»  +  a!. 

(11.)  If                  x=a 

--fe^,.  -^'%^. 

then 

(a!-o)>-(l,-6}*=6'. 

{12.}  If 

p^bx  +  ay  +  dt-i-ao. 

and  if 

A'hfity,  '}  =  {a+P*y+>)ia--P  +  y-S)la-fi~y  +  i){a  +  fi-y 

-H 

(13.)  Ifi»  +  B+i  =  0,thenSi  =  /s?V. 
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show  that  (21™+")  (2W»+»)=*". 

(15.)  If  a-i^  =  i--  =  c-f.   »*0,v  +  0,i  +  0, 

.K  .l/'-^  s?-a?_         «■-»• 

(18.)  IfiB+(yi-afl/C!i?+y'  +  !^)  be  unaltered  by  inUrohMiging  a:  and  y,  it 
will  b«  analtored  by  inteiuhanging  x  and  %  pnmded  ^  y,  «  be  all  mieqnal ; 
and  it  will  Tsniih  if  a!  +  v+*=l. 

(17,)  If  ^L.^=^^-i^,  and  »+y,  then  each  of  thaas  is  equal  to 
xytl{x+y)  -  s*  and  also  to  j/i+ae+ay. 

(18.)  Of  the  three  aqnations 


;?r^'"(m+l)<^-(n  +  l)»:' 


?r^~(m+l)w'-{n  +  l)3:i/' 
where  si+y+i,  any  two  imply  the  third  {Cayley). 
(le.)  Oiran 


l+a+aa    l+v+a^    1+J+ys     ' 

l  +  z+ra    \+y  +  xy    l  +  n-ys"  ' 
none  of  the  denominatois  being  teres  thenz=y=:. 

(20.)  Given  Z{!;+e)Va:=8Za!,  2r+ 0,  prove  2(j)+!-iB)'+n(y  +  <-a!)=0. 

(21.)  Given  2a:  =  0,  prove  2(z»  +  jfl/(a!  +  y)  +  Bag/tSCl/ii;)  =  0. 

(22.)  Given  2a:  =  0,  prove  that  23^3i^/2a^  is  independent  ofi,  y,  ». 

(23.)  If2a!'=  -UeyiZxy,  then  2ii!=0,  or  2!(!'-2(:^+2aV  +  22i!V='>- 

(24.)  If  n(a'  +  l)=a'  +  l,  n(a:?-l)  =  a"-l,  and  2fl::y  =  0,  th8ni+y  +  «=0 
or=±«. 

(26.)  If  a!+y+*-f-i*=0,  then  4Za?+8Z(y+z)(«+y){«+s)=0,  where  the 
£  refera  to  the  fonr  variables  x,y,z,u. 

ESBBCIBES   XX  I. 

(On  Eliminatioii,) 
(1. )  Eliminate  x  between  tbe  equations 

z+l/x=y.    a!'+l/a'=i.  

(2.)  Uia^/aj^-a^ly,  y='Jac^-a'lx,  aapreas  Vo?-*'/*™  termaof  je. 
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(8.)  If  *(^)= (a* -o -")/{<.-+<.-), 

F(:i:)-2/(a'+o-), 
then  4<x-^-y)=(1.{x)  +  ^!,)}/(l  +  <t<x)<ti(y)), 

T{x  +  y)  =  F(^}F(i,)/(I  +  <t^x)^y)). 
{*.)  Gi™        ^V^)^?(i±pO^»<i+p), 
prove  th.t  ^i+c-a)^Xc^.-t)    c(a  +  i-0 

(B.)  Given62  +  «v=CB  +  (B=av  +  tK,z'+y'  +  i'  =  2^  +  2w+2i«!i/,  proTethftt 
one  of  tha  ftmctions  it±b±c=0. 

(6. )  Show  that  the  remilt  of  eliroinatuig  x  and  y  between  the  eqnatdons 


^^y*_ 


1,    =By=p», 


a!l('+a/l/= 


U(5V  +  «>ir)V  +  2'i*Ai'(iM+o'd'-ai'4V+»'*V<P(a'-i!")(S'-rf')=0. 
(7.)  Eliminate  a^  y,  a:",  y'  from 

a'sif  +  b'y'=if*,    T^  +  y^  =  c^, 

(8.)  If + + =-,  witi  two  similar  eqnatioiw  in  which  ft  and  e 

'    '       x+a    y+a    z+ a    a'  ^ 

take  the  place  of  a,  show  that  Z{I/a)  =  0,  provided  a,  &,  eb«  all  difTerent. 

(9.)  Show  that  any  two  of  the  following  eqnatiDnB  can  be  deduced  &om  the 
other  three : — 

ax  +  be=ai,     by  +  ea  =  um,     ai  +  db=vz,    du  +  te=xy,     m+ad=yx. 

(10. )  Eliminate  x,y,  z  from  the  three  eqaatianl 
(t+x-y){x-i-y-t)=avi,        (x  +  j/-t)(y  +  2-x)  =  bas,        {y+t-x)ii+x-y) 

and  show  that  the  leault  is  aie=(a  +  b  +  c-if.'* 
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CHAPTEE  XV. 

Variation  of  Functions. 

<i/%  1.]  T^  view  which  we  took  of  the  theory  of  conditional 
equations  ifjast  chapter  led  us  to  the  problem  of  finding  a  set 
of  values  of  the  variables  which  should  render  a  given  conditional 
equation  an  identity.  There  is  another  order  of  ideas  of  at  leaat 
equal  analytical  importance,  and  of  wider  practical  utility,  which 
we  now  proceed  to  explain.  Instead  of  looking  merely  at  the 
values  of  the  variables  x,  g,  e  .  ,  .  which  satisfy  the  equation 

/(«iy,i.  .  .)  =  0, 

that  is,  which  render  the  function  /(x,  y,z  .  ,  .)  zero,  we  consider 
ail  possible  values  of  the  variables,  and  all  possible  correspondiDg 
values  of  the  function ;  or,  at  leasts  we  consider  a  number  of  such 
values  sufficient  to  give  us  a  clear  idea  of  the  whole ;  then,  among 
the  rest,  we  diecover  those  values  of  the  variables  which  render 
the  function  zero.  The  two  methods  uight  be  illustrated  by  Uhe 
two  possible  ways  of  finding  a  particular  man  in  a  line  of  soldiera 
We  mi^t  either  go  straight  to  some  part  of  the  ranks  where 
a  preconceived  theory  would  indicate  his  presence ;  or  we  might 
walk  along  from  one  end  of  the  line  to  the  other  looking  till  we 
found  him.  In  this  new  way  of  looking  at  analytical  functions, 
the  graphical  method,  as  it  is  called,  is  of  great  importance. 
This  consists  in  representing  the  properties  of  the  function  in 
some  way  by  meana  of  a  geometrical  figure,  so  that  we  can  with 
the  bodily  eye  take  a  compreheasive  view  of  the  peculiarities  of 
any  individual  case. 

VOL.  L  X 
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TEE  GKAPmCAL  METHOD. 


GENERAL   FROFOSITIONS    REQARSING   FUN{7nONS   OF  ONE 
REAL  VARIABLE. 

^  §  2.]  For  the  present  we  confine  ounelves  to  the  case  of  a 
function  of  a  single  variable,  f(^ ;  and  we  suppose  that  all  the 
constants  in  the  function  are  real  numbers,  and  that  only  real 
values  are  given  to  the^  variable  x.  Wo  denote,  as  in  chap. 
"Ji-i  §  17,  /(x)  by  y,  so  that 

!-A')  (1), 

and  wo  shall,  as  in  the  place  alluded  to,  speak  of  z  and  y  as 
the  independent  and  dependent  variables ;  we  are  now,  in  &ct, 
merely  following  out  more  generally  the  ideas  broached  there. 


Y 

ny 

x-K..». 

'  :/K:.7 

V 

r.j.i. 

To  obttun  a  graphical  representation  of  the  variation  of  the 
function  f(x)  we  take  two  lines  X'OX,  Y'OY,  at  ri^t  angles  to 
each  other  {co-ordinate  axes).  To  represent  the  values  of  a;  we 
measure  x  units  of  length,  according  to  any  convenient  scale, 
from  the  intersection  0  along  X'OX  to  the  right,  if  x  have  a 
positive  value,  to  the  left  if  a  negative  value.  To  represent  the 
values  of  y  we  measure  lengths  of  as  many  units,  according  to  the 
same  or,  it  may  be,  some  other  fixed  scale,  from  X'OX  parallel  to 
T'OY,  upwards  or  downwards  according  as  these  values  are  posi- 
tive or  negative. 

For  example,  suppose  that  when  we  pat  x=  -2,  x=  -I, 
z  =  +  1,  as  =  4-  2,  the  corresponding  valnee  of 
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/(-2),  /(-I).  /(  +  1),  yi;  +  2) 

are  +1,  -2,  +1,  -1 

respectively;  bo  that  we  have  the  foUowiDg  schane  of  corre- 
sponding values — 


-2  +1 

-1  -2 

+  1  +1 

+  2  -1 


Then  we  meamre  off  OM,  (left)  =  2,  0M«  (left)  =  1,  OM,  (right) 
=  1,  OM,  (right)  =  2 ;  and  MJ>.  (up)  =  1,  ia«P.  (down)  =  2,  M,P, 
{up)  =  l,  M^P,  (down)=l. 

To  every  value  of  the  function,  therefore,  corresponds  a  te- 
preseatative  point,  P,  whose  abscissa  (OM)  and  ordinate  ^IP) 
represent  the  values  of  the  independent  and  deftendent  variables ; 
that  is  to  say,  the  valne  of  z  and  the  corresponding  value  of  y)[x). 
Now  when  we  give  x  in  succession  all  real  values  &om  -  od  to 
4-  00 ,  y  will  in  general  *  pass  through  a  succession  of  real  values 
without  at  any  stage  making  a  sudden  jump,  or,  as  it  ia  put,  mihout 
becoming  disamiinuous.  The  representative  point  will  therefore 
trace  oat  a  contijotous  curve,  such  as  we  have  drawn  in  Pig.  1. 
This  curve  we  may  call  the  graph  of  the  function. 

v/  §  3.]  It  is  obvious  that  when  we  know  the  graph  of  a 
function  we  can  Jind  the  value  of  the  function  corrajx/nding  to  any 
value  of  the  ind^endmt  variable  z  with  an  accuracy  that  depends 
merely  on  the  precision  of  onr  drawing  instruments.  All  we 
have  to  do  is  to  measure  off  the  valne  of  x  in  the  proper  direc- 
tion, OM,  say ;  then  draw  a  parallel  through  M,  to  the  axis  of 
y,  and  find  the  point  P^  where  this  parallel  meets  the  graph ; 
then  apply  the  compasses  to  M;P„  and  read  off  the  number  of 
units  in  M^P^  by  means  of  the  scale  of  ordinates.     This  number, 

*  We  shall  return  to  the  exceptional  casea  uumediately. 
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takeo  poeitive  if  F,  be  above  the  axis  of  x,  negatave  if  below,  will 
be  the  required  value  of  the  function. 

The  graph  also  enablee  ub  to  the  same  extent  to  solve  the 
converse  problem,  Given  the  value  of  the  fwnctwn,  to  Jiaid  the  corre- 
sponding m/ue  or  values  of  the  independent  variable. 

Suppose,  for  example,  that  Fig.  1  givea  the  graph  ot  f(x), 
and  we  wish  to  find  the  values  of  x  for  which  /(x)  =  +  I.  All 
we  have  to  do  is  to  measure  OS,  =  1  upwards  from  0  on  the  axis 
of  y ;  then  draw  a  line  (dotted  in  the  figure)  through  N,  parallel 
to  the  axis  of  z,  and  mark  the  pointe  where  this  line  meete  the 
graph.  If  P,  be  one  of  them,  we  measure  NjP,  (obviously  =  OM,) 
by  means  of  the  scale  of  abscissre,  and  the  number  thus  read  off 
is  one  of  the  values  of  x  for  which  /(x)  =  + 1 ;  the  others  are 
found  by  taking  the  other  points  of  intersection,  if  such  there  be. 
t  Observe  that  the  process  we  have  just  described  is  equivalent 
to  solving  the  equation 

'  M'  +  i- 

In  particular  we  might  look  fot  the  values  of  x  for  which  /{x) 
reduces  to  zero.  When  _f(x)  becomes  zero,  that  is,  when  the  ordi- 
nate of  the  graphic  point  is  zero,  the  graph  meets  the  axis  of  x. 
The  axis  of  x,  then,  in  this  case  acts  the  part  formerly  played  by 
the  dotted  parallel,  and  the  values  of  x  required  are  -  0M„ 
-  0M„  +  OM.,  +  0M„  +  0M,„  where  OMu  OM,,  &c,  stand 
merely  for  the  respective  numbers  of  unite  in  these  lengths  when 
read  off  upon  the  scale  of  abscisste.     Hence 

By  means  of  the  graph  of  the  fundion  f{x)  we  can  solve  the 
equation 

/M  =  o  (2). 

The  roots  of  this  equation  are,  in  point  of  fact,  simply  the  values 
of  X  which  render  the  function  f(x)  zero;  we  may  therefore, 
when  it  is  convenient  to  do  so,  speak  of  them  as  the  roots  of  the 
function  itself. 

J  §  i.J  The  connection  between  the  general  discussion  of  a 
function  by  means  of  the  graphical  or  any  other  method  and  the 
problem  of  solving  a  conditional  equation  will  now  be  apparent 
to  the  reader,  and  he  will  naturally  ask  himself  how  the  graph   ' 
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ia  to  be  obtained.  We  caanot,  of  course,  lay  dovn  all  the 
infinity  of  points  on  the  graph,  but  ve  can  in  various  ways  infer 
its  form.  In  particular,  we  can  assume  as  many  values  of  the 
independent  variable  as  we  please,  and,  from  the  known  form  of 
the  function  f(x),  calculate  die  coirespooding  values  of  y.  We 
can  thus  lay  down  as  many  graphic  points  as  we  please.  If  care 
be  taken  to  get  these  points  close  enough  where  the  form  of  the 
carve  appears  to  be  changing  rapidly,  we  can  draw  with  a  free 
hand  a  curve  throng  the  isolated  points  which  will  approach 
the  actual  gr^h  sufSciently  closely  for  most  practical  purposes. 

WheD  the  form  of  the  function  is  unknown,  and  has  to  be 
detennined  by  observation — as,  for  example,  in  the  case  of  tiie 
curve  which  represents  the  height  of  the  barometer  at  different 
times  during  the  day — the  course  we  have  described  is  the  one 
actually  followed,  only  that  the  value  of  y  is  observed  and  not 
calculated. 

Before  going  farther  into  details  it  will  be  well  to  illustrate 
by  a  simple  example  the  above  process,  which  may  be  unfamiliar 
to  many  readers. 


Let  the  fOuctioii  to  be  ducnssed  be  1-^,  then  the  equation  (1)  which 
determines  the  graph  Ib  y  =  1  -  j^. 

We  shall  anmme,  for  the  presant  without  proof,  what  will  prohabl;  be  at 
once  adautted  by  the  reader,  that,  aa  x  increases  without  break  from  0  tip  to 
+  co,a?inoreaBe«withontbreakfromOnp  to  +  «  ;  and  that  a?  >  =  <  1,  accord- 
ing M  SB  >  =  <  1. 

Consider,  in  the  Gnt  place,  merely  poBitive  vilQee  of  ic  When  ib=0, 
y=l  ;  and,  so  long  iisil!<l,  l-a^ia  poaitiTe.  When  i=l,  j(=l-l  =  0. 
Whenz>l,  then  ^3-1  and  l-ic'  is  negative.  Hence  &oma:=0  until  z=l, 
1  —)?  continnaUy  decreaaea  numerically,  bnt  remains  always  podtiTo.  When 
x=l,  1-3?  becomes  lero,  and  when  x  is  further  increased  1-9^  becomes 
negative,  and  lemsioa  so,  but  contiiiaallj  increases  in  numerical  value. 

We  may  represent  these  results  by  the  following  scheme  of  corresponding 


X 

!' 

0 
<  +  l 

1 

+  1 

0 

>+l 

- 

+  ■» 

-a, 
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The  general  farm  of  the  gnpti,  so  &t  as  ths  right-luiid  ride  of  the 
ia  concerned,  will  be  aa  in  Fig.  2. 


iaof 


Ab  n^ards  n^stiTe  Tslnes  of 
X  and  the  lefb-haud  dde  of  the 
axis  of  y,  in  the  present  case, 
it  ie  merely  cecessary  to  notice 
that,  if  we  pat  x  =  -  a,  the  re- 
sult, so  &r  aa  1  -  a^  ia  concerned, 
la  the  same  as  if  we  pDtz  =  +  a ; 
forl-(-o)'  =  l-(+a)'.  Hence, 
for  every  joint  E  on  t^  cnrre, 
whoee  onhuate  atid  abadaaa  tue 
+  0H  and+HP,  there  will  be 
a  point  F,  whoa^ljT^inaW'anSl 
(bsS^ara-Oiluid+MP.  F 
^d  ~F  are  the  imagee  of  each 
other  with  respect  to  VY ;  and 

the  part  AFB'  of  the  graph  ia  merely  on  image  of  the  part  AFB  with  req)ect 

to  the  line  YTf, 

Let  us  see  what  the  graph  tolls  as  regarding  the  fonotion  1  -a?. 

Firat  we  aee  that  the  graph  croases  the  x-aiia  at  two  points  and  no  more, 

those  namely  for  which  x  =  +  l  andx=  -  1.     Hence  the  ftmction  1-3?  has 

only  two  roots,  +1  and  -1 ;  in  other  words,  the  equation 

l-iB'=0 

haa  two  leal  roota,  x  =  +  l,  x=-l,  and  no  more. 

Secondly.  Since  the  part  BAB'  of  the  graph  liea  wliolly  above,  and  the 
parta  C'B',  CB,  wholly  balow  the  x-aiis,  we  aee  that,  for  all  real  values  of  x 
lying  between  -1  and  +1,  the  function  l-i^  is  positive,  and  for  all  other 
real  values  of  x  ne^tive. 

Thirdly.  We  see  that  the  greatest  podtive  value  of  1  -  a?  is  1,  correspond- 
ing to  x=0 ;  and  that,  by  making  x  sufficiently  great  (nnmericslly),  we  can 
give  1  -3^  a  negative  value  as  lai;ge,  numerically,  aa  we  pleaae. 

All  these  reeulta  coold  be  obtuned  by  direct  diacoasion  of  the  fimction, 
but  the  graph  indicatea  tbam  all  to  the  eye  at  a  glance. 

^  §  fi.]  Hitherto  we  h&ve  asaiuned  that  there  are  no  breaks  or 
discontinoitieB  in  the  graph  of  the  function.  Such  may,  how- 
ever, occur,  and  as  it  is  neceseary,  when  we  Bet  to  work  to 
discuss  by  considering  all  possible  cases,  above  all  to  be  sure 
that  no  possible  case  has  escaped  our  notice,  we  proceed  now  to 
condder  the  exceptions  to  the  statement  that  ^e  graph  is  in 
I  a  continuous  curve. 

I.  Thefmctionf{x)m(a/bet!omev^mtef(^afaiiievaiueofx. 
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it       Example  1. 

CoDiider  the  function  l/(l-a!).  When  x  is  a  very  little  leas  than  +1, 
»ya!= -88899,  then  9=1/{1 -x)  gives  if=  +  1/'00001  =  + 100000  ;  that  ii  to 
ssj,  y  is  pontlTe  and  very  large ;  and  it  is  obvious  that,  by  bringing  x  euffi- 
ciently  nearly  np  to  +1,  we  oan  give  y  as  large  a  positive  value  as  we  please. 

On  the  other  band,  if  z  he  a  very  littie  greater  than  + 1,  eay  z  =  + 1  '00001, 
then  {f  =  l/(- '00001)= -100000;  and  it  is  abvioos  that,  by  making  x  ex- 
ceed 1  by  a  sufficiently  small  quantity,  y  can  be  made  as  luge  a  negative 
quantity  as  we  please. 

The  graph  of  the  iimction  1/(1 -m)  foT  valnes  of  a;  near  +1  is  therefore  as 
follows  :- 


,i^T=.o> 


The  branch  BC  aecende  to 
an  infinite  dialanee  along 
EAE'  (a  line  parallel  to  the 
V-axis  at  a  distance  from  it 
=  4- 1),  coDtinaally  coming 
nearer  to  KAK',  but  never 
reaching  it  at  any  finite  dis- 
tance from  the  at-azis.  The 
branch  DE  comes  up  &om  an 
infinite  distance  along  the 
other  side  of  KAE'  in  a  similar 

Here,  if  we  canse  x  to  in- 
crease &om  a  value  OL  very 
little  less  tban-t-1  to  a  valne 
OM  rery  little  greater,  the 
value  of  y  will  jomp  from  a  very  large  positive  value  -l-LC  to  a  very  large 
negalire  ralne  -  HD ;  and,  in  &ct,  the  smaller  we  make  the  increase  of  x, 
provided  always  we  pass  &om  the  one  aide  of  + 1  to  the  other,  the  larger  will 
be  the  jump  in  the  value  of  y. 

It  appears  then  that,  for  x  =  +  1,  1/(1 -»)  is  both  wtfinite  and  ditcon- 
tinwnu. 

Example  2. 

S=l/(l-=r)' 

We  leave  the  discnsaion  to  tbe 
reader.    The  graph  is  as  foUows : — 

The  fauction  becomes  infinite 
when  (e=+l ;  and,  for  a  very  small 
increment  of  x  near  this  value,  the 
increment  of  y  is  very  large.  In  (act, 
if  we  increase  or  diminish  x  &om  the 
valne  -h  1  by  an  infinitely  small 
amount,  y  will  diminish  by  an  in- 
finitely great  amount 
Here  again  we  have  infinite  valne  of  the  fonction,  and  accompanying 
diecontinnity. 
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H.  The  valve  o/thejmdion  mghi  make  ajutt^imthout  beaming 

inUe. 

The  graph  for  the  neighbourhood  of  each  a  value  would  be 

of   the   following    Dature,   where, 

while  X  passes  through  the  value 

OM,  y  jumps  from  MF  to  MQ. 

Such  a  case  cannot,  as  we  shall 
immediately  prove,  occur  with  in- 
tegral functions  of  x.  In  fact.^^, 
cannot  occur  with  any  algebraical 
fuiicQoQ,   so    tiia.t    we    need    not 


msidered  lead  us  to  give  the  follow- 


ht  S- 

fiirther  consider  it  here. 

The  cases  we  have  just 
ing  formal  definition. 

A  ftmdum  ia  said  to  be  conltTOWus  when  for  an  infinitely  small 
change  in  the  value  of  the  ind^endent  vcmahle  the  cham^e  in  ike  valve 
of  the  fwidum  ia  also  infinilely  smaU ;  aiid  to  be  discontinuous  when 
for  an  infinitely  small  dumge  of  ike  independent  variai^  the  change  in 
the  value  of  the  function  is  either  finite  or  infinitely  great. 

in.  It  may  happen  that  the  valve  of  a  function,  all  of  vAose  coo- 
lants are  real,  becomes  imaginary  for  a  real  value  of  its  variable. 
Elxunple, 

This  happens  with  &b  function  +-Vl-a?.  If  we  confine  ooraelres  to  the 
positire  va]u«  of  the  squftM  root,  bo  th&t  we  have  s  auigle-valQed  fnnction  to 
deal  mth,  the  gnph  u  w  followB : — 

a  semicircle,  in  fact,  whose  centre  is  st  the 

For  all  values  of  z  >  +  I,  or  <  -  1,  the 

j^^  '"■N.  value  of  y  =  +Vl-ii^  is  imaginary;  and  the 

/  \  graphic  points  foe  them  cannot  be  coustracted 

/ J in  the  kind  of  diagram  we  are  now  nsing. 

AX         The  coQtinoit;  of  the  fanctiou  st  A  can- 
e  not,  atrictlj  speaking,  be  tested ;  since,  if  we 

attempt  to  increase  x  beyond  + 1,  y  becomes 
imaginary,  and  there  can  be  no  qnestion  of  the 
magnitude  of  the  increment,  from  oui  present  point  of  view  at  least.  * 

No  such  case  as  this  can  arise  so  long  as  /(x)  ia  a  rational 
algebraical  function. 
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We  have  now  eniimerated  the  exceptional  cases  of  functional 
variation,  so  far  at  least  as  is  necessary  for  present  purposes. 
Graphic  points,  at  which  any  of  the  peculiaritieH  just  discussed 
occnr,  may  be  generally  referred  to  as  critical  pomtt. 


ON   CERTAIN   LHUniNQ  CASES  OF  ALOEBKAICAL  OPERATION. 

v  5  6.]  We  now  lay  down  aystem&tically  the  following  propo- 
sitions,  some  of  which  we  have  incidentally  used  already.  The 
reader  may,  if  he  chpose,  take  them  as  axiomatic,  although,  as 
we  ahall  see,  they  are  not  all  independent.  The  important 
matter  is  that  they  be  thorooghly  understood.  To  secure  that 
they  be  so  we  shall  illustrate  some  of  them  by  examples.  In 
the  meantime  we  caution  the  reader  that  by  "  infinitely  small " 
or  "  infinitely  great "  we  mean,  in  mathematics,  "  smaller  than 
.any  assignable  fraction  of  unity,"  or  "as  small  as  we  please,"  and 
"greater  than  any  assignable  multiple  of  unity,"  or  "as  great  as 
we  please."  He  must  he  specially  on  his  guard  against  treating 
the  symbol  m ,  which  !s  simply  an  abbreviation  for  "  greater  than 
1  aBJ  ai&ignfible  magn^udc^.  ^  a  definite  quantity.  There  is  no 
I  justification  for~applying  to  it  any  of  the  laws  of  algebra,  or  for 
loperatmg  with  it  as  we  do  with  an  ordinal;  symbol  of  quantity. 
1.  If  P  be  amstard  or  variable,  provided  it  does  not  become 
infinitely  greai  when  Q  lecomes  infautdy  sm/Ul,  then  when  Q  becomes 
infinitely  smaU  PQ  becomes  infinUdy  small. 

Observe  that  nothing  can  be  inferred  without  further  examin- 
ation in  the  case  where  P  becomes  infinitely  great  when  Q 
becomes  infinitely  small.  This  case  leads  to  the  so-called  inde- 
terminate form  00  X  0,* 

Example  1. 

Let  UB  sappoBo,  for  example,  that  P  is  constant,  =  lOOOOO,  aaj.  Then,  if 
wemakeQ=IAOO0OO,  we  rednce  PQtol;  ifwe  nuke  Q=1/100COOOOI>000, 
we  reduce  PQ  to  I/IOOOOOO ;  and  eo  on.  It  is  abundantly  evident,  therefore, 
that  hy  making  Q  sufficiently  small  PQ  can  be  made  as  Bmall  aa  we  please. 

*  Indeterminate  forms  are  discnssed  in  the  chapter  on  Idmita  in  the 
Be4Mud  part  of  this  work. 
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Example  2. 

LetP=a!+I.    Q=a!-1. 
Hei«,  when  x  it  made  to  approach  the  value-hl,  P  approaches  the  finite 
value  -t- 2,  irhileQ  approaches  the  value  0.    Suppose,  for  example,  iraputx=l 
+ 1/100000,  then 

PQ=(2  +  1/100000)>;  1/100000, 
=  2/100000  +  1/10'°, 
and  so  on.    Obriously,  therefore,  bj  sufficiently  diminishing  Q,  we  con  make 
PQ  OS  small  as  ire  please. 

Example  3. 

P=l/(z'-l),    Q=a!-1. 

Here  we  hsTe  the  pecnliaritf  that,  when  Q  ii  made  infinitely  small,  P  (see 
below,  proposition  III. )  becomes  infinitely  great  We  can  therefore  no  longer 
infer  that  FQ  becomee  infinitely  small  becanoe  Q  does  so.  In  point  of  fact, 
PQs(*-l)/(»?-  l)  =  l/(3;+l).  which  becomes  1/2  when  x=l. 

TL  If  F  be  either  eonsUiTU  or  tiariable,  provided  it  do  not  become 
infiniidy  small  when  Q  becomes  infitaidy  great,  then  when  Q  becomes 
injinitdy  great  FQ  becomes  infinitely  greai. 

The  case  where  P  becomes  infinitely  small  when  Q  becomes 
infinitely  great  must  be  fiuther  examined ;  it  is  usually  referred 
to  as  the  indeterminate  form  0  x  cd  . 

Example  1. 

Suppose  P=1AOOOOO,  Then,  by  making  Q  =  100000,  we  reduce  PQ  to  1 ; 
by  making  Q  =  100000000000  we  reduce  PQ  to  1000000  ;  and  so  on.  It  is 
clear,  therefore,  that  by  sufficiently  increasing  Q  we  could  make  PQ  exceed 
any  number,  however  great. 

The  atndent  shonld  discuss  the  following  for  himself : — 

Example  2. 

P=ic+1,    Q=lA*-n 
PQ=a>,when3:=l. 
Example  8. 

?={x-iy>.   Q=i/(!.-i), 

PQ=0,  whenie=l. 

m  If  F  be  either  constant  or  variable,  provided  U  do  not  become 
infinitdy  small  when  Q  becomes  infinitelt/  small,  then  when.  Q  becomes 
infmiidy  small  PjQ  becomes  infiniidy  great. 

The  case  where  P  and  Q  become  infinitely  small  for  the  same 
value  of  the  variable  requires  further  examination.     This  gives 

the  so-caUed  indeterminate  form  -r . 
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Sappose  P  constant  =  I AWMMO.  If  we  make  Q  =  l/100000,  P/Q  becomes 
1;  ifveiUBkeQ  =  l/100OOOO00OOO,  P/Q  becomea  1000000;  tuidsoon.  Hence 
we  see  that,  if  only  we  make  Q  Bmall  enough,  we  can  make  F/Q  tu  large  as 
we  please. 

The  Btndent  t^nld  ezamiue  arithmeticallj  the  two  following  cases : — 

Exuuple  2. 

P=z+1,    Q=a!-1, 

P/Q  =  a),whenx=I. 

Example  3- 

P=3!-l,        Q=iE-I, 

P/Q=],  when«=l. 

rV.  If  Phe  either  ccmslomt  or  variaUe,  provided  it  do  not  become 
infautely  great  when  Q  becomes  infinitely  great,  then  lehen  Q  beeomes 
infinHely  great  P/Q  beamet  infiidtely  smaU. 

The  case  where  P  and  Q  become  Infiniteljr  great  together  le- 
quirea  further  ezamination.     Thie  givea  ^e  mdeterminatfl  form 


Example  1. 

Snppoee  P  conitaut =100000.  If  we  make  Q=100l>00,  P/Q  bccomea  1 ; 
if  we  make  Q  =  100000000000,  P/Q  becomea  1/1000000 ;  andsoon.  Hence  by 
sufficiently  increasing  Q  we  can  make  P/Q  less  than  any  assignable  qoantity. 

Example  Z. 

P=*+l.    Q=l/Ca!-1). 
P/Q=0,  whena!=l. 
Example  S. 

P=l/(x-l)'.     Q  =  l/{i-l). 
P/Q  =  «,  whenie=l. 
Y,  If  P  and  Q  each  become  infinitely  small,  then  P  +  Q  becomes 
infinitely  mnaU. 

For,  let  P  be  the  numerically  greater  of  the  two  for  any 
value  of  the  variable.  Then,  if  the  two  have  the  same  sign,  and, 
a  fortiori,  if  they  have  opposite  signs,  numerically 

P  +  Q  <  2P. 
Now  2  is  finite,  and,  by  hypothesis,  P  can  be  made  as  small  as 
we  please.     Hence,  by  (I.)  above,  2P  can  be  made  as  small  as 
we  please.     Hence  P  +  Q  can  be  made  as  small  as  we  pleasa 
VL  If  either  P  or  Q  become  ii^niteig  great,  or  ifP  and  Q  each 
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become  in/mUelt/  greai  arid  lc4b  have  JmaUy  Hk  same  si^  then  F+  Q 
becomes  infinildy  great. 

Proof  similar  to  last. 

Tlie  inference  is  not  certain,  if  the  tvo  have  not  ultimately 
the  same  sign.     In   this  case  there  arises  the  indeterminate 
form  00  -  00 . 
Eumple  1. 


P=i^/(i<i 

-1)', 

,    Q= 

={to- 

-mx 

-ift 

:],   WBhaT8P=l/0  = 

=  +  co 

.  «= 

:l/0  = 

:+«. 

Also 

■■*'-<^ 

to 

-I 

=», 

whei 

11=] 

I. 

Example  2. 

V=^l{x-lf,    Q=-(to-l)/{z-l)» 
Hen  x=-\  makes  ?=+(»,  Q=-ici,   eo  that  ne  cannot  infer  P+Qsco, 
In  fact,  in  this  case, 

(x-D*     {x-\f     (X-\f       ' 

for  all  values  of  z,  or,  aaj,  for  any  valne  of  z  as  nearly  =  + 1  as  ne  please.  In 
this  case,  therefore,  bj  bringing  x  as  near  to  + 1  as  we  please,  we  canae  the 
value  of  P+Q  to  approach  as  near  to  +1  aa  we  please. 

y/  §  7.]  The  propositions  stated  in  last  paragraph  are  the  funda- 
mental principles  of  the  theory  of  the  limiting  cases  of  algebrai- 
cal operation.  This  subject  will  be  further  developed  in  the 
chapter  on  Limits  in  the  second  part  of  this  work. 

In  the  meantime  we  draw  the  following  conclusions,  which 
will  be  found  useful  in  what  follows : —       ""  t^-^  +^-  '^ 

I.  //  P  =  FjPt  ...  Pn,  than  P  will  remain  finite  if  P„ 
P,  .  .  .  P^all  Temain  finite. 

P  iviil  become  infinitely  small  if  one  or  more  of  the  fmtdwns 
P„  P,  .  .  .  P„  become  infinitely  small,  provided  none  of  the  remain- 
ing ones  become  infinitely  great. 

P  will  become  infinitely  great  if  one  or  more  of  the  functions  P^ 
Pj  .  .  .  P„  become  infinitely  great,  provided  none  of  the  remaining 
ones  become  infiniiely  small. 

IL  IfS  =  P,  +  P,  +  .  .  .  +  P„  Am  S  tmll  remain  finite  if  P„ 
F,  .  .  .  Pn  each  remam  finite. 
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S  mil  beams  iiyfntfeiy  srrwM  if  P„  P,  .  .  .  P„  each  become  in- 
Jimlely  small. 

S  wUl  become  infinitely  great  if  me  or  mare  of  the  fwKtum  P„ 
P,  .  .  .  P„  become  infinitely  great,  provided  ail  those  thai  become 
infinitely  great  have  the  same  sign. 

Ill  Conader  the  quotient  P/Q. 

Q  will  certainly  befiniU  if  WA  P  and  Q  be  finite. 

maybefimleif'P  =  (i  and    Q  =  0, 
<w./P=»  and  Q=«. 

rrwai  certainly  =  0   if  P  =  0, 
•^                              orifP^,^., 

Q  +  0, 

may  be  =  0  if  P  =  0, 
or./P.=o, 

Q-o, 

^                                     OT-l/P  +  O, 

Q-0: 

mayhe  =  'x,  »/P-0. 
«rj/P=», 

Q-o, 

ON  THE  CONTINUITT  OP  FCNCTIONS,  MORE  ESPECIALLY  OF 
RATIONAL   FlTNCnONS. 

g  8.]  We  return  now  to  the  question  of  the  continuity  of 
fimctions. 

By  the  increment  of  a  function  fix)  corresponding  to  an  increment 
h  of  the  independetd  canoHe  x  we  mean  f(z  +  h)  -f{x). 

For  example,  iff{x)=:^,  the  increment  is  (x+kf-3?=2xh  +  h'. 
lf/ix)  =  lli:,  the  inoremeut  U  lUx+h)  -  l/i=  -h/x(x  +  h). 

The  incrementa  may  be  either  positive  or  negative,  according 
partly  to  choice  and  partly  to  dicumatance.  The  increment  of 
the  independent  variable  x  is  of  course  entirely  at  our  disposal ; 
but  when  any  value  ia  given  to  it,  and  when  x  itself  ia  also 
assigned,  the  increment  of  the  function  or  dependent  variable 
is  determined. 
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Example. 

Let  the  function  be  1/z,  then  if  x  =  l,  A=S,  the  coTreapondiiig  increment 
of  l/a!iB-8A(l  +  S}=-3/t  If  a!=2,A=3,themcrement  of l/aiiB -3/2(2+3) 
=  -  3/10,  and  so  on. 

If  P  be  a  functioQ  of  z,  and  p  deoote  its  increment  when  x 
is  increased  froni  ztox  +  k,  then,  by  the  definition  of  PfT+p  is 
the  value  of  P  when  x  is  altered  from  a;  to  a;  +  A. 

We  can  now  prove  the  following  propositions.: — 

I  The  algebraic  sum  of  any  finite  number  of  conHnvous  funduma 
is  a  amimums  fundion. 

Let  us  consider  S  =  P  -  Q  +  E,  say.  If  the  inciements  of  P, 
Q,  E,  when  x  is  increased  by  A,  be  ^,  q,  r,  then  the  value  of  S,  when 
a;  is  changed  to  a:  +  A,  ia  (P  +p)  —  (Q  +  j)  +  (E  +  r) ;  and  the  in- 
crement of  S  corresponding  to  h  isy-g  +  r.  Now,'  since  P,  Q, 
R  are  continuous  functions,  their  increments,  p,  q,  r,  each  become 
infinitely  small  when  A  becomes  infinitely  smaU.  Hence,  by  §  7, 
,'')/  "^ip  —  q  +  r  becomes  infinitely  small  when  k  becomes  infinitely 
''     smaU.     Hence  S  is  a  continuous  function. 

The  argument  evidently  holds  for  a  sum  of  any  number  of 
terms,  provided  there  be  not  an  infinite  number  of  terms. 

II.  The  product  of  a  finite  nianber  of  amtimums  functions  is  a 
contimtoua  fanciion  so  long  as  all  factors  remain  finite. 

Consider,  in  the  first  place,  PQ.  Let  tiie  increments  of  P 
and  Q,  corresponding  to  the  increment  h  of  the  independent  vari- 
able x,he  p  and  q  respectively.  Then  when  x  is  changed  to  a:  +  A 
PQ  is  changed  to  (P  +p)  (Q  +  q),  that  is,  to  PQ  +^Q  +  gP  +pq. 
Hence  the  increment  of  PQ  corresponding  to  A  is 
p<i  +  qP+pq. 

Now,  since  P  and  Q  are  continuous,  p  and  q  each  become  in- 
finitely small  when  h  becomes  infinitely  small.  Hence  by  §  7,  L 
and  n.,  it  follows  that  p(i  +  qP  +pq  becomes  infinitely  small 
when  A  is  made  infinitely  small ;  at  least  this  will  certtunly  be 
so,  provided  P  and  Q  remain  finite  for  the  value  of  x  in  question, 
which  we  assume  to  be  the  case. 

It  follows  then  that  PQ  is  a  continuous  function. 

Consider  now  a  product  of  three  continuous  functions,  say 
PQB.     By  what  has  just  been  established,  PQ  is  a  continuous 
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function,  which  wo  may  denote  by  the  single  letter  S ;  then 
PQR  =  SR  where  S  ajid  R  are  continuous.  But,  by  last  case,  SE 
is  a  continuous  function.     Hence  PQR  is  a  continuous  function. 

Proceeding  in  this  way,  we  establish  the  proposition  for  any 
finite  numbet  of  factors. 

Cor.  \.  If  A  be  cmulant,  and  P  a  eotUimums  ftineUon,  thea  AP 
is  a  amtimums  function. 

This  can  either  be  established  independently,  or  considered 
as  a  particular  case  of  the  main  proposition,  it  being  remembered 
that  the  increment  of  a  constant  is  zero  under  all  circumstances. 

Cor.  2.  Anf",  where  A  is  constant,  arid  m  a  positive  integer,  is  a 
contimums  funcHm. 

For  3f"  =  xxz  .  .  .  xx{m  factors),  and  x  is  continuous,  being 
the  independent  variable  itself.  Hence,  by  the  main  propoei- 
tioD,  x"  is  continuous.  Hence,  by  Cor.  1,  A^i^  is  a  continuous 
function. 

Cor.  3.  Every  iwfayrai  function  of  x  is  cmtinuous;  ajtd  cannot 
become  infinilefor  a  finite  vaiue  ofz. 

For  every  integral  function  of  x  is  a  sum  of  a  finite  number 
of  terms  such  as  Aaf .  Now  each  of  these  terms  is  a  continuous 
function  by  Cor.  2,  Hence,  by  proposition  I.,  the  integral  func- 
tion is  continuous.  That  an  integral  function  is  always  finite 
for  a  finite  value  of  its  variable  follows  at  once  from  §  7,  J. 

in.  If  P  and  Q  be  integral  functions  of  x,  then  P/Q  is  finite  and 
continiwus  for  all  _fifaie  values  of  x,  except  such  as  raider  Q  =  Q. 

In  the  first  place,  if  Q+  0,  then  (see  g  7,  IIL)  P/Q  can  only 
become  infinite  if  either  P,  or  both  P  and  Q,  become  infinite ;  but 
neither  P  nor  Q  can  become  infinite  for  a  finite  value  of  x,  because 
both  are  integral  functions  of  x.  Hence  P/Q  can  only  become 
infinite,  if  at  aU,  for  values  of  x  which  make  Q  =  0. 

If  a  value  which  makes  Q  =  0  makes  P  #  0,  Uien  P/Q  certainly 
becomes  infinite  for  that  value.  But,  if  such  a  value  makes  bolJi 
Q  =  0  and  also  P  =  0,  then  the  matter  requires  further  investi- 
gation. 

Nest,  as  to  continuity,  let  the  increments  of  P  and  Q  corre- 
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sponding  to  h,  the  increment  of  x,  be  j?  and  q  as  heretofore.    Then 
the  increment  of  P/Q  is 

P+p     P     yQ-gP 

Q  +  ?  Q  Q{Q  +  9)' 
Now,  by  hjpotheBis,  p  and  g  each  become  infinitely  small 
when  h  does  so.  Also  P  and  Q  remain  finite.  Hence  pQ,  -  qP 
becomes  infinitely  small  It  follows  then  that  (pQ  -  gP)/Q{Q  +  q) 
also  becomes  infinitely  amall  when  k  does  so,  provided  always 
(see  §  6}  that  Q  does  not  vanish  for  the  value  of  a;  in  question. 

Example. 

The  increment  of  l/(ie-l)  corrsBponding  to  the  increment,  A,  of  a  ia 
l/(z+A-l)-l/{a!-l)= -»/{«- 1)(3'  +  A-1)-  Now,  ifa;=2,stty,  this  becomes 
-h/(l  +  h),  nhich  clearl;  becomes  infinitely  amall  when  A  is  mode  infinitely 
email  On  the  other  hind,  if  x=l,  the  increment  ia  -A/OfAt- ft.  which  ie 
infinitely  great  so  long  as  A  hoa  any  valne  differing  from  0  by  ever  eo  little. 

§  9.]  When  a  function  is  finite  and  continuous  between  two 

values  of  its  independent  variable  z  =  a  and  x-b,ita  graph  f  onns 

a    cootinaoUB    curve    between    the    two    graphic    points    whose 

'  abscissee  are  a  and  b ;  that  is  to  say,  the  graph  passes  &om  the 

one  point  to  the  other  without  break,  and  without  passing  any- 

I  where  t«  an  infinite  distance. 

I  FroTH  tlua  we  can  deduce  the  following  important  pro- 
I  position. 

\  If  f(x)  he  coniinvaas  from  z  =  atox  —  l,  o.'td  ^  f{a)  =  p,  f{h)  =  q, 
\  then,  as  x  passes  through  every  tdgebraicai  value  between  a  and  b,  f(x) 
I  passes  at  least  once,  aTid,  if  more  than  once,  an  odd  nuttier  of  times 
'  through  every  algebraical  value  belvxen  p  and  q. 

Let  P  and  Q  be  the  graphic  points  corresponding  to  z  —  a  and 
a:  =  J,  AP  and  BQ  their  ordinates;  then  AP-ji,  BQ  =  2,  We 
have  supposed  J)  and  q  both  positive ;  but,  if  either  were  negative, 
we  should  simply  have  the  graphic  point  below  the  a^axis,  and 
the  student  will  easily  see  by  drawing  the  corresponding  figure 
that  this  would  alter  nothing  in  the  following  reasoning. 

Suppose  now  r  to  be  any  number  between  p  and  q,  and 
draw  a  parallel  UV  to  the  ataxia  at  a  distance  from  it  equal 
to  r  units  of  the  scale  of  ordinates,  above  the  axis  if  r  be 
positive,  below  if  r  be  negative.     The  analytical  fact  that  r  is 
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intermediate  to  p  and  q  is  represented  by  ihe  geometrical  fact 
that  the  points  P  and  Q  lie  on  opposite  sides  of  UV. 


* 

,./ 

/ 

^ 

' 

' 

° 

M.     «,      d,    a 

f.j-  r 

X 

Not,  since  the  graph  pasaeB  continnonsly  from  P  to  Q,  it 
must  cross  the  intermediate  line  UV ;  and,  since  it  begins  on  one 
side  and  ends  on  the  other,  it  must  do  so  either  once,  or  thrice, 
or  fire  times,  or  some  odd  number  of  times. 

Every  time  the  graph  crosses  UV  the  ordinate  becomes  equal 
to  T ;  hence  the  proposition  is  proved. 

Cor.  1.  If /{a)  be  negaiiva  andfih)  be  positive,  or  viee  versa,  then 
fix)  has  at  least  one  root,  and  if  more  than  one,  an  odd  nvmher  of 
roots  between  x  =  a  and  x  =  b,  provided  f(x)  be  amiinuous  from  x  =  a 


This  ie  merely  a  particular  case  of  the  m^  proposition,  for 
0  is  intermediate  to  any  two  values,  one  of  which  is  positive  and 
the  other  negative.  Hence  as  z  ^aaaea  from  a  to  6/(x)  must  pass 
at  least  once,  and,  if  more  than  once,  an  odd  number  of  times 
through  the  value  0. 

In  fact,  in  this  case, 
the  axis  of  x  plays  the 
part  of  the  parallel  UV.    - 

Observe,  however,  in 
regard  to  the  converse  of 
this  proposition,  that  a 
function  may  pass  through  fht  value  0  without  changing  its  sign 
For  the  graph  may  just  graze  the  x-axis  as  in  Figs,  8  and  9. 

VOL.  L  Y 


XL 


7T 

F.g9 


DB,l,r..cb,.GOOglC 


322       VALUES  FOR  WHICH  A  FUITCTION  CHANGES  SIGN.       [cbap. 

Cor.  2.  If /(a)  andf(b)  have  like  signs,  then,  if  there  be  any  real 
roots  off{x)  between  z  =  a  and  x  =  b,  there  must  be  an  even  number, 
provided  f{x)  be  continuous  betteeen  x  =  a  and  x  =  b. 

Since  an  integral  function  iB  alw&ya  finite  and  continuous  for 
a  finite  value  of  its  variable,  the  restriction  in  Cor.  1  is  always 
satisfied,  and  ve  see  tliat 

Cor.  3.  An  inteffral  fundwn  can  change  sign  only  by  passing 
through  the  value  0. 

Cor.  i.  If  P  and  Q  be  trUegrd  functions  of  x  aigebraieaUy  primf 
to  each  othe);  PjQ  can  only  change  sign  by  passing  through  the  values 

0  M-  00. 

With  the  hint  that  the  theorem  of  remainders  will  enable 
him  to  exclude  the  ambiguous  case  0/0,  we  leave  the  reader  to 
deduce  Cor.  4  from  Cor,  3. 


When  x=0,  l-a^=+l;  and  whBn  x= +2,  l-3^=-3.  Hence,  since 
1  -  a^  is  coDtinuoui,  for  some  value  of  x  If  ing  between  0  and  +2,  1  -  x'  must 
become  0 ;  for  0  ia  between  + 1  and  -  3.  lu  point  of  fftct,  it  becomes  0  once 
between  the  limita  in  qoeation. 

Bxample  2. 

t^=ilf>-&E'+llz-6. 

When  x=0,  y=  -6;  and  when  x=+i,  y=  +S.     Hence,  between  x-0  and 
x=+i  there  must  tie  an  odd  numberof  roots  of  the  equation 

a?-6i=  +  llx-fl  =  l). 
It  la  easy  to  verify  in  the  present  cue  that  this  is  really  so;  for  a'-fti:' 
+  Ux-0  =  {x-l)lx-2){x-Z);  so  that  the  roota  in  queattou  arex  =  l,  x  =  2, 
x=3. 

The  general  form  of  the  graph  in  the  present  coae  is  u  follows : — 


Example  S. 

I  When  2=0,  l/(l-x)=+l;  and  whenx=  +  2,  l/(l-a!)=-l;  but  since 
1  1/(1  -x)  becomes  infinite  and  discontinuons  between  x  =  0  and  x=  -f !,  viz., 
\  when  x=l,  we  cannot  infer  that,  for  some  value  of  x  between  0  and  +  2, 
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1/(1 -x)  will  become  0,  although  0  ia  intermediate  to  +1  uid  -1.  In  fact, 
l/(l-z)doa9  DDt  pass  through  theTalne  0  between  x=0  andx=-f-2.  i. 

§  10.]  It  will  be  coDTenient  to  give  bere  the  following  pro- 
position, which  is  often  useful  in  connectiou  with  the  methods 
we  are  now  ezpUiuing. 

If  f{x)  be  an  integral  function  of  x,  tlun  hy  moHng  x  small 
efwugh  we  can  always  cause  f(x)  to  have  the  same  sifn  as  its  lowest 
term,  and  by  making  z  large  ewmgh  we  can  always  cause  /(z)  to  Have 
the  same  sign  as  its  highest  term. 

Let  us  take,  for  simplicity,  a  functioo  of  the  third  degree, 
say 

y  =  ja^  +  qjf  +  rx  +  s. 

If  we  suppose  s  +  0,  then  it  is  clear,  since  by  making  x  small 
enough  we  can  (see  §  7,  IL)  make  jaf  +  ^  +  rx  as  small  ae  we 
please,  that  we  can,  by  makiDg  x  small  enoi^h,  cause  y  to  have 
the  same  sign  as  s. 

If  s  =  0, 

then  we  have  y  =  pj^  +  g3f  +  rx, 

^{p^  +  qx  +  T)x. 
Here  by  making  x  small  enough  we  can  cause  p^  +  ^  -<-  r  to  have 
the  same  sign  as  r,  and  hence  y  to  have  the  same  sign  as  tx, 
which  is  the  lowest  existing  term  in  y. 

Again,  we  may  write 


iP  +  ;  + 


Here  by  making  x  large  enough  we  may  make  qjx  +  rj^  +  s/x'  as 
small  as  we  please  (see  §  6,  IV.,  and  §  7,  II.),  that  ie^  to  say, 
cause  p  +  qjx  +  rj^  +  sjif  to  have  the  same  sign  as  p.  Hence  by 
making  x  large  enough  we  can  cause  y  to  have  the  same  sign 
aaju;*. 

If  we  observe  that,  by  chap,  xiv.,  §  9,  we  can  reduce  every 
integral  equation  to  the  equivalent  form 

/(j;)  =  !r"  +  ^„.i3?'-^+ .  .  .+po  =  0, 
and  further  notice  that,  in  this  case,  if  n  be  odd, 

/(  +  «)=   +00,      /{-00)=   -00, 
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iind,  if  n  be  even, 

/(+»)=   +00,      /(-oo)=+oo, 

we  have  the  foUoviug  impDi-Unt  conclu^ons. 

Cor.  1:  Even/  mtegral  equoHtm  of  odd  degres  vnlk  real  co- 
e^ictenls  has  at  least  one  real  roof,  and  if  ii  has  more  than  one  U 
has  an  odd  numier. 

Cor.  2.  If  an  integral  e^uatimi  of  even  degru  has  any  real  roots 
ataJl,it  has  an  even  ntmier  of  such. 

Cot.  3.  Every  tnlegral  equatimi  mtk  real  coefficierUs,  if  it  has  any 
Comdex  roots,  has  an  even  number  of  swk. 

The  stindeiit  should  see  that  he  recognlBes  what  are  the  cor- 
responding peculiaritjes  in  the  graphs  of  int^ral  functions  of 
odd  or  of  even  degree. 
EzBmple. 
Show  that  the  eqiutian 

has  at  leut  two  real  roots. 

Let  y=x^-Oi*+U!B'-x-i. 

We  hare  the  following  scheme  of  coireapondiiig  valuea : — 


«  y 

0  -i 

+  00  +C0 


Hence  one  root  at  least  lies  between  -  »  and  0,  and  one  at  least  between 
0  and  +  so .  Id  other  words,  there  are  at  least  two  real  roota,  one  negative 
the  other  poutire. 

We  can  also  infer  that,  if  the  remaining  two  of  tike  possible  faor  be  also 
real,  then  they  moat  be  either  both  positive  or  both  negatiTe. 

When  the  real  roots  of  an  integral  equation  are  not  very 
close  together  the  propositions  we  have  just  established  enable 
us  very  readily  to  assign  apper  and  lower  limits  for  each  of 
them ;  and  in  fact  to  calculate  them  by  succeBsive  approxima- 
tion. The  reader  will  tbus  see  that  the  numerical  solution  of 
integral  equations  rests  merely  on  considerations  regarding  con- 
tinuity, and  may  be  conddered  quite  apart  from  the  question 
of'tbeir  formal  solution  by  means  of  algebraical  functions  or 
otherwiae. 


D,g,l,7.cbyGOOglC 


HAJCIMA  AND  MINDU  ALTERNATE. 


GENERAL  PROPOSITIONS  REOASDING  UAXIUA  AND  UINIUA 
VALUES   OP  PUNCriONS  OF  ONE  TARUBLK. 

§  11.]  !flienf{x)  in  passing  through  any  value,  fia)  say,  ceases  to 
increase  and  begins  to  decrease,  /(a)  is  coiled  a  maximum  value  of^x). 

When  f(x)  in  passing  through  the  value  /(a)  ceases  to  deertase  and 
begins  to  increase,  f(a)  is  coiled  a  minimum  value  off(x). 

The  points  corresponding  to  TtiaTimif  and  tt*'"'""^  valnee  of 
the  function  are  obTiously  superior  and  inferior  culminating 
points  on  its  graph,  such  as  P,  and  P,  in  Fig.  1.  They  are 
also  points  where,  in  general,  the  tangent  to  the  gi^h  is  parallel 
to  the  axiB  of  x.  It  should  be  noticed,  however,  that  points 
such  as  P  and  Q  in  Fig.  11  are  maxima  and  minima  pcnnts, 
according  to  our  present  definition,  although  it  is  not  true  in 
any  proper  sense  that  at  them  the  tangent  is  parallel  to  OX.     It 


^ 


J^ 


rig  .2 


should  also  be  observed  that  the  tangent  may  be  parallel  to  OX 
and  yet  the  point  may  not  be  a  true  maximum  or  minimum 
point     Witness  Fig.  1 2. 

We  shall  include  both  mmrimnTn  and  minimum  values  as  at 
present  defined  under  the  obviously  appropriate  name  of  iv/mmg 
vcdues. 

§  13.]  By  considering  an  unbroken  curve  having  maxima 
and  minima  points  (see  Fig.  1)  the  reader  will  convince  himself 
graphically  of  the  truth  of  the  following  propositions : — 

L  So  long  as  f{x)  remains  caniinxums  its  maxima  and  minima 
values  succeed  each  other  aitemately. 

II.  Ifx  =  a,x  =  bbe  two  roots  off{x)  (o  alg,  <  6),  Ih^n,  if  fix)  he 
not  constant,  bat  vary  conttnuotidy  between  x  =  a  and  x  =  b,  there  must 
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be  either  ai  least  one  maximum  or  at  least  ime  minimum  value  off(x) 
between  x  =  a  and  x  =  b. 

In  parUcuIar,  if  f{x)  become  poaitive  immediately  after  x 
passes  thrangh  the  valae  a,  then  there  must  be  at  least  one 
maximum  before  z  reaches  the  value  b ;  and,  in  like  manner,  if 
f{x)  become  negative,  at  least  one  minimum. 

5  13.]  It  is  obvious,  from  the  definition  of  a  turning  value, 
and  also  from  the  nature  of  the  graph  in  the  neighbourhood  of 
a  culminating  point,  that  we  can  always  find  two  vdlws  of  tlu  func- 
tion on  opposite  sides  of  a  turning  value,  which  shall  he  as  nearly 
equal  as  we  please.  These  two  values  will  be  each  less  or  each  greater 
than  the  turning  value  according  as  Ike  turning  value  is  a  maximum 
or  minimum. 

Hence,  if  ^  be  infinitely  near  a  turning  value  o[f{x)  (less  in 

the  tiase  of  a  maximum,  greater  in  the  case  of  a  minimum),  then 

tworoot8ofy(a!)-j»  will  be  infinitely  nearly  equal  to  one  another. 

I   It  follows,  therefore,  that  if  p  be  aduaily  eqmd  to  a  turning  value 

1  off(x),  the  f unction  f{x)  -  p  will  have  tvx)  of  its  roots  equal     This 

I  criterion  may  be  used  for  finding  turning  values,  as  will  be  seen 

in  a  later  chapter. 


CONTINUITT  AND  GRAPHICAL  REPBKSENTATION   OF  A 
FUNCTION  OF  TWO  INDEPENDENT  VARIABLES. 
S  li.  Let  the  function  be   denoted  by  f{x,  y),  and  let  us 
denote  the  dependent  variable  by  z ;  so  that 

We  confine  owrsdves  entirely  to  the  case  where  f{x,  y)  is  an  integral 
function,  and  we  siq^wse  all  the  constants  to  be  real,  and  consider  only 
real  valrus  of  x  and  y.     The  value  of  z  wiU  therefore  be  altoays  real. 

Since  there  are  now  two  independent  variables,  x  and  y, 
there  are  two  independent  increments,  say  h  and  k,  to  consider. 
Hence  the  increment  of  s,  that  is,  f{x  -hh,  y  +  k)  —f{x,  y),  now 
depends  on  four  quantities,  x,  y,  h,  k.  Since,  however,  f{x,  y) 
consists  of  a  sum  of  terms  such  as  Ax™^,  it  can  easily  be  shown 
by  reasoning,  like  that  used  in  the  case  of  /(x),  that  the  incranent 
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of  z  always  beeomes  infinitely  small  when  h  and  k  are  made  injiniidy 
small.  Hence,  as  x  and  y  pass  conHnnously  from  one  given  pair  of 
values,  say  {a,  b),  to  another  given  pair,  say  (a',  b'),  z  passes  continV' 
mtsly  from  one  value,  say  c,  la  another,  say  c'. 

§  15.]  There  is,  however,  a  diatiDct  peculiarity  in  the  case 
DOW  in  hand,  inasmuch  as  there  are  an  infinity  of  different  ways 
in  which  (x,  y)  may  pass  from  (a,  b)  to  (a',  h').  In  fact  we  re- 
quire now  a  two  dimensional  diatom  to  represent  the  vajiations  of 
the  independent  variables.     Let  X'OX,  Y'OY,  be  two  lines  in  a 


z 

/} 

9 

'- 

"    /° 

nt  «. 

horizontal  plane  drawn  from  west  to  east  and  from  south  to 
north  respectively.  Consider  any  point  P  in  that  plane,  whose 
abscissa  and  ordinate,  with  the  usual  understanding  as  to  sign,  are 
z  and  y.  Then  P,  which  we  may  call  the  variaMe  point,  gives  us 
a  graphic  representation  of  the  variables  {x,  y). 

Let  us  suppose  that  for  P,  x  =  a,y  =  b,  and  that  for  another 
point  P',  z  =  a',  y  =  b'.  Then  it  is  obvious  that,  if  we  pass 
along  any  continuous  curve  whatever  from  P  to  P",  a:  will  vary 
continuously  from  a  to  a',  and  y  will  vary  continuously  from 
b  tob';  and,  conversely,  that  any  imaginable  combination  of  a 
continuous  variation  of  x  ttom.  a  to  a'  with  a  continuous  varia- 
tion of  y  from  b  to  b'  will  correspond  to  the  passage  of  a  point 
from  P  to  P'  along  some  continuous  curve. 

It  is  obvious,  therefore,  that  the  continuous  variation  of 
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{x,  y)  from  (a,  b)  to  (a',  b')  may  be  accomplished  in  an  infinity 
of  ways.  We  may  call  the  path  in  which  the  point  which  repre- 
sents the  variables  travels  the  graph  of  the  varifMes. 

To  represent  the  value  of  the  function  z  =/{x,  y)  we  draw 
through  P,  the  variable  point  representing  {x,  y),  a  vertical  line 
PQ,  contuniDg  z  units  of  any  fixed  scale  of  length  that  may  be 
convenient,  upwards  if  z  be  positive,  downwards  if  z  be  n^ative. 
Q  is  then  the  graphic  poiot  which  represents  the  value  of  the 
function  z  =f{x,  y). 

To  every  variable  point  in  the  plane  XOY  there  correaponda 
a  graphic  point,  such  as  Q ;  and  the  assemblage  of  graphic  points 
constitutes  a  surface  which  we  call  the  graphic  surface  of  the 
function  /(x,  y). 

When  the  variable  point  travels  along  any  particular  curve  8 
in  the  plane  XOY,  the  graphic  point  of  the  function  travels  along 
a  particular  curve  S  on  the  graphic  surface ;  and  it  is  obviona 
that  S  is  the  ortht^onal  projection  of  2  on  the  plane  XOY. 

§  16.]  If  we  seek  for  values  of  the  variables  which  correspond 
to  a  given  value  C  of  the  function,  we  have  to  draw  a  horizontal 
plane  V,  c  units  above  or  below  XOY  according  as  c  is  positive 
or  negative ;  and  find  the  curve  2  where  this  plane  U  meets  the 
graphic  surface.  This  line  Z  is  what  is  usually  called  a  contour 
line  of  the  graphic  surface.  The  orthogonal  projection  S  of  2 
upon  XOY  will  be  simply  S  itself  transferred  to  XOY,  and  may 
be  called  the  contour  line  of  the  fnncUon  for  the  value  c.  All  the 
variable  points  upon  8  correspond  to  pairs  of  values  of  {x,  y), 
for  which  f{x,  y)  has  the  given  value  c. 

If  we  take  a  number  of  different  values,  r„  c^  c*  ■  .  ■  £„  we 
get  a  system  of  as  many  contour  hues.  Suppose,  for  example, 
that  the  graph  of  the  function  were  a  rounded  conical  petik,  then 
the  system  of  contour  lines  would  be  like  F^  14,  where  the 
successive  curves  narrow  in  towards  &  point  which  corresponds 
to  a  maximum  value  of  the  function. 

Any  reader  who  possesses  a  one-inch  contoured  Ordnance 
Survey  map  has  to  hand  an  excellent  example  of  the  graphic 
representation  of  a  function.     In  this  case  x  and  y  are  the  dis- 
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f{x,  y)  =  0  BEPRKSENTS  A  PLAHE  CURVE. 


tances  east  &om  the  left-Imnd 
the  lower  side ;  and  the 


side  of  the  map,  and  north  from 
z  is  the  elevation  of  the  land 


at  any  point  above  the  sea  level.  The  studjr  of  snch  a  map  from 
the  present  point  of  view  will  be  an  excellent  exercise  both  in 
geometiy  and  in  analysis. 

An  important  particular  case  is  that  where  we  seek  the 
values  of  x  and  y  which  make  f{x,  y)  =  0.  In  this  case  the  plane 
IT  is  the  plane  XOY.  This  plane  cuts  the  graphic  surface  in  a 
continuous  curve  S  (zero  contour  line),  every  point  on  which 
has  for  its  abscissa  and  ordinate  &  pair  of  values  that  satisfy 
f{x,y)  =  (i. 

The  cuTM  8  in  this  case  divides  the  j^ne  into  regions,  such  thai 
in  any  region  f(x,  y)  has  always  eilha-  Ike  sign  +  or  the  si^  - , 
and  S  always  forms  the  boundary  between  two  regions  in  which  f(x,  y) 
has  oj^osite  sigTis. 

If  we  draw  a  continnous  curve  from  a  point  in  a  +  region 
to  a  point  in  a  —  region  it  must  cross  the  boundary  S  an  odd 
number  of  times.  This  corresponds  to  the  analytical  statement 
that  iff{a,  b)  be  positive  and  f{a',  b')  be  negative,  then  if  (x,  y)  vary 
eoniinuously  from  (a,  b)  to  (a',  b'),f(x,  y)  will  pass  through  the  value 
0  an  odd  numier  of  times. 

The  fact  juat  established  that  all  the  "  variable  points  "  for 
which  f{x,  y)  =  0  lie  on  a  continuous  curve  gives  as  a  beautiful 
geometrical  illustration  of  the  fact  established  in  last  chapter,  that 
the  equation  f(x,  y)  =  0  has  an  infinite  number  of  solutions,  and 
gives  ns  the  fimdamental  idea  of  co-ordinate  geometiy,  viz.,  that 
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a  plane  curve  can  be  analytKaily  represented  bi/  means  of  a  dngle 
equation,  cmneeling  tvxi  variables. 

Eiample. 

Consider  the  function  z=^  +  y'- 1.  If  we  descrilw,  with  O  as  centre,  a 
circle  whose  radius  is  unity,  it  will  be  seen  that  for  all  points  inaids  this  circle 
z  is  negative,  and  for  sU  points  outside  :  ii  positive.  Hence  this  circle  is  the 
zero  contour  line,  and  for  all  points  on  it  wc  have 


m. 


INTEGRAL  FUNCTIONS  OF  A   SINGLE  COMPLEX  VARIABLE. 

§  17,]  Here  ice  confine  oarselr-es  to  inUgrai  functions,  bat  no  longer 
restrict  either  the  comianta  of  the  funetion  or  Us  ifukpendent  variable 
xtobe  real. 

Let  us  suppose  that  x  =  ^  +  ))i,  and  let  ns  adopt  Argand's 
method  of  representing  £  +  >^ 
graphically,  so  that,  if  OM  =  £> 
MP  = );,  in  the  diagram  of  Fig. 
16,  then  P  rapresente  ^  + 1*. 
If  P  move  conlintioudy  from 

any  position  P  to  another  P"  the 

^  complex  variable  is  said  to  vary 
continuously.  If  the  values  of 
ii,  ri)  at  P  and  P'  be  (a,  ,8)  and 
{a,  ji')  respectively,  this  is  the 
same  as  saying  that  |  +  Jji  M  kh^  to  vary  continwusly  from  Qie 
valtu  a  +  j8i  to  the  value  a  +  jS't,  when  £  varies  conOnwmly  from  a 
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(0  a,  and  )j  varies  cmtinuoudy  from  ^  to  p".  There  are  of  coarse 
an  infinite  nnmber  of  ways  in  which  thia  variation  may  be 
accomplished. 

§  18.]  Suppose  now  we  have  any  integral  function  of  x  whose 
constants  may  or  may  not  be  real.  Then  we  have/(x)  =J{$  + »?«)  i 
but  this  last  can,  by  the  rules  of  chap.  ziL,  always  be  reduced 
to  the  form  ^  +  i}'i,  where  ^  and  ij'  are  integral  functions  of  f 
and  V  whose  constants  are  real  (say  real  int^ral  functions  of 
(1, 1))).  Now,  by  §  14,  f  and  •)'  are  finite  and  continuous  bo 
long  as  (I,  7)  are  finite.  Mence  /(f  +  >)i)  varies  amtinwudy  whm 
^  +  i)t  paries  amtiniuntslf/. 

A  graphic  representation  of  the  function  f{^  +  i}i)  can  be 
obtained  by  constructing  another  diagram  for  the  complex 
number  f  +  ij'i.  Then  the  continuity  of  /{i  +  i(t)  is  ex- 
pressed by  saying  that  tckm  the  graph  of  the  independeni  tnri- 
able  is  a  amtintwus  curve  S,  the  graph  of  the  depauhnt  variahle  is 
another  amlinumis  curve  S". 


Example. 


+  V{1-^)- 


For  simplicity,  v«  aliall  confine  ouraelves  to  a  variation  of  x  which  admits 
only  real  values ;  in  other  words,  wb  suppose  ^  always  =  0. 

The  path  of  the  independent  variable  is  then  lACBJ,  the  whole  extent 
of  the  f-axia.  In  the  diagram  we  have  taken  CA  =  CB=I  ;  so  that  A  and 
B  mark  the  points  in  the  path  for  which  the  ftmction  hegina  to  have,  and 
ceases  to  have,  a  real  value. 

Let  Fig.  la  be  the  diagram  of  the  dependent  variable,  y={'+i)'£.  If 
A'C'=1  (A',  B'  and  O'  are  all  coincident),  then  the  path  of  the  dependent 
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COUPLEX  ROOTS  DETERMINED  GSAfHICA^T. 


TSrisblB  it  th<  whole  of  tlia  V-aziB  sbove  Q;  together  with  A'C,   each 
reckoned  twice  otot.     The  pieces  of  the  two  patha  correspond  aa  follows :— 


•tssfr' 

u 

AG 
CB 
BJ 

I'A' 
A'C 
CB' 
B'J' 

§  19.]  f  and  ■>}'  being  fanctionB  of  ^  and  ij,  we  may  represent 
this  fact  to  the  eye  by  writing 

If  we  seek  for  values  of  ({,  >j)  that  make  ^  =  0,  that  is  the  same 
as  seeking  for  values  of  (^,  >j)  that  make  <^(£,  yj)  =  0.  Ail  the 
paints  in  the  diagram  of  the  independent  variable  corresponding 
to  these  will  lie  (by  §  16)  on  a  curve  S. 

Similarly  all  the  points  that  correspond  to  »)'  =  0,  that  is,  to 
fiii  v)  -  ^1  lie  on  another  curve  T. 

ITie  points  for  which  both  f  =  0  and  r)'  =  0, — in  other  words, 
the  points  corresponding  to  roots  o(/{$  +  >j»), — must  therefore  be 
the  intersections  of  the  two  curves  S  and  T. 

Example, 

If  weput3!=f+iii,andy=f +1?'*,  we  have 

f  +  t,'i=t(J  +  t^?  +  8, 

=  2(4-f.,)  +  (fS-^)i. 
Hence  .f=2(*-fii),  i'=?-';'- 

Hence  the  9  and  T  curres,  above  spoken  of.  are  given  by  the  equations 

2(4-f.l)  =  0  (8), 

S'-v'  =  0  (T). 

These  are  equivalent  to  V  =  j  (3}i 
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■*\T 

Is 

\ 

n'''\ 

y'  \ 

**■— 

J""^/-'' 

\ 

» 

^        \ 

\ 

\ 

"'       1 

\ 

The  S  cDt»8  (8  rectangular  byperboU  as  it  happens)  is  drawn  thick.  The 
T  curve  (two  straight  lines  bisecting  the  angles  between  the  axes)  is  dotted. 
The  iDtersectiona  are  P  and  Q. 

Correaponding  to  P  wb  have  (  =  2,  i|  =  2;  corresponding  to  Q,  £=  -% 
ij=-2. 

It  appearsthereforetbattherootsof  tbafQnctionare+2  +  2iand  -8-2*. 
The  student  ma;  veiif;  that  these  values  do  in  fact  satisfy  the  equation  . 


EXBBCISES  XXII. 

(The  student  should  trace  some  at  least  of  the  curveo  required  in  the 
following  graphic  exercises  b;  laying  them  down  correctly  to  some  convenient 
scale.  He  will  find  this  process  mocb  facilitated  by  using  paper  ruled  into 
small  squsres,  which  ia  sold  under  the  uame  of  Plotting  Paper. ) 

Discuss  graphically  the  following  functions  : — 


(1.)  y=s 


(2.)  y= 
(5.)  y= 


1 

r"+r 


(3.)  y=(- 
(6.)V= 


af-9 


(7.)  Conatruct  to  acale  the  graph  of  y=-a^  +  8a:-0  ;  and  obtain  graphic- 
ally tha  roots  of  the  equation  a^-8ie+9=0  to  at  least  three  places  of 
decimals. 

(S.)  Solve  graphically  the  equation 

a'-163:=  +  71ie-129  =  0. 

Oiven  that  v  is  a  con- 
fOnction  of  y  t 
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(10.)  ShoT  thatirhenA,  themcrementofx,  bTei^BmBll,  tbeiacremeDt  of 

IB  (np^-i  +  (B-])p._,a--7+.  .  .+l,j),)ft. 

(11.)  If  Abe  verj  small,  and  d:=1,  find  the  increment  of  2x)- ez'-t-12x  +  {>. 

(12.)  If  an  equation  of  eren  degree  have  its  last  term  negative,  it  baa  at 
least  tiro  real  roots  which  are  of  opposite  sigos. 

(13.)  Indicate  rougfal;  the  values  of  the  real  roots  of 
l(te'-17x'+3:  +  3=0. 

(14.)  What  caa  fon  infer  regarding  the  roots  of 
i»-6a;+8  =  0I 

(IS.)  ShoT  b;  cODsideratioiiB  of  continuity  alone  that  x*-l-0  cannot 
have  more  than  one  real  root,  if  »  be  odd. 

(Ifl.)  If^*)  be  an  integnd  function  of  »■,  and  if  ji;a)=  -j^/(i)= +g,  where 
p  and  q  are  both  emaU,  show  that  sc  =  {ga+pb)Hp  +  q)  is  an  approximation  to 
a  root  of  the  equation  /[x)  =  0. 

Draw  a  series  of  contour  lines  for  the  following  functions,  including  in 
each  case  the  zero  contour  line  : — 

(17.)  z  =  xy.        (18.)  !=?■        (18.)  ==^»-»».  (20.)  i=^^. 

Ie  the  pTopoaition  of  g  16  true  for  the  last  of  these  1 

Dniw|  th«  Argand  diagram  of  the  dependent  variable  in  the  following 
cases,  the  path  of  the  independent  variable  being  in  each  case  a  t^rcle  of  radius 
unity  whose  centre  is  D : — 

(21.)  y=l.         (22.)  y=+^/x.  (23.)  y=  y.^.        (24.)  y=l-2». 
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CHAPTER    XVI. 
Equations  and  Functions  of  the  First  Degree. 

EQUATIONS  WITH  ONE  VARIABLE. 

§  1.]  It  follows  by  the  principles  of  chap,  xiv,  that  every 
integral  equation  of  the  first  degree  Fcan  be  reduced  to  an  equiva- 
lent equation  of  the  form 

ax  +  b  =  0  (1); 

this  may  therefore  be  regarded  as  a  general  form,  including  all 
such  equations.  As  a  particular  case  b  may  be  zero;  but  ve 
suppose,  for  the  present  at  least,  that  a  is  neither  infinitely  great 
nor  infinitely  small 

Since  a  +  0,  we  may  write  (1)  in  the  form 


.|.-(-^)}.o 


(2); 


whence  we  see  that  one  solution  is  x  =  -  b/a.  We  know 
already,  by  the  principles  of  chap,  xiv.,  §  6,  that  on  inteyroi  egwa- 
lion  of  Hk  fast  degree  in  me  variable  has  one  and  only  one  sduUon. 
Hence  we  have  completely  solved  the  given  equation  (1). 
It  may  b«  well  to  add  anotber  proof  that  Uie  solation  is  unique. 
Let  us  mppou  that  there  are  two  distinct  wlutioDs,  31=0,  andz=/S,  of  (1). 
Then  we  must  have 

aa  +  b-0, 

oj3  +  ft=0. 

From  these,  bj  subtraction,  ve  derive 

a(a-^)  =  0. 

Now,  by  hypotheaU,  o  +  0,  therefore  we  nwst  have  a  -  p  =  0,  that  is,  a =^  ; 

in  other  words,  the  two  solutions  are  not  distinct. 
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336  TWO  LINBAB  EQUATIONS  IN  ONE  TAiUABLE.  [chap. 

§  2.]  Two  equafums  of  the  jirst  degree  in  one  vairv^e  vrill  in 
gmeral  he  inconsistent. 

If  ihe  eguatiffus  he       ax  +  b  =0  (I), 

a-x  +  h'  =  Q  (2), 

llie  necessary  and  mffideiU  eondilian  for  anmsUncy  is 

(ii'-ffl'ft  =  0  (3). 

The  Bolution  of  (1)  ia  a;  =  -  ft/a,  and  the  solution  of  (2)  ia 
X  =  -  h'ja'.  These  will  not  in  general  be  the  same  \  hence  the 
equations  (1)  and  (2)  will  in  general  be  inconsistent. 

The  necessary  and  sufficient  condition  that  (1)  and  (2)  he 
consistent  is 

Since  ffi  +  0,  a'  4=  0,  (4)  ia  equivalent  to 
o'6  =  ai', 
or  ai/  -  a'h  =  0. 

Obs.  1.  If  6  =  0,  and  h'  =  0,  then  the  condition  of  consistency 
is  satisfied.  In  this  case  the  equations  become  (iz  =  0,  a'z  =  0 ; 
and  these  have  in  fact  the  common  solution  x  =  0. 

Oba.  2.  When  two  equations  of  the  first  degree  in  one  vari- 
able are  consistent,  the  one  is  derivable  by  multiplying  the  other 
by  a  constant.  In  fact,  since  a  4'  0,  if  we  also  suppose  6+0,  we 
derive  from  (3),  by  dividing  by  ah  and  then  transposing, 

—  =  T>  each  =  k,  say ; 

a     0  ■     •'  ) 

hence  a'  =  ka,      h'  =  kh, 

so  that  a'x  +  b'  s  kax  +  kb, 

=  k{ax  +  b). 
If,  then,  (3)  be  satisfied,  (3)  is  nothing  more  or  less  than 
k{ax  +  b)  =  0 
where  k  ia  a  constants 

This  might  have  been  expected,  for,  transpositions  apart,  the 
only  way  .of  deriving  from  a  single  equation  another  perfectly 
equivalent  is  to  multiply  the  given  equation  by  a  constant 
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Exercises  XXIII. 
Solntioa  of  equations  of  tbe  Brat  degree  in  one  variable— 
(1.) 


(a-) 


■B8(  ■S2x  -  -5)  +  p-^gg  =  3  -694^, 
find  x  to  S  places  of  decimals. 


(a+a!)(S+*)-a(J+e): 


isi-i^.^-f.a^-t? 


ecf+htfl 


(10.)  {<^+6»)«  +  o'-*»=«*-6*+a6(a'  +  J>). 

(12.)  (l-l)(«  +  !)(!i-2)-(2z-l)(l!.  +  l)g  +  l). 

(15.) 

(«.) 

(17.) 
VOL.  I. 


'ex+5 

■ix  + 

7" 

1-x 

5-x 

1-x 

'-7 

^* 

14 

x+\0 

10 
1+6 

+.TU- 
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338  (MJ  +  ft^  +  C  =  0  HAS  00^  SOLUTIONS. 

,,o,  if-tx  +  B      fi,-2\'_ 

<!•■) 
(20.) 
(!1.) 
(21) 

(a) 

(2t) 
(2S.) 


PT+^Ta". 

--^' 

3:  +  2a^3;-2o 

4ni 

(fl  +  6>c+o 

4a* 

(n-i);c  +  rf 

'(a  +  *)(a-6)' 

s^-i^^ 

a          i 

^.*^, 

iC  +  B' 
1 

-b*x  +  b-c- 
2 

=  2, 

1 

a){x-b)    {x-a)ix-c)^(x-h){x- 

1  2  _      1 

EQUATIONS   WITH   TWO   VAKIABLES. 

§  3.]  A  mgle  equation  of  the  first  degree  in  imo  varvJ)Us  has  an 
infimte  number  of  sduiums. 

CoBsider  the  equation 

ax  +  by  +  c  =  0  (1). 

Aedgn  to  y  any  constant  valne  we  please,  say  ^,  then  (1) 


ax■^b^  +  c  =  Q  (2). 

We  have  now  an  equation  of  the  first  degree  in  one  variable, 
which,  as  we  have  seen,  has  one  and  only  one  Bolution,  viz., 

»--(i/S  +  t)/a. 

We  have  thus  obtained  for  (1)  the  solution  x-  -  (i/3  +  c)/a, 
y  =  ^,  where  /5  may  have  any  value  we  please.  In  other  words, 
we  have  found  an  infinite  number  of  solutions  of  (1). 

ExBtnple. 

331-2!/  + 1  =  0, 
the  Mlntions  are  giTcii  by 

8    .    y   P. 

weLaye,foroiBmple,  for(J=  -2, /J= -1,  /S  =  0,  ^= +5,  ^= +!,  (S=  +  2,  the 
folloiriiig  solutions  : — 
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TWO  LINEAR  EQUATIONS  IN  TWO  VARIABLES. 


p 

-2 

-1 

0 

4 

+1 

+  2 
+  1 

+  2 

« 

6 
-2 

-1 

1 
^3 

0 

*l 

1/ 

-1 

0 

*i 

« 

The  solittum  of  a  single  egvation  of  tke  first  degree  in  lioo  vari- 
ables involves,  as  we  have  seen,  one  arbilran/  constant,  ^.     This  is 
eometimeB  expressed  by  saying  that  it  has  a  one^foUi  infinitii,  . 
of  Boltttiona.     . 

§  4.]  We  should  expect,  in  accordance  with  the  principles  of 
chap,  xir.,  §  5,  that  a  system  of  two  equations  each  of  the  first 
d^^ee  in  two  variables  admite  of  definite  solution. 

The  process  of  solution  consists  in  deducing  from  the  given 
syatem  an  equivalent  system  of  two  equations  in  which  the 
variables  are  separated ;  that  is  to  say,  a  system  such  that  x 
alone  appears  in  one  of  the  equations  and  y  alone  in  the  other. 

We  may  arrive  at  this  result  by  any  method  logically  con- 
sistent with  the  general  principles  we  have  laid  down  in  chap, 
xiv.,  for  the  derivation  of  equations.  The  following  proposition 
affords  one  such  method : — 

If  I,  I',  m,  m'  be  constants,  any  one  of  which  may  he  zero,  hut 
which  are  such  that  Im'  -  I'm  +  0,  then  tke  tivo  systems 
«  +  »!,+ 
a'x  +  h'y  + 
and 


(1), 

(2). 


/{(Mc  +  Jy  +  c)  +  l'{a'x  +  6'y  +  c')  =  0  (3), 

mifix  +  Jy  +  c)  +  m\a'x  +  6'y  +  c')  =  0  (4), 

are  equivaient. 

It  is  obvious  that  any  solution  of  (1)  and  (2)  will  satisfy  (3) 
and  (4) ;  for  any  such  solution  reduces  both  ax  +  bii  +  c  and 
a'x  +  h'y  +  c'  to  zero,  and  therefore  dso  reduces  the  left-hand 
sides  of  both  (3)  and  (4)  to  zero. 

Again,  any  solution  of  (3)  and  (4)  is  obviously  a  solution  of 


DB,l,r..cb,.GOOglC 


340 


SOLUTION  BY  CROSS  MCLTIPLICATIOK. 


-  /'  {  m^oa:  +  bff  +  c)-i-  m'{a'x  +  Vy  +  c')  f  =0  (5), 

-m{    l(ax^hy  +  c)+    /'("^'a;  +  ft'y  +  c')J 
+  1  {rMax  +  hi  +  e)+m;la'x  +  b-y  +  <;))  =0  (6). 

Now  (5)  and  (6)  reduce  to 

(/ra'-/'m)(ax+6y +c)  =  0  (7), 

{Im'  -  I'm)  (a'x  +  6'y  +  c')  =  0  (8), 

and,  proTided  im'  -  I'm  *  0,  (7)  and  (8)  are  equivalent  to 
ax  +  by  +  c  =0, 
a'x  +  6'y  +  c"  =  0. 
We  have  therefore  shown  that  every  Eolution  of  (1 )  and  (2)  is  a 
solution  of  (3)  and  (4) ;  and  that  every  solution  of  (3)  and  (4)  is 
a  solution  of  (1)  and  (2). 

All  we  have  now  to  do  is  to  give  such  values  to  I,  I',  m,  m' 
as  shall  cause  y  to  disappear  from  (3),  and  x  to  disappear  from 
(4),     This  will  be  accomplished  if  we  make 
(=  +i',     /'=  -J, 
m=  -a',    m'  =  +a; 
so  that  Ini'  -  I'm  =  ab'  -  a'b. 

The  system  (3)  and  (4)  then  reduces  to 

(oi'-a'%  +  c}'-c'S  =  0  <3'), 

(aS'  -  o'%  +  c'a  -  Ctt'  =  0  (4') ; 

and  this  new  sjrstem  (3')  (4')  will   be  equivalent  to  (I)  (2) 
provided 


V-a'h^Q 


(9). 


But  (3')  and  (4')  are  each  equations  of  the  first  degree  in  one 
variable,  and,  since  ah'  -  a'h  +  0,  they  each  have  one  and  only 
one  solution,  viz, — 


It  therefore /ollows  that  tlie  xysten 
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<w  +  6y+c=0  (1), 

a-x^b-y  +  (f  =  0  (2), 

has  one  and  ordy  me  dejiniU  sdulion,  viz.  (10),  protnded 

oi'-a'J  +  O  (9). 

The  method  of  solution  just  discussed  goes  bf  the  naibe  of 
a^sa  mvliiplication,  because  it  consists  in  taking  the  coefScient 
of  y  from  the  second  equation,  multiplying  the  first  equation 
therewith ;  then  taking  the  coefficient  of  y  from  the  first  equation, 
multiplTing  the  second  therewith,  and  finally  subtracting  the 
two  equations,  with  the  result  that  a  new  equation  appears  not 
contuning  t/. 

The  following  mtmoria  technvia  for  the  valnes  of  x  and  y  nriJl  enable  the 
student  to  recollect  the  valnM  in  (10). 

The  (lenominators  are  the  same,  viz.,  ofi'  -  a'b,  formed  from  the  coefficieute 
of  »and^  tbna 


.■X,. 


the  line  iloping  down  from  left  to  right  indicating  a  pontive  prodnct,  that 
from  right  to  left  a  negative  product 

The  numerator  of  x  ia  formed  from  its  denominator  bj  pntting  c  and  c*  in 
place  of  a  and  a'  respectively. 

The  nnmerator  of  y  by  putting  e  and  e'  in  place  of  6  and  b'. 

Finally,  negative  signs  mult  be  affiled  to  tbe  two  fractions. 

Another  way  which  the  reader  may  prefer  is  as  follows  : — 

Observe  that  we  may  write  (10)  thus, 


0  numeratiirs  are  formed  according 

xxx: 

It  is  very  important  to  remark  that  (1)  and  (2)  are  col- 

laterally  symmetrical  with  respect  to  I  a6  |,  see  chap,  iv.,  §  20. 

Hence,  if  we  know  tbe  value  of  x,  we  can  derive  tbe  value  of  f/ 
by  putting  everywhere  6  for  a,  a  for  6,  b'  for  a',  and  a'  for  6'.     In 
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fact  the  value  of  y  thus  derived  from  the  value  of  x  in  (10)  ia 

-  (ca'  -  tfa)l(ba'  -  b'a) ;  and  this  is  equal  to  -  (oc*  -  a'c)j{ah'  -  a'b), 
wbicli  is  the  value  of  y  given  in  (10). 

Example  1. 

te  +  2y-3  =  0  (b), 

-te+4y+6=0  (p). 

Proceeding  hj  direct  application  of  (11),  we  b»vo 


*'\/*''\/-'- 
-./^+.^«. 


Or  tbna :  multiply  (a)  by  (2),  and  we  hare  the  equivalent  system 

to+4v-8=0. 

wlience,  by  aubtraction, 

16* -11=0, 


Again  mnlliplyiDg  (a)  by  S,  and  then  adding  (;3)  we  hare 
10y-4=0, 


which  givet 


Multiplying  the  firat  of  these  equations  by  -,  and  rabtracting  the  second,  we 
obtain 


/I      1\       11 

thnthb 

whence 

Since  the  equations  a 

re  symmetrical  in  (^    ^)  » 

c  get  the  value  of  y  by 

inteiclianging  a  and  ^,  r 
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Sometimes,  before  proceeding  to  apply  the  above  method,  it 
is  convenient  to  replace  the  given  system  by  another  vhich  is 
equivalent  to  it  but  aimpler. 

Example  3. 

ah!-i-l^=laHa  +  b)  (a), 

By  adding,  we  dedace  from  (a)  uid  (^) 

which  is  equiTalcnt  to 

x+]/=a+b  (7). 

It  is  obvioua  that  (a)  ftud  (t)  are  equivalent  to  (a)  aod  ($).  Holtipljiiig 
(7)  by  i*  tnd  aub&acting,  wo  have 

*  (a»-6')E=2a'i  +  i.4'-i', 
=  i(2a-J)(a  +  6). 

_  b{2a-b) 

Henco  x=-^-—-. 

Since  the  original  qretem  ia  a]rmmebio4l  in  (       f )'  ^'^  ^'" 

*       b-a 
§5.]  Under  the  theory  of  last  paragraph  a  variety  of  par- 
ticular cases  in  vhich  one  or  more  of  the  constants  a,  b,  c,  a',  b',  c' 
involved  in  the  two  equations 

ax  +  by  +c  =0, 
a'x  +  6'y  +  e"  =  0, 
become  zero,  are  admissible ;  all  cases  in  short  vhich  do  not 
violate  the  condidon  ab'  -  a'b  -  0. 

Thus  we  have  the  following  admissible  cases : — 


0.0 

«'-0 

(1). 
(2). 
(3). 

J'  =  0 

a  =  0and6'. 

o-.OandS. 

=  0     (5). 
=  0     (6). 

a  =  0  and  a' 
a  =  0  and  b 
6'  =  0  and  a' 

=  0       (1), 
=  0     (IL). 
.0   (IIL), 

y-OandJ.O         (IV.), 

»,»,.«',  i'  all  different 

from  0,  but  auch  that 
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We  shall  return  again  to  the  consideration  of  the  exceptional 
casee.  In  the  meantime  the  reader  should  verify  that  the  formulae 
(10)  do  really  gire  the  correct  solution  in  cases  (I)  to  (6),  as  by 
theory  they  ought  to  do. 

Take  case  (1)  for  example.     The  equations  in  tbia  case  reduce  to 

The  firat  girea  y=  -  e/b,  and  tliu  value  or  y  reduces  the  second  to 
a.'x-^^  +  c!  =  0. 

which  giTss  x  =  — I— , 

It  will  be  found  Chat  (10)  givea  t^e  same  reanlt,  if  we  pot  a  =  0. 

There  is  one  special  case  that  deserves  particular  notice,  that, 
viz.,  where  c  =  0  and  c*  =  0 ;  so  that  the  two  eqoations  arehoma- 
gmevas,  viz., 

— ax  +  hy  =0  (a), 

a-z  +  h-y  =  Q  iff). 

If  oi'-o'ft  +  O,  the  formolffi  (10)  give  k=0,  y  =  0  as  the  only 
possible  solution.  If  oi'  -  a'b  =  0,  these  formulse  are  no  longer 
applicable ;  what  then  happens  wOl  be  understood  if  we  reflect 
that,  provided  y  +  0,  (a)  and  (j8)  may  be  written 

«2-h6=0  {a'), 

a-z  +  b'=0  (/3'), 

where  z  =  x/y. 

We  now  have  two  equations  of  the  first  degree  in  s,  which 
are  consistent  (see  §  2)  since  ab'  -  a'b  =  0.  Each  of  them  gives 
the  same  value  of  z,  viz., z=  -  bfa,  or  z  =  -  b'/a'  (these  two  being 
equal  by  the  condition  ai'  -  a'b  =  0). 

Jf  thm  ab'  -  a'b  *Q,iAe  mdy  sdviion  of  (a)  and  (/3)  is  i  =  0, 
y  =  0 ;  if  ai'  ~  a'b  =  0,  X  and  y  may  have  any  values  sach  ihat  the 
ratio  x/y  =  -bla=  —  Vja', 

§  6.]  There  is  another  way  of  arranging  the  prociess  of  solu- 
tion, conunonly  called  Beamt's  method*  which  ia  in  reality  merely 
a  variety  of  the  method  of  §  4. 

*  For  an  acconnt  of  Bezout's  methods,  properly  so  called,  see  Unir's 
papers  on  the  "  History  of  Determinants ; "  Froc.,  RS.E.,  1888. 
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1/  \  be  any  finite  eonaiatU  pianiiiy  vhaUver  *  then  any  aolation  qf  the 
ij/stem 

ax+bi/  +  c=0,    o'iE  +  6'y  +  c'=0  (1) 
is  a  solalion  of  the  tquatitm 

{a;t+by  +  e)  +  \{a'x-i'Vy  +  e)=fi  (2), 

that  is  to  say,  of        {a+Xo>  +  (6  + W)!/+(c  +  Xi;')=0  (8). 
Now,  Bince  \  U  at  our  diaposal,  ire  may  so  choose  it  that  y  shall  disappear 
rrom  (3) ;  then  must 

Xi'  +  6=0  (4), 

and  (3)  will  reduce  to                  (a  +  W)^  +  (e  +  V)  =  0  (5). 

From  (4)  we  have  X=  -  bib',  and,  nsing  this  value  of  X,  we  deduce  iiam  (5) 


which  agrees  with  (10), 

The  value  of  y  may  next  be  obtained  by  so  determining  \  that  x  shall 
disappear  ^m  (3).     We  thus  get 

Xa.'+tt  =  0  (fl), 

(6  +  X6')y  +  ((i  +  W)=0  (7), 

To  make  this  method  indepeudent  and  complete,  theoretically,  it  would 
of  course  be  necessary  to  add  a  proof  that  the  values  of  x  and  y  obtained  do 
in  general  actually  eatisTy  (1)  and  (2) ;  and  to  point  oftt  the  exceptional  case. 

5  7.]  There  is  yet  another  way  of  pToceeding,  which  is  inter- 
esting and  sometimes  practically  nsefiil. 

The  systems 

a'a:  +  6'y  +  c'  =  0  J 


-j 


(2) 
c'  =  0 

are  equivalent,  provided  64^0,  for  the  first  equation  of  (3)  is 
deriyed  from  the  first  of  (1)  by  the  reversible  processes  of  trans- 
position and  multiplication  by  a  constant  factor. 

Also,  since  any  solution  of  (2)  makes  y  identically  equal 
to  -  (iKK  +  c)/^,  we  may  replace  y  by  this  value  in  the  second 
equation  of  (2).      We  thus  deduce  the  equivalent  system, 

*  So  far  aa  logic  is  coucemed  X  might  be  a  function  of  the  variables,  but 
for  present  purposes  it  is  taken  to  be  constant.  A  letter  introduced  in  this 
way  is  nsuallycaJled  an"  indeterminate  maltiplier";  more  properly  it  should 
■"    lultiplier."  ' 
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SOLUTION  BY  SUBSTITUTrON. 


_6V  +  ^) 


+  c'  =  0 


(3). 


Now,  since  6  =t=  0,  the  second  of  the  equations  (3)  gives 

(«'J-<iS')i  +  (fc'-6'c)  =  0  (4). 

If  a'h  -ah' ^0,  (4)  has  one  and  only  one  solution,  viz., 

thie  value  of  x  reduces  the  first  of  the  equations  (3)  to 

^  ~  b{ah'  -  a'b)' 

ca'  -  c'a  ■  ,„■, 

that  18,  to  y  =  ^^.  __  ^.^  (•*). 

The  equations  (5)  and  (6)  are  equiTalent  to  the  eystem  (3), 
and  therefore  to  the  original  system  (1).  Hence  ve  have  proved 
that,  if  oi'-  a'i^O&nd  &#0,  the  system  (l)has  one  and  only  one 
solution. 

We  can  remove  the  restriction  6*0;  for  if  6  =  0  the  first 
of  the  equations  (1)  reduces  toaiK  +  c  =  0.  Hence  (if  a  4=  0,  which 
must  be,  since,  if  both  a  =  0  and  &  =  0,  then  ab'  -  a'b  =  0)  we  have 
x=  - cja,  and  this  value  of  x  reduces  the  second  of  equations 
(l)to 


which  gives  (since  b'  cannot  in  the  present  case  be  0  without 
making  ab'  -a'b  =  0)  y  =  (ca'  -  c'a)lab'.  Now  these  values  of  x 
and  y  are  precisely  those  given  by  (5)  and  (6)  when  6  =  0. 

The  excepted  case  fi  =  0  is  therefore  included ;  and  the  only 
exceptional  cases  excluded  are  those  that  come  under  the  condi- 
tion ab'  -  a'b  =  0. 
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The  method  of  this  paragraph  may  be  called  solution  by 
substihtH^n.  The  above  diacuseion  forms  a  complete  aad 
independent  logical  treatment  of  the  problem  in  hand.  The 
student  may,  on  account  of  its  apparent  straightforwardness 
and  theoretical  simplicity,  prefer  it  to  the  method  of  §  4. 
The  defect  of  the  method  lies  in  its  want  of  symmetry ;  the 
practical  result  of  which  is  that  it  of^n  introduces  needless 
detail  into  the  calculations. 


(a). 


Giample. 

3; 

-e. 

From  (a)  we  bare 

Vung  (7)  we  reduce  (^)  to 

-93;  +  a(-S 

tutu, 

whence 

Thia  value  of  x  reduces  (y)  to 


The  BOludon  of  the  system  (a)  aud  (3)  is  therefore 

n         2 

^"15'    "^5' 
§  8.]  Three  eqiuUions  of  lite  first  degree  in  tiw  variables,  say, 
ax  +  h/ +  c  =  0',     a'x  +  Vy  +  c'  =  0,     a'x  +  6'y  +  e"  =  0      (1), 
v^l  tuA  he  codMsUjU  KJiless 

oTihc-  -  b-c)  +  b"{ca-  -  c'a)  +  c-(ab'  -  a'b)  =  0     (2) ; 
aJid  ikey  wUl  in  general  be  consistent  if  this  cotidiiion  be  satisfied. 

We  suppose,  for  the  present,  that  none  of  t^e  three  functions 
ab'  —  a'bf  a"b  -  ah",  a'b"  —  a"b'  vanishea*  This  is  equivalent  to 
supposing  that  every  pair  of  the  three  equations  has  a  deter- 
minate finite  solution. 

If  we  take  the  first  two  equations  as  a  system,  they  have 
the  definite  solution 

*  See  below,  §  2S. 
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CONDITION  OF  CONSISTENCY. 


al/-a'b'      '     ab'-a-b' 
The  necessary  and  sufficient  condition  for  the  consistency  of  the 
three  equations  is  that  this  solution  should  satisfy  the  third 
equation ;  in  other  words,  that 

,hc'-b'c      ,,ca' -c'a      .     . 
ab  -ab       00  -ao 

Since  ah'  -  a'b  +  0,  this  is  equivalent  to 

«'(ic'  -  b'c)  +  6'(ca'  -  c-a)  +  c"(a6'  -  a'b)  =  0  (3). 

The  reader  should  notice  th&t  this  condition  may  be  written  in 

any  one  of  the  following  forms   by  merely  rearranging   the 

terms — 

a(i'c'  -  Vc-)  +  h{c-a"  -  (Ta')  +  c{a'i^  -  a'b')  =  0  (4), 

ffl'(6e"  -  b'c)  +  i'(M'  -  (Ta)  +  c'(ab'  -  a'b)  =  0  (5), 

a(b-c~  -  6V)  +  a^b'e  -  fe')  +  a'ibe'  -  b'c)  =  0  (6), 

b(<iar  -  cV)  +  b-{c-a  -  m")  +  b'{ca'  -  c'a)  =  0  (7), 

c{aT  -  a-b')  +  cXa~b  -  al")  +  c"(,ii'  -  a'b)  =  0  (8), 

ah'c'  -  ab'c'  +  bc'a"  -  bc'a'  +  cab"  -  ai'b'  =  0  (9). 

The  fonns  (4)  and  (5)  could  have  been  olitained  directly  by 
taking  the  solution  of  the  two  last  equations  and  substituting  in 
the  first,  and  by  solving  the  first  and  last  and  substituting  in  the 
second,  respectively.  Each  of  these  processes  is  obviously  logically 
equivalent  to  the  one  actually  adopted  above. 

The  forms  (6),  (7),  {8)  would  result  as  the  condition  of  the 
consistency  of  the  three  equations 

nz  +  a'y  +  ft"  =  0,  bx  +  b'y  +  6"  =  0,  w  +  c'y  +  c"  =  0  (10). 
We  have  therefore  the  following  interesting  side  result : — 

Cor.  If  the  three  equatwns  (1)  be  eofmsteni,  Ihm  the  three  tqaa- 
iUms  (10)  are  consistettt. 

>t  compare  the  present  paragraph  -with  8  2,  ho  will 

ab'-a'b 
plavs  the  same  part  for  the  Byatem 

ax  +  b  =  0,     a'x  +  b^  =  a 
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SB  doea  the  function 

a{b-ir  -  f<0  +  tCe-a"  -  c"a')  +c(or  -  cTb') 
for  the  system 

ax  +  try  +  e  =  0,     a'x+b'y+c'  =  0,     i^x  +  b"y  +  ^=0. 
These  functions  are  called  the  il^ifj-jnimi-'nio  nt  the  respective  sTstema  of  equs' 
tions.    They  are  often  denoted  by  the  notatiooa 

I",    *,|  foraJ'-o'6  (II). 

\a     b     c  \ 

a-V  (12). 

The  reader  shonld  notice— 

lat  That  the  determinaiit  is  of  the  first  degree  in  the  conatitaente  of  any 
one  row  or  of  any  one  coliinm  of  the  sqaare  symbol  above  introduced. 

2nd.  That  if  all  the  constituents  be  considered,  its  degree  is  eqaal  to  the 
namber  of  equations  in  the  systeni. 

A  special  branch  of  algebra  is  nowadnyB  devoted  (o  the  lluory  0/  deler- 
minaiUi,  so  that  it  is  unDCcessary  to  puiaue  the  matter  in  this  treatise.  For 
the  sake  of  more  advanced  studeuts  we  have  here  and  there  introduced  results 
of  this  theory,  but  always  in  such  a  way  as  not  to  interfere  with  the  progress 
of  such  as  may  be  unacquainted  with  tbem. 

The  reader  may  find  the  following  memBrim  UAniae  useful  in  enabling 
him  to  remember  the  determinant  of  a  system  of  three  equations : — 

For  the  form  (4), 


-a  be  interpreted  like  the  similar  scheme  in  S  4. 
For  the  form  (8), 


where  the  letters  in  the  diagonal  lines  are  to  form  products  with  the  signs  + 
or  - ,  acooiding  as  the  diagonals  slope  downwards  from  left  to  right  or  from 
right  to  left. 

Example. 

To  show  that  the  equations 

3z  +  Si;-2  =  0,     4a:+8!f-l  =  0,    2j;+4y-3=0 
are  consistent. 

Solving  the  first  two  equations,  we  have  3:= -7/2,  y=6/2.     These  values 
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EXERCISES. 


reduce  2a!  +  4!/-3  to-7  +  10-3,  which  is  zero.  Henc«  the  aolotiou  of  the 
Srat  two  equations  satisfies  the  third  ;  that  is,  the  three  *tt  connstent. 
We  might  also  use  the  general  results  oFthe  above  paragraph- 
Since  3x6-6x4=-2,  6x2-3x4^-2,  (1x4-2x8=+ 4,  each  pair 
of  eqnationa  has  by  itself  a  definite  solution.  Again,  calculating  the  deter- 
minant of  the  system  by  the  rule  given  above,  we  have,  for  the  value  of  the 
det«rniiiiant,  -  M -10-32  +  24-1- 12-|-S0  =  0,  Henc«  the  syatem  is  consistent. 
2+3      +      5 


XX 

6-1+4 

XX 


4         -       3 


2      + 


EXBRCISBB  XXIV. 

Solution  of  eiinations  of  the  first  degree  in  two  variables — 

(I.)  i^-¥iy=6.    ii+l!«=64- 

(2.)  2x  +  Sy=-18,     3i-2j)  =  e. 

(3.)  ■12S3!+-885i^  =  3-34,     -SBSb- ■6e3s=3-71, 
find  X  and  ^  to  5  places  of  decimals, 

(4,)  x+yix-y  =  5:S,     a:  +  Sy=38. 

(fi.)  Sx  +  l  =  2y  +  l  =  Zy  +  2x. 

(a.)  (.e+8)(!/  +  6)  =  ():-l)(y  +  2).     &r  +  5  =  fly  +  2. 

(7.)  x  +  y=a  +  b,     {x  +  a.)Hy  +  b)  =  bla. 


(8.) 

(»■} 
(10.) 
(11.) 

(12.) 

(13.) 


Jo*mt~''     27na'^  Slb~  ^^ 

*i  +  Jy=0,     (,a-b)x  +  (a  +  b)y=2e. 

la-i.b)x-(a-b)y=c,     (a-6>r  +  (a  +  %=c. 

(a+6)2  +  (o-%=a»  +  2a6-6^,     {a-b)x  +  {a-b)y=a^  +  lr'. 

a'~b'    a'  +  ia  +  o'  ar  +  b'    n-  -  ac  +  o* 

(aif-^-bg~)x  +  iap~+^  +  bf^+^)y-ap-**'+bf*'', 
{ay-  +  bcf)z+lap^+^  +  bq'*')y-ap''+'  +  bf'+'. 


thst  a^+Xz^+zur+itte  maybe  ewctly  dirisible  by 


+  \    b  +  \ 


(14.)  Find  Xand^iH 
x-b  and  by  I  -  c. 

(IE.)  If  X  =1=0,  and  if  a; -J 
sfstent,  show  that  \=  ±'\/ab. 

(18.)  If  the  system  {b  +  c)x  +  {c  +  a)ii+{a  +  b)  =  {>,  ((.+o)a-  +  (a  +  %  +  (6  +  e) 
=  0,  (o+l>r  +  (6  +  e)v  +  (e  +  a)=0,  be  consistent,  then  o'  +  S'+^-3aSe=0. 

(17.)  Find  the  comlitioa  that  ax  +  hy  =  c,  ah:+li^=e',  a'i:  +  6*y=i^  be 
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(IS.)  Find  an  integral  Amotion  of  «  of  the  &rst  degree  whosa  values  Ehalt 
be  +  S  and  + 10  wben  x  hiti  the  values  -  3  and  +  2  respectively. 

(19.)  Find  an  integral  function  of  x  of  the  second  degree,  such  that  the 
coefBcient  of  its  highest  term  is  1,  and  that  it  vanishes  when  x=2  and  when 
x=~Z. 

(20. )  Find  an  integral  function  of  x  ai  the  second  degree  which  vanishes 
when  x=0,  and  baa  the  values  -1  and  +2  when  r,=  -l  and  x=-i-3 
respectively. 


EQUATIONS  WITH  THEEE  OR  MORE  VABUBLES. 

§  0.}  A  single  eqttalvm  of  the  first  degree  in  three  variables  admits 
of  a  two-fdd  infinity  of  solutions. 
For  in  any  such  equation,  say 

ax  +  b!/  +  cz  +  d  =  0, 
we  may  assign  to  two  of  the  variahleB  any  constant  values  we 
please,  say  y  = /3,  s  =  7,  then  the  equation  becomes  an  equation 
of  the  first  degree  in  one  variable,  which  has  one  and  only  one 
solution,  viz., 

b^  +  Cy  +  d 

We  thus  have  the  solution 


Since  there  are  here  two  arbitrary  constants,  to  each  of 
which  an  infinity  of  values  may  be  given,  we  say  that  there  is 
a  two-fold  infinity  of  solutions. 

§  10.]  j4  system  of  two  equations  of  the  first  degree  in  three  vari- 
ables admiis  in  general  of  a  oiie-fold  iafinitylof  sdutims. 

Consider  the  equations 

(u;  +  6y  +  «  +  rf  =  0,     a'x  +  b'y  +  e'z-i-d'  =  Q         ( 1 ). 
We  suppose  that  the  functions  ftc*  -  Vc,  ca'  -  e'a,  oi'  -  a'h,  do  not 
all  vanish ;  or,  what  is  the  same  thing,  that  not  more  than  one 
of  them  vanishes.     Let  ah'  -  a'b  be  one  of  those  which  do  not 
vanish. 

If  we  ffve  to  z  any  arbitrary  constant  value  whatever,  say 
z  =  y,  then  the  two  given  equations  give  definite  values  for  x  and 
y.     We  thus  obtain  the  solution 
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{b^-b-c)y  +  {id'-b-d)  (ca--c-a)y  +  (da--d-a) 

Since  we  have  here  one  arbitrary  constant,  there  ie  a  one-fold 
infimt7  of  solutions. 

Cor.  Iltere  is  an  important  particular  case  of  the  above  that 
often  occurs  in  practice,  that,  viz.,  where  d  =  0  and  d'  =  0. 

We  ^en  have,  from  (2), 

■■^''.  bc'-b'c  ca--c'a 

This  result  can  be  written  thus — 

'f     _      y 

be'  -  b'c     ab'  -  a'b  ' 


Now,  y  being  entirely  at  our  disposal,  we  can  so  determine 
it  that  yj(at>'  -  a'b)  shall  have  any  value  we  please,  say  p.    Hence, 

p  being  entireli/  arbitTary,  we  have,  as  the  soluti/m  of  the  system, 

a'ar  +  6'y  +  c'z=0f  ^  ' 

x  =  i^-b'c),     y  =  p(ca'--<fa),    3  =  p(ah' -  a'b)       (i), 
It  will  be  observed  that,  although  the  individual  values  of 
X,  y,  z  depend  on  the  arbitrary  constant  p,  the  ratios  ai  x,  y,z 
are  perfectly  determined,  viz.,  we  have  from  (4) 

z:y:z  =  {be'  -  b'c) :  (ca'  -  c'a) :  (aV  -  a'b). 
Example  I. 


XXX 


=  -  10r24;  -13; 
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SYSTEM  OF  THREE  EQUATIONS  IS  X,  y,  Z. 


p  being  an;  quimtity  TChatsoever. 

Example  2. 

ax+by  +  cz  =  0, 

give  x={b^ -b'e)p  =  -  liep{b-e), 

S={ca*-<?a)p=-  aip(i!~a), 
s=(o4*-o»i]p=-oip(o-i).  :iJ 

If  we  choose,  we  imj  replace  -  aicp  1>j  a,  my,  and  we  then  hsTs 
*=^fc-c)/«.     y='^c-<')/l',     t=<r(-i-fr)M 
where  a  in  arbitrary. 

In  other  words,  we  have 

>::y:i={b-c)/a:lc-a)lb:{a-b)lc 
§  11.]  A  system  of  three  eguaUons  of  Ike  first  degree  in  three 
variaMes,  say 

ax-\-btf  -vcz   +d=0  (1), 

a'x  ^h'y  ■¥c'z  +  (?  =  0  (2), 

a~x  +  i'y  +  c's  +  d'  =  0  (3), 

has  one  and  ordy  me  sditlioa,  provided 

ai'e"  -  diV  +  fie'a"  -  6c"ffl'  +  ca'b'  -  ca'h'  +  0  (4). 

The  three  coefficients,  t,  <!,  c*,  cannot  all  vanish,  otherwise  we 
should  have  a  system  of  three  equations  in  two  variables,  x  and 
y,  a  case  already  considered  in  §  8. 

Let  us  suppose  that  e  =)=  0,  then  the  following  system 

ax  +  hy  +CZ  -t-d    =0  (5), 

c!(ax  +  by+cz'-y£j-  i^'x  +  6'y  +  e'a  +  (f)  =  0  (6), 

<f(ax  +  }>y^cz  +  d)-Ma-'x  +  h'y\-<fz  +  d')  =  (i  (7),' 

ia  obviously  equivalent  to  (1),  (2),  and  (3).  Matters  are  so 
arranged  that  z  disappears  from  (6)  and  (7) ;  and  if,  for  short- 
ness, we  put 

A.  =  a(^  -a'c,    B  =  ftc"  -  6'c,     G  =  de-d'c, 
A'  =  a<f-a"c,  B'  =  6c"-6"c,  C'  =  dc''-d"c, 
we  may  write  tiie  system  (5),  (6),  (7)  as  follows : — 

ax  +  by  +  C!i  +  d  =  0  (S"), 

A2;  +  By  +  C  =  0  {6'), 

A'ar  +  B'y  +  C'  =  0  (7'). 

VOL.  I.  2  a 
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Not,  provided  A£'  -  A'B  +  0  (8), 

(6')  and  (7')  have  the  unique  solution 

BC'-B'O 

*    AB'-A'B 

CA'-C'A 

^    AB'-A'B 

Thesa  values  of  z  and  t/  enable  ub  to  derive  from  (5') 

a(BC'  -  B'C)  +  bjCA'  -  C'A)  +  djAB'  -  A'B)    ,     , 
'^      ~  .  c{AB'  -  A'B)  ^    '' 

<9),  (10),  and  (11)  being  equivalent  to  (5'),  {6%  (7'),  that  is,  to 
(1),  (2),  (3),  conetitute  a  unique  solution  of  the  three  given 
equations. 

It  only  remains  to  show  that  the  condition  (8)  is  equivalent 
to  (4). 

We  have 
AB-  -  A'B  =  (ac'  -  a'c)  (be"  -  b"c)  -  {acT  -  a"c)  {hd  -  h'c), 

=  c{ab'd'  -  ab'c'  +  Jc'd'  -  hc'a'  +  ca'h"  ~  ca'b')     (12). 
Hence,  since  c#  0,  (6)  is  equivalent  to  (4). 

Although,  in  practice,  the  genenl  formalie  are  very  rarely  used,  yet  it  may 
interest  the  Btodent  to  see  the  valuee  of  x,  y,  z  giveu  by  (9),  (10),  (11)  ex- 
panded in  terms  of  the  coefBcients.    We  have 

-(BC'-B'C)  =  (ie'-rf'c)!ii^-ft''<:)-('i^-ire)(ic'-t'e). 
Comparing  with  (12),   we  see  that  -(BC'-B'C)  differa  from  AB'-A'B 
merely  in  having  d  written  everywhere  in  place  of  a  (the  dashes  being 
imagined  to  stand  unaltered).     Hence 

-(BO'-B'C)=<^rfi'<f-(ft'e'  +  fa'ir-ic-d'  +  ae'i'-orfc'). 
So  that  we  may  write 

_  difi'-r  -  ftV) + dw  -ixr)+ -f  (fa!'  -  ft'")  (isv 

°'"      (i(ir-ft'c')  +  o'(fi"e-&r)  +  o''(ti:'-6'c)  ^     '' 

We  obtain  the  values  of  y  and  »  by  intercbangiug  a  and  b  and  a  and  c 
leapectively,  namely, 

dl^a'd"  -  o'e')  4-  if (a'e  -i«f)  +  tT^arf  -  a'e)  -,., 

""      J(a'f-aV)  +  6'(a"e-o£")  +  y(ae'-a'J)  *     '' 

di,b'(f  -b"a')+d'{b~a-b(i')-vi'{ba.'  -h'a) 
'""  dib'a" -Va:)  +  e\b"a-ba~)  +  ii-(fia; -b/a) 


(15). 
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Written  in  determinant  notation  these  would  become 

x  =  -\d'  b'  e"  N-    a'  h-  e*  „„., 

Irf-  V  ^\        la'  ft-  c-l  *"^ 

la  d  e  \        \a  b  e  i 

V  =  -   a'  if  c*  U-    a'  b'  d- 

\a     b    d  \       label 

la-    *"   <r|        lo"    S"    e"! 
§  12.]  In  the  special  case  where  d  =  0,  d'  =  0,  d'  =  0,  the 
equations  (1),  (2),  (3)  of  last  paragraph  become 

ax  +  by  +«  =0  (1), 

a'x  +  b-y  +  c'2  =  0  (2), 

a"x  +  b-y  +  c'z  =  a  (3), 

which  are  homogeneous  in  x,  y,  z. 

If  the  determinant  of  the  system,  viz.,  a°(ba'  -  b'c)  +  b'{ca'  ~  c'a) 
+ /^{ab'  - ab'),  do  not  vanish,  we  see  from  §  II  (9),  (10),  (11)  (or 
more  easily  from  (13),  H),  and  (15)  of  the  same  section)  that 
a:  =  0,     y  =  0,     3  =  0. 
If  Ike  determinant  does  vanish,  this  amdusien  does  not  necessariiy 
foll&w. 

In  fact,  if  we  write  (1),  (2),  (3)  in  the  form 

a|  +  6|  +  e=0  (I'), 

a--  +  b'?  +  (^=0  (2-), 

a"?  +  ;.-?  +  c"  =  0  (3'), 

and  regud  x/z  and  yjz  as  variables,  these  equations  are  consistent, 
since 

a'ibd  -  b'c)  +  b'(ca'  -  e'a)  +  (r{ab'  -  a'b)  =  0  (4), 

and  an;  two  of  them  determine  the  ratios  zjz,  yjz ;  so  that  we 
have 

x:y:: 


=  hi  -Vc  :«■ 

-ia  -aH  -a'i, 

=  i«-  -»■»:«.- 

-t-o  :aj-  -o-S, 

-6r-SV:c'«- 

-(fa':aV-i^b: 
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These  different  values  of  the  ratios  are  in  i^reement,  by  virtue 
of  (4),  as  the  student  should  verify  by  actual  calculation. 

Hence,  if  the  deUrmmmt  of  a  system  of  three  homogeneous  equa- 
UoHS  of  Oie  first  degree  in  z,  y,  z  vaniA,  the  wdues  of  x,y,z  are  inde- 
termmaie  (there  Iximg  a  one-fold  infinUy  of  sdutions\  but  their  raitos 
are  determinate. 

§  13.]  Knowing,  as  we  now  do,  that  a  system  of  three  equa- 
tions of  the  first  degree  ia  x,  y,  z  has  in  general  one  definite 
solution  and  no  more,  we  may  take  any  Ic^cally  admissible 
method  of  obtaining  the  solutioa  that  happens  to  be  convenient 
(1)  We  may  guess  the  solution,  or,  as  it  is  put,  solve  by  inspec- 
tion, verifying  if  necessary.  (2)  We  may  carry  out,  in  the 
special  case,  the  process  of  §  11 ;  this  is  perhaps  the  most  gene- 
raUy  useful  plan.  (3)  We  may  solve  by  Bubstitation.  (4)  We 
may  use  Bezout's  method.  (5)  We  may  derive  from  the  given 
system  another  which  happens  to  be  simpler,  and  then  solve  the 
derived  system.     The  following  examples  illustrate  these  different 


Example  1. 

A  glanc«  shows  ns  that  this  system  is  Bstisfied  byz— a,  y  =  'b,  z=e;  and, 
since  the  sjBtem  has  only  one  solution,  nothing  more  is  Tequired. 
Example  2. 

3a:  +  6y-    7i-2=0  (a), 

43:  +  8v- 143  +  3  =  0  (^). 

Saj  +  Ba-   8a-3  =  0  {7). 

Multiplying  (a)  by  4  and  (jS)  by  3,  and  snbtncting,  we  obtain 

4j)-lfa  +  I7  =  0  (8). 

From  (o)  and  (7),  by  subtraction, 

l/-s-l  =  0  (e). 

Multiplying  {<)  by  A,  and  subtracting  (J),  we  have,  finally, 

101-21  =  0; 
whence  3=2-1. 

Using  this  vslne  of  <  in  (<),  we  find 

»=3-l  ; 
and,  putting  K  =  3-l,  3=2-1  in  (0),  we  find 

The  solution  of  the  system  (o),  {p),  {y)  is,  therefoTe 
*=■*,     l/  =  31,     «=2-l. 
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EiamplaS, 

Takiiig  the  equations  (o),  (/3),  (>}  of  last  aiample,  we  n 

Fron.(«) 

5      7      2 

light  procoed  hy 

Thia  vilne  of  x  rednces  (P)  to 

-yy+g-'+ji  +  Sy-lto+SsO. 

which  U  equiTftleut  to 

4s-lfa+17=0 

Now  ((■)  gives 

and  this  valne  of  y  reducea  (f)  to 

Ths  Talnes  of  y  and  x  can  now  be  obtained  by  nsing  first  {_%")  and  then  (a). 
Example  4. 

Taking  onw  mora  the  equations  (a),  iff),  (i)  of  eiample  2,  we  might  pro- 
ceed by  Beiont's  method. 

If  \  and  n  be  two  aibitrary  multiplied,  we  derive  from  (a),  [ff),  (7), 
(3i  +  Sy-7«-2J  +  X(4!i!  +  8y-14«  +  3)  +  rtfe  +  9y-8»-3)=^0      (»'). 
Snppoee  that  we  wish  to  find  the  valne  of  x.     We  determine  X  and  fi  so  that 
(f ')  shall  contain  neither  y  nor  i.    We  thus  have 

8X+6*.+5=0  ((■), 

-HX-8/i-7=0  (f). 

{3  +  4X  +  3;t)z-2  +  8X-3;.  =  0  (V)- 

If  we  solve  fe")  and  (t'),  we  obtain 

x=-a,   ».=  --i. 

The  last  eqoation  (tj")  thus  becomes 

(3-  ■*-2'l)x-2--8  +  2'l  =  0, 
that  is,  ■5ie-'2=0; 

whence  x=  ■2/'6=  -4. 

The  values  of  y  and  i  may  be  obtained  by  a  similar  process. 

Example  6. 

aiB+6y+<3=0  (a), 

o'j;+tV+A=aV-«)  +  *^o-«)+'^o-6)    (7). 
From  (a)  and  (|9)  we  derive,  t^  addition, 

(0+6  +  0  (»'+!/+2)  =  0, 
which,  provided  o+S+«+0,  is  equivalent  to 

>:  +  y+i  =  0  (J). 

We  can  now,  if  we  please,  replace  (o)  and  (^)  by  the  equivalent  simpler  pair 
(a)  and  (J). 
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Now  (iM  i  10),  by  virtoe  of  (o)  and  (S),  we  have 

If  uona  of  the  thne,  b-e,  e-a,  a-h,  viuiish,  we  mty  write  (7)111  tha  fona 

^•'(S-<)j^^+6*(c-c^)^-+e^a-6)^=o^6-l:)  +  ^^c-o)  +  c^{o-6). 

Udng(t)  wa  can  replace  y/(e-o)  and  xj{a-b)  by  xHb-c),  and  the  last  eqaa- 
tion  becomes 

and,  wnoa  a'{6-0+»*(e-'>)  +  <!^n-ft)  =  -(*-e)t 
Tauisb,  if  our  preTiooa  uaomptiom  be  granted,  i 


Hence  !B=6-c,  and,  by  symniBtry,  y=c-a,  x=a-b. 
Thii  BolatiOD  might  of  coone  have  been  obtained  at  once  b; 
Eiample  6. 

,  ic  +  ay  +  a%  +  (^=0  1 

From  tha  identity 

j.+j^+jf+r={j-o)(J-J)(j-«), 
(Me  chap,  iv.,  §  9),  where 

p=-a-b-c,    j=ie  +  oo  +  oS,     r= -oic, 

+  o'p+o'=0-\ 


r+a8+o'p+(i'=0-\ 


W- 


It  appears,  therefore,  from  (jS)  that 

a!=»-,     y=j,     2=p, 
is  a  Bolation  of  (a).     Hence,  since  (a)  hu  only  one  Bolution,  that  solution  is 
x=-abe,     y=bc+ca+ai,     t=-a-b-c. 
This  result  may  be  generalised  and  extended  in  varioos  obTions  ways. 
§  14.]  A  system  of  more  than  three  equations  of  the  first  degree 
in  three  variaMes  wiU  in  gena^  be  inconsistent.    To  secure  consistenci/ 
one  amdUwn  must  in  generai  he  sa^fied  for  every  equation  beyond 
three.     This  may  be  seen  by  reflecting  that  the  first  three  equa- 
tiona  will  in  general  tmiquely  determine  the  variables,  and  that 
the  values  thus  found  must  satisfy  each  of  the  remaining  equa- 
tions.    Thus,  in  the  case  of  four  equations,  there  will  be  one 
condition  for  consistency.     The  equation  expressing  this  condition 
could  easily  be  found  in  its  most  general  form ;  but  its  expression 
would  be  cumbrous  and  practically  useless  without  the  use  of 
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determinantal  or  other  abbreviative  notation.  There  is,  how- 
ever, no  difficulty  in  working  out  the  required  result  directly  in 
any  special  case. 

Elxomple. 

Determine  the  namerlc&l  constant  jt,  bo  tbftt  the  four  equations, 
2a!-3y  +  5i=18,     3a!-y  +  l!=20,     lz-H2y-i  =  G, 

aha)l  be  comistent. 

If  we  take  the  first  three  equations,  they  determine  the  valuee  of  tc,  y,  ;, 
namely,  z=\,     y  =  S,     z=6. 

These  valae«  must  satisfy  the  last  equation  ;  hence  ne  mtut  have 
(j)  +  l)  +  (p  +  2)3  +  (p  +  3)B  =  7e, 
which  is  eqaiTalent  to 

Hence  p  =  9. 

S  15.]  If  the  reader  will  now  reconsider  the  course  of  reason- 
ing through  which  we  have  led  him  in  the  cases  of  equations  of 
the  first  degree  in  one,  two,  and  three  variables  respectively,  he 
will  see  that  the  spirit  of  that  reasoning  is  general ;  and  that, 
by  puTBuii^  the  same  course  step  by  step,  we  should  arrive  at 
the  following  general  conclusions : — 

I.  A  sydem  cif  n-r  equations  of  the  first  degree  in  n  variai^ 
has  in  general  a  sdutioa  involving  r  arbUrary  constants ;  in  olker 
words,  has  an  r-fold  infiniiy  of  different  soiviians. 

IL  A  system  of  n  equaliotis  of  the  first  degree  in  n  variables  has 
a  vniqne  deiermitiaie  solution,  provided  a  certain  fwuHon  of  the  co- 
effidenta  of  the  system^  which  toe  may  call  the  determinant  of  the 
system,  does  not  vanish. 

III.  A  system  of  n  +  r  equations  of  the  first  degree  in  n  variables 
vHU  in  general  be  inconsistent.  To  secure  consistency  r  different  con- 
ditions must  in  general  be  satisfied. 

There  would  be  no  great  difficulty  in  IsTing  down  a  mle  for  calcolating 
step  by  step  the  function  spoken  of  above  as  the  determinant  of  a  system  of 
n  equations  of  the  first  degree  in  n  variables;  but  the  final  form  in  which  it 
would  thus  be  obtained  would  be  neither  elegant  nor  luminons.  Eiperienoe 
has  shown  that  it  is  better  to  estabiish  independently  the  theory  of  a  certain 
class  of  functions  called  determinants,  and  then  to  apply  the  propertie*  of 
these  fanetions  to  the  general  theory  of  equations  of  the  firat  degree.  A 
brief  sketch  of  this  way  of  proceeding  is  given  in  the  uszt  paragraph,  and 
will  be  quite  intelligible  to  those  acquainted  with  the  elements  of  the  theory 
of  detenninants. 
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aENERAL  SOLUTION  OF  A   SYSTEM   OP   LINEAfi  EQUATIONS 
BY  MEANS   OF  DETERMINANTS. 


§  16.]  Consider  the  syetem 

U,  =  a„x,  +  a^,  +.  .   ,  +  a^„ 


in 

(2), 


vbere  there  are  n  variablee,  x„  x 
determine  them. 
Let 


d  = 


+  l^ni^n  +  C„  =  0  (n). 

.  ,  3^  and  n  equations  to 


am  «m- 

and  let  A,,  A,  .  .  .  A„  denote  the  determinants  obtained  from  A 
by  replacing  the  constituenta  of  the  let,  2nd  .  .  .  nth  cohimns 
respectively,  by  the  set  c„  c,  .  .  .  c„. 

Also  let  the  first  minors  of  A  be  denoted  by  An,  A„  .  .  . 
-^iiu  All,  Ab  >  •  .  Am,  &C.,  as  usual. 

Then,  by  the  theory  of  determinants,  ve  have 

o„A„  +  n„A„  +■  .  ■  +  <'n.A„i  = 

a,^„  +  a,JL„  + .  .  .  +  o™A„,  = 
c,A„  +  c,  A„  + .  .  .  +   c,A.i  =    . 
and  so  on. 

If  the  determinant  A,  which  we  call  the  determinant  of  the 
system  of  equations,  does  not  vanish,  then  A,,,  A,,  .  .  .  A„  can- 
not all  vanisL  Let  us  suppose  that  A,,  ^  0.  Then,  by  chap, 
xir.,  §  10,  the  system 

A.,U.  +  A„U.  +  .  .  .  +  A„,U„  =  0, 
U,  =  0,     TJ,  =  0  .  .  .     U„=0, 

is  equivalent  to  the  system  (1),  (2)  .  .  .  (n).      If  we  collect  the 
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coefficients  of  the  variables  x„  it,  .  .  .  avu  in  the  first  of  these 
equations,  and  attend  to  the  relations  (a),  that  equation  reduces  to 

At,  +  A,  =  0. 
Since  A  ^  0,  this  is  equivalent  to 

_  _A^ 
^|~     A' 

By  ezactljr  similar  reasoning  we  could  show  that  x,=  -  A,/A,  .  .  . 
a!n  =  -  A„/A.  Hence  the  solution,  and  the  only  solution,  of  (1), 
(2)  .  .  .  {n),  is 

x,=  -A./A,     x.=  -A^A  .  .  .  x„=  -A„/A  (fi). 

Although,  from  the  way  we  have  conducted  the  demonstration, 
it  is  not  necessary  to  verify  that  (fi)  does  in  fact  satisfy  (1), 
(2)  .  .  .  (n),  yet  the  reader  should  satisfy  himself  by  substitu- 
tion that  this  is  really  the  case. 

We  have  thus  shaum  that  a  si/stem  of  n  eqmivms  of  the  first  degree 
in  n  variables  has  a  unique  determinate  soIuHoti,  provided  its  determin- 
ant does  not  vanish. 

Next,  let  us  suppose  that  in  addition  to  the  equations  (1), 
(2)  .  .  .  (n),  above,  we  had  another,  namely, 

an  +  i,.ai  +  ttn  +  i,>^+    ■  .   ■   a„  +  ,,n^«  +  Cn  +  >  =  0,(n+l), 
the  system  of  n  +  1   equations  thus  obtained  will  in  general 
be  inconsistent 

The  necessary  and  suffidefiil  condition,  for  consistency  is  that  the 
solution  of  the  first  n  shall  satisfy  the  n+  If/i,  namely,  if  ^  +  0, 
-«»+... 'ii-o»+,.A--  -  .-a„+,.„A„  +  c„+,A  =  0,  ttoiis. 


a.. 

a„ 

■   ttm 

c, 

«.. 

o« 

■    "n. 

c. 

Oni 

ttn. 

■    "ni. 

Cn 

a»+ 

!«»+...     ■ 

.    <ft.+ 

nC„+ 

Lastly,  let  us  consider  the  parOatlar  case  of  n  homogeneous 
equations  of  tlte  first  degree  in  n  variailes.  In  other  words,  let 
us  suppose  that,  in  equations  (1),  (2)  .  .  .  (n)  above,  we  have 

c,  =  0, 1^  =  0  .  .  .  c„  =  0. 
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let.  Suppose   A^O,   then,   since   now  Ai  =  0,    ^,=  0  .  .  . 
An  =  0,(J3)giyeax,  =  0,x,  =  0  .  .  .x„  =  0. 
2nd.  Suppose  A  =  0. 
We  may  write  the  equations  ii 


0,1 — i-  a„- 


a  the  form 
■  +«,»  =  0, 


,n  =  0. 


These  may  be  regarded  as  a  system  of  n  equations  of  the  first 
d^ree  in  the  n  -  1  variables  «,/3^  Xt/xn  ■  .  .  Xn-,!'^ ;  <u»d.  BJnce 
A  =  0,  they  are  a  consistent  system.  Using  only  the  last  «  -  1 
of  them,  we  find 


<ha  <■ 


■  a..n- 


-(-ir 


In  a  similar  way  we  prove  that 

a:,/a:„  =  A„/A,„  .  .  .,     a^n-i/iEn  =  A,,  „.,/A,„  . 
Uesxe  vx  have 

and,  by  •parity  of  reasoning, 

x^'.Xfi  .  .  .   :  Xfi  =  Afi :  Aft :  .  .  .  :  A^n 
where  r  =  2,  =  3  .  .  .  =  n,a&  me  please.     In  other  words,  the  raiios 
of  the  variaUes  are    determinate,  but    Bieir   aduai   values    are   in- 
deierminate,  there  being  a  one-fdd  infinity  of  different  solutions. 


ExaBci3B.s  XXV. 
SoludoD  of  equatioDS  of  the  first  degree  in  three  oi 


8^*" 


16     20     fl 
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(2.)  2x+Sy  +  iz  =  29,    S3r  +  2y  +  6!  =  32,     to;  +  3y  +  2t=2B. 

(3.)  ■33:  +  l-2j  +  8-8:=l,     S'Sa:^  2'5y-3-82»=  "6, 

■lt\x--OQSy-S0U=-01S; 
calculate  x,y,  sU>  four  places  o(  decimala. 

(4.}  z+y+j=ae,    x-i(=4,   x-x=e. 

(5.)  It 

(z  +  D*         -   -^   +  B^-t-Q 
(i  +  2)(E'  +  iB  +  l)~ii:  +  2    3:"  +  a  +  l' 
determiiie  the  nmnericol  conatanU  A,  B,  C. 

(S.)  Find  a  linear  fiinction  of  r.  and  y,  whicli  shKU  vaniab  when  x=z', 
y=y',  and  also  when  x—aT,  y=t/',  and  which  shall  hare  theTaloe  -t-1  when 

x=>r'.  y=r. 

(7.)  An  int^ral  fanctian  of  x  of  the  second  degree  vanishea  when  z=2, 
aud  when  x=S,  and  has  the  value  - 1  when  x=  -2 ;  End  the  tbnctioii. 
(8.)  y  +  2=a,    z  +  x=}>,     x  +  y=c 

(10.)  An  integral  fimctioD  of  z  of  the  second  degree  takee  the  valnes  A 
B,  C,  vhea  x  haa  the  Taloea  a,  b,  c  respectively  ;  find  the  function. 
(II.)  it(b-e)e  +  ai{e-a)y  +  ab(a-b)x  =  0, 

(a+b-cy  +  {b  +  c-a)y-i-(c  +  a-byi=a'  +  IP-i;?, 

i'c'j:  +  t^oSy +a»i%=a*c(  J« +M  +  oi). 


T-fl 


(«  +  aKa+,3)^''{S  +  .)(i+|9)»"^(o  +  a)(c  +  ^)»    («  +  ^)(i  +  ^)(c  +  ^)' 
(13.)  ax  +  by  +  ez  =  a  +  b  +  c, 

Jci:  +  ca!/  +  ofe=0. 
(14.)         ax+cy+bz=!cx+by+az=bx+ajf+a=af-i-l^+i?-Sabe. 
(16.)  ti;  +  iny  +  tK  =  mn  +  nI  +  Im, 

a!  +  y+s=i  +  m+B, 
(m-n)>:  +  (rt-Oy  +  (i-"'}i  =  0. 
(16.)  te  +  mj  +  ns=0, 

(m  +  «)j:  +  (rt  +  %  +  (;  +  ni)i=i  +  m  +  »i, 

(17.)  Show  that  (i-c)j:  +  6!/-ct  =  0,  (e-a)y-t-a- 031=0,  (a-b)z+ax-bg 
=  0,  are  condetent  J  and  that  Ii'  +  3Zyj=2(z  +  y)(a!+a). 
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(18.)  Show  tbit  file  sjBUiaey-bz=/,az- ex =g,  })x-ay=h,  h«8  no  finiu 
Bolation  unleu  a/+Sff  +  cA  =  0,  in  which  case  it  has  an  infinite  nmuber  of 
solutiona. 

Find  a  symmetrical  fonn  foT  the  indet«nninate  BolotioD  involriog  one 
arbitrary  constant. 

(IB.)  3a:-2y  +  3u=0,  K-y  +  ^=0,  %y  +  %t-iu=<i,  *+2y+fc  +  *u=8. 

(20.)  Uia^^p-r,by^p-i,a=T-a,di.y+i)=»-q,t{x+x)=q-T.fl.x  +  y) 
=q'P+g,  find  a  in  terms  of  o,  b,  e,  d,  «,/,  g. 

(21.)  !,+x.ti±^==-!!±?='-"J:i5 

_  x  +  y+i  +  u  +  v-l  _  6x  +  ii/  +  3i  +  Zu  +  v+i 
"  i  ~  9 

(23.)  ia;+bi(=l,  ea+rfi^l,  a+fii=l,  gu  +  hv=l,  x  +  y  +  z  +  u  +  v=0. 
(28.)  Prove  that,  with  a  certain  exception,  the  BjBtem  U  =  0,  V=0, 17  =  0, 
and  XU+/iV  +  »W  =  0,   \'U  +  f.'V  +  »'W  =  0,   X'U  +  ^T+»'W  =  0,   are    equi- 

(24.)  If  x=by  +  c:  +  du,     y=ax  +  a  +  du, 

z  =  ia!  +  lry-Hiii,   «=o«  +  Sy  +  c:, 

.,  abed, 

then  -, +i — i  +  — T  +  j  ^  =  1- 

a+1    J+1    c+1    d+l 

(24.)  Show  that  the  ayst*m  ax  +  by  +  cs:  +  d  =  0,  a'x  +  b'y  +  c'i  +  d'  =  0, 
o°x+6°y  +  (°!  +  (r=0,  wili  he  equivalont  to  only  two  equations  if  the  syetem 
oa!  +  fl'!/  +  a'=0,  to: +  S's +  **=•>.  ac+e'y  +  e'=0,  dx-yd'y+^  =  (i,  be  con- 
datent,  that  is,  if 

b'tr-h'-f  _b'c-b^  _  b^-h-e 
o'lT  -  a''d'~a"d  -adr~ad'-  a'd 
Show  that  in  the  esse  of  the  ayatem 

the  ahoTo  two  conditions  rodnce  to  one  only,  viz., 
be  +  ea-i-ab  =  f}. 
(2S.)  Show  that  the  three  equationa 

z=A  +  A'a  +  A"l7,     p  =  B  +  B'u  +  B'i>,     j  =  C  +  C'u  +  C"b, 
where  w  and  v  are  rariahle,  are  equivalent  to  a  aiogle  linear  equation  con- 
necting X,  y,  x;  and  find  that  equation. 
(26.)  If(u:-)-iv-t-<s-t-ii=b,  ahow  that 


where  p  and  q  are  arbitrary 


=  (|.,)(.-.)-3i, 
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(27.)  Ifaa;  +  6i/  +  i:z  +  (i=0,    a'x-¥h'y  +  e'z  +  d'  =  0,  show  that 
x=p{b<;-b'c)  +  {(V-c')d-{b-c)d')l\a{b'-e)-i-W-a!)-*-Ka'-V)\, 
y=p(ca' -^0.)  +  {{r!  -a')d-(c-a)d'\l{a(b- -c-)  +  Ufi' -a')  +  iia: -V)). 
;=f<ot'-a'S)+Uo'-*V-('<-SK}/l<'(6'-0  +  *C<^-a')  +  <<«'-*')}. 
where  ji  ia  an  arbitrarf  coustaut. 

EXAJfFLES  OF  EQUATIONS  VTHOSE  SOLTTnON   IS  EFFECTED  BY 
MEANS    OF   LlNEAIt   EQUATIONS. 

§  17.]  We  have  seen  in  chap.  xiv.  that  every  aystem  of 
algebraical  eqaations  can  be  reduced  to  a.  ayst«m  of  rational 
integral  equatione  such  that  every  aolution  of  the  given  system 
will  be  a  solution  of  the  derived  system,  although  the  derived 
eystem  may  admit  of  solutions  called  "  extraneous,"  'cvhich  do  not 
satisfy  the  original  system.  It  may  happen  that  the  derived 
system  is  linear,  or  that  it  can,  by  the  process  of  factorisatioti, 
be  replaced  by  equivalent  alternative  linear  systems.  In  such 
cases  all  we  have  to  do  is  to  solve  these  linear  systems,  and  then 
satisfy  ourselves,  either  by  substitution  or  by  examining  the 
reversibility  of  the  steps  of  the  process,  which,  if  any,  of  the 
solutions  obtained  are  extraneous.  The  student  should  now 
re-examine  the  examples  worked  out  in  chap,  xiv.,  find,  wher- 
ever he  can,  all  the  solntiona  of  the  derived  equations,  and 
examine  their  admissibility  as  solutions  of  the  original  system. 
We  give  two  more  instances  here. 
Example  1. 

(Positive  Talnea  to  be  taken  for  all  the  square  roota. ) 
If  we  rationallM  the  two  denominatorB  on  the  left,  we  deduce  from  (a)  the 
equivalent  equation. 

From  (^)  we  derive,  by  squaring  both  aidea, 

=  2(^  +  1), 

(7). 


2j!-l-2Var' 

-(x'-l 

)  =  2{if  +  l) 

that  is 

Sx  + 

2-ac'+2 

Kow  (t) 

is  equivalent  to 

z»- 

r=0. 

that  ifl, 

" 

^i- 

!}(*  +  ! 

)=o 

Again  (!) 

il:-l  =  0 

^a:  +  l  =  Oy 

that  is  t. 

•ay 

a.wx=<},x 

=!,!«= 

-1. 
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Since,  however,  the  step  ttota  (jS)  to  (7)  u  iireveraible,  it  ia  ueceaaBiy  to 
eiamiue  whtfh  of  thew  solutions  achullj  ntiafy  (n). 

Now  1  =  0  gives  \/ -i-t-"J  +  i  =  \/2, 

that  is  (see  chap,  xii.,  g  17,  example  S), 

which  is  correct. 

Also,  31=1  obviously  satisfies  (a). 

But  *=  - 1  gives  2t=0,  which  is  not  true,  hence  3;=  - 1  is  not  a  solution 
of  (a). 

Bemark  that  x=  - 1  ia  a  solution  of  the  alightlj  different  equation, 
1 


V{3!+V(=t*^^    VS*-V(=^-i)l 


=  V2(3!'+1). 


Example  2. 

i?-y'=x-y,     2z+3y-l=0,  (o). 

Since  the  first  of  these  equations  is  eqaivalent  to  {x~y){x+y-l)  =  0,  the 
sTStem  (a)  is  eqnivsleat  t4 


/      z-y=0,  and2z  +  8y-l  =  0\ 
\2  +  j/-l=0,  and  23;  +  8y-l=:0/ 


<T  the  solution  of  x-y  =  0,  2x-i-3t/-l  =  0,m  x=\/5,  y=llS;  andthesolu- 
n  of  iE+y-l=0,  2«+3y-l=0  ia  *=2,  j;=-l.    Hence  the  solations  of 


1  1 

5  e 

2  -1 


§  18.]  The  solntion  of  linear  Byatems  is  Bometimea  facilitated 
by  the  introduction  of  AvxiUary  VariabUs,  or,  aa  it  is  sometimes 
put,  by  changing  the  mriailes.  This  artifice  sometimes  enables  us 
to  abridge  the  labour  of  solving  linear  systems,  and  occasionally 
to  use  methods  appropriate  to  linear  systems  in  solving  systems 
which  are  not  themselves  linear.  The  following  are  examples : — 
Example  1. 

'rf~rf  M  '•'■ 

Let  z  +  i=3,  so  that«=z-A  ;  and,  for  shortness,  let  e=a  +  6. 
Then  (a)  may  be  written 
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th&t  is, 

which  is  eqaiTftUut  to 

2e'z-t*=0  (t). 

Now  (y)  his  the  unique  solutioQ  z=«/2,  which  erjdentl;  ntisfics  (a). 
Hence  x=i:/2-i,  thstia,  z=(a-i)/2,  is  the  only  Gnite  solution  of  (a). 

Example  2. 

i^x+y)  +  Hx-y)  +  e=0,     o'{j!+y)  +  f(a!-3/)  +  e'=0  (a). 

Let  £=a+y,  <ii=x-  y,  then  the  Bystein  (a)  may  be  written 

ot  +  iil+c^O,     o'f  +  6'i|  +  c'=0  (o'). 

Now  (a')  is  a  linear  aystem  in  f  aiid  >),  and  we  have,  by  S  4> 

Beplacing  {  and  ij  bj  their  values,  we  have 

From  (t)i  by  first  adding  and  then  subtracting,  we  obtain 
^ic'-i'e  +  ca'  -^  ^  tc'-i'e-cn'  +  e'a 
"         2{ab'  ~  ~a'b)      '     ^  2(a6'  -  a'*)      ' 

Example  3. 

ej) + te = (B  +  OT = 6ie + oy = oic. 
Dividing  by  be,  by  ea,  and  by  ot^  we  may  write  the  given  system  in  the 
following  eqoivslent  form 


1*1" 

(t). 

Now.  if  we  add  the  equaUons  (,9)  and  (7),  and  sahtract  (.), 

we  have 

e-i)HM)-(in)=>"-. 

thatis,                                          2^=i  +  c-a; 

.=*«-i 

By  flymmeiij,  wa  have 

y=6(c  +  a-6)/2,     z=^a  +  b-c)/2. 

Here  we  virtually  regard  x/a,  y/i,  t/e  as  the  variablee,  although  1 
not  taken  the  trouble  to  represent  them  by  introducing  new  letters. 
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Represent  e«ch  of  the  three  equal  functions  tn  (a)  b;  p. 
(is-»)/j.=P,     [y-b)/g=p,     (z-e)/r=p 
which  are  equivalent  to 


a+pp,    y  = 


'rgp. 


Using  (y),  we  reduce  (fi)  to 

fivm  which  we  obtain,  for  the  value  of  the  auxiliuy  p, 
d-Ja-mb-ne 


Then  we  have 


_  mfa^  -  bp)  +  n{ar  -  ep)  +pd 

The  values  of  y  and  x  can  be  similarly  found,  or  they  can  be  wri 
down  at  once  hy  considering  the  symmetry  of  the  originsl  system. 
Es^&mple  C. 

x~2y  +  3x-0  (a 

From  (q)  and  (p)  we  have  (see  9  10  above), 

z/l  =  y/2  =  i/l  =  p,  say. 
Hence  3:=|),     y  =  2p,     :=p  (I 

By  means  of  (S)  we  deduce  from  (7) 

27p'=2ie, 
which  is  equivalent  t«  ^=S.  (< 

Now  the  three  cube  roots  of  8  are  (see  chap.  lii. ,  g  20,  example  I ), 
2,     2{-l  +  V3i),    2(-l-V3i), 
Hence  the  solations  of  (t)  are 

p=:2,     p  =  2(-l  +  v'3i).     p=2(-l-V3i)- 
Hence,  by  (i),  we  obtain  the  three  following  solations  of  (a),  (p),  (7) ;- 


- 

V 

' 

2 

4 

2 

-1  +  V3i 

2(-l  +  V3i} 

-l  +  VSi 

-1-V3i 

2(^1 -V30 

-1-VM 

D,g,l,7.cbyGOOglC 


XVI.]  EXAMPLES.  369 

Since,  b;  chap.  liv.,  §j6,  the  system  in  qnestion  has  only  three  aolations, 
we  have  obt^ned  the  complete  solntioTi. 

N.B. — Id  general,  if  U],  u«,  .  .  .  Un_i  be  honiogeneoiu  fanctiona  of  the 
firat  degree  in  n  Tari&blea,  and  v  a  homogeneous  function  of  the  nth  degree  in 
the  same  rariablee,  the  lolQtion  of  the  ajstem, 

Ui  =  0,  ■  iia  =  0  .  .    .  «,_i  =  0,      11=0, 
may  be  effected  bj  solving  a  system  of  n  - 1  linear  equations  in  it  - 1  variables, 
and  then  extracting  an  nth  root.    See  in  this  connection  %  Ifl  above. 

Example  6. 

(u?  +  6j('  +  c=0,     oV  +  6V  +  <!'  =  0. 

If  we  regard  s?  and  p"  as  the  variables,  we  have  to  do  with  a  linear  syitem, 
and  we  obtain,  as  heretofore, 

a?=(  Je'  -  Vt)Hcd>'  -  a'ft),     y'=[ea'  -  e'a)/(aJ'  -  a'b). 

«=±V<6e'-6'e)/(ai'-a'i),     y=±\/(OT'-c'o)/(ai'-o'fi). 
Since  either  of  the  one  pair  of  doable  signs  may  go  nlth  either  of  the  other 
pair,  we  thus  obtain  the  fall  number  of  2  x  2  =  4  solutions. 
Example  7. 

ay  +  hx+ cxy = 0,     o'y  +  i'a: + lixy  =  0 . 

These  two  equations  evidently  have  the  solution  3:=0,  jr=0. 
Setting  these  vsluea  aside,  we  may  divide  each  of  the  two  equations  by 
xy.     We  thns  dednce  the  system 


which  is  linear,  if  we  regard  1/x  and  Ijy  as  the  variables.     Solving  from  this 
point  of  view,  we  obtain 

I_  bif-b-c      l^fc'-e'o  . 
X    ah' -a'b'     y    ab'- a'b ' 
from  these  we  have 

x  =  {ab'-a'b)l(bc'-l'c),     y={ai'-a'b)Hea'-c'a). 
We  have  thus  found  two  out  of  the  four  solutions  of  the  given  system.    There 
are  no  more  finite  solutions. 

EXBKCISBS  XXVI. 


Equations 

which 

are  linear  or  can  be  solved  by  a 

(I.) 

■Jax  +  ^b 
^ax-s/b 

(2.) 

(3.) 

Vi+22-V^+n 

=1. 

(4-) 

vs+^^^ 

12 

-V(»=->-3)- 

VOL.1. 

2b 
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(8-)  •>/a:  +  Vri^-Va^=VK+2p, 

{7.)       Va!  +  g-r+Vii+r-ji  +  V»;+p- j  =  0. 

(10-)  V'Vj:  +  \/«  + VV"^-  v''»  =  V3\'»!+WS. 

<"■)  V5+V3-V(aB+'^)=Va. 

(13.)  \/T-x--Jy-x=-^y,     \/b-x+\/y-x='J^. 

(14.)  V^-V»=j.    »^-y=J|- 

(15.)  (s,_«)i_(y.i)S  =  o,     (:.-i)(!,-o)=a(2t-o). 
(18.)  z-y=3.    ic'-i/'  =  45. 

(17.)  xly=alb,     a*-B»=d. 

(18.)  iB+Qj/  +  a»s  +  o'u  +  a*=0 

1+01/+  A  +  A*  +  e*=0, 
«  +  dy  +  (ft  +  ii*«  +  rf*= 0. 
(19.)  a!  +  y  +  i=0,     oi  +  iy  +  a=0, 

6a:  +  My  +  ai«=(6'-rf')(<!=-a>)(a»-fc'). 

"■      '  lm{a-b)    m.n{b-e)    nl{c-a)     Imn' 

(21.)  i+^  =  y±z^l'jtjL-y=a  +  b^c 

(22.)  2(6-<:)j  =  0,     2a(*=-^=0,     2a(6-e)a:=n(4-c). 

(23.)  Sai=l,     2z/{i-c)  =  l,     Zx/(.il'-i?)=0. 

(24.)  oa!+i(y  +  ;  +  «)=0,     ii/  +  t(i  +  u  +  a;)  =  0, 

e+i(u+3!+V)=0,    <Ju+i<^+y+!)=0. 
(25.)        a:  +  s  +  i=«,     y+j  +  «=6,     j  +  «  +  a=(,     u-¥x-l-y=d 

(28.)  ^-1=3'     *=:  +  ?!'  =  li*»' 

(27.)  -^  +  .7 


(28.) 
(29.) 


=*  +  l 
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(31.: 

(32. 
(33. 

(84. 

(36. 
(.l  +  f^Xl+t^y. 

If  this  condition  be  satUSed,  then  x=lcln-b/m)Hb 
BOlntiona  for  y  and  z  ore  y  =  -  l/o,  a  =  -  1/Z. 


-=1. 


6>      <?_ 


^   y 


=  1. 


ap«  -  fas  -  (try  =- oji  +  fiat  -  e«y  =- ayi  -  faa:  +  czj* = 2!JI. 
Show  that    (l  +  fc)(l+oy)  =  l  +  b,     (l  +  ma:)(l+6y)  =  l  +  m2, 

conaistait  unleasCfi  -c)y+  (e  -  o)— +  (o  -  *)-=0. 
;);  and  particnlar 


GRAPHICAL  DISCUSSION   OF  LINEAR  FUHCrnONB  OF  ONE  AND 
OF  TWO  VARIABLES. 
§  19.]  The  ffraph  of  a  Unear  funcHon  of  one  variaile  is   a 


straight  line. 


Consider  the  function 
y  =  ae-{-h.  To  find  the 
point  where  its  graph  cut« 


OX,  that  ia,  to  find 
the  point  for  which 
X  =  0,  we  have  to 
measure  OB  =  6  up- 
wards or  downwards, 
according  as  &  is  posi- 
tive or  negative  (Figs.  1  and  2).  Through  B  draw  a  Una 
parallel  to  the  x^axis. 

Let  OM  represent  any  positive  value  of  x,  and  MP  the  cor- 
responding value  of  y. 
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THE  GRAPH  OV  ax  +  b. 


[CEAP. 


By  the  equation  to  the  graph,  we  have  (y  -  b)lz  =  a.  Now, 
since  &  =  +  OB  =  +  MN  in  Fig.  20,  =  -  OB  =  -  MN  in  Fig.  21, 
we  have 

y-6  =  PM-MN  =  PNiiiFig.  1, 
y  -  6  =  PM  +  MN  =  PN  in  Fig.  2. 
Hence  we  have  in  both  cases 

PN  PN  y-S^ 
BN  ^  OM  x'  ■ 
In  other  words,  the  ratio  of  PN  to  BN  is  constant ;  hence, 
by  elementary  geometry,  the  locus  of  P  is  a  straight  line.  If  a 
be  positive,  then  PN  and  BN  must  have  the  same  sign,  and  the 
line  will  slope  upwards,  from  left  to  right,  as  in  Figs,  20  and  21 ; 
if  ct  be  negative,  the  line  will  slope  downwards,  from  left  to 
right,  as  in  Figs.  3  and  4.  The  student  will  easily  complete  the 
discusdon  by  considering  negative  values  of  x. 


\ 

B 

fi 

\ 

"N 

\ 

f.8  3. 

Fig  4. 


§  20.]  So  long  as  the  graphic  line  is  not  parallel  to  the  axis 
of  X,  that  is,  so  long  as  a  #  0,  it  will  meet  the  axis  in  one  point, 
A,  and  in  one  only.  In  analytical  language,  the  equation 
ox  +  6  =  0  has  one  root,  and  one  only. 

Also,  since  a  straight  line  has  no  turning  points,  a  linear 
function  can  have  no  turning  values.  In  other  words,  if  we 
increase  x  continuously  from ~  <xi  to+  ta,  ax  +  b  either  increases 
continuously  from  -  «  to  +  oo ,  or  decreases  continuously  from 
+  00  to  -  00 ;  the  former  happens  when  a  is  positive,  the  latter 
when  a  is  negative. 

Since  ax  +  b  passes  only  once  through  every  value  between 
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■h  OS  and  -  00 ,  it  can  pass  only  once  through  the  value  0.  We 
have  thus  another  proof  that  the  equation  ax  +  b  =  Q  has  only 
one  root. 

A  purely  analytical  proof  that  ax  +  b  haa  no  turning  values 
may  be  given  as  Follows  : — Let  the  increment  of  z  be  h,  then  the 
increment  of  ax  +  b  ia 

{a{z  +  A)  +  i}  -  {ax,+  b}  =ah. 
Nov  ah  is  independent  of  x,  and,  if  ^  be  positive,  is  always  posi- 
tive or  always  negative,  according  as  a  is  positive  or  negative. 
Hence,  if  a  be  positive,  ax  +  b  always  increases  as  x  is  increased ; 
and  if  a  be  negative,  ax  +  b  always  decreases  as  x  is  increased. 

§  21.]  We  may  investigate  graphically  the  condition  that  the 
two  functions  ax  +  b,  a'x  +  b'  shall  have  the  same  root ;  in  other 
words,  that  the  equations,  ax  +  b  =  Q,  a'x+  b'  =  0,  shall  be  con- 
sistent. Denote  ax  +  b  and  a'x  +  b'  by  y  and  y"  respectively,  so 
that  the  equations  to  the  two  graphs 
are  y  =  (a:  +  b,  y"  =  a'x+b'.  If  both 
functions  have  the  same  root,  the 
graphs  must  meet  OX  in  the  same 
point  A.  Now,  if  P'M  PM  be  ordi- 
nates  of  the  two  graphs  corresponding 
to  the  same  abscissa  OM,  and  if  the 
graphs  meet  OX  in  the  same  point  A, 
it  is  obvious  that  the  ratio  F'M/PM 
is  constant  Conversely,  if  F'M/PM 
is  constant^  then  P'M  must  vanish  when  PM  vanishes ;  that  is, 
the  graphs  must  meet  OX  in  the  same  point.  Hence  the  neces- 
sary and  sufficient  analytical  condition  is  that  (a'x  +  b')j{ax  +  b) 
shall  he  constant,  =  k  say.     In  other  words,  we  must  have 

a'x  +  b'  =  k(az  +  h). 
From  this  it  follows  that 

([■  =  ka,     6'  =  !cb, 
and  ab'  -  a'b  =  0. 

These  t^ee  with  the  results  obtained  above  in  §  2. 

§  22.]  By  means  of  the  graph  we  can  illnstrate  various  limit- 
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ing  caaes,  some  of  vfaich  have  hitherto  been  excluded  from  con- 
dderaUon. 

I.  Let  S  =  0,  a  =»=  0,     In  this  case  OB  =  0,  and  B  coincidee 
vith  0 ;  that  ia  to  say,  the  graph  passes  through  0  (see  Figs. 


6  and  7).     Here  the  graph  meets  OX  at  0,  and  the  root  of 
(u:  =  OiBx=Q,  asit  should  be. 

IL  Let  A  #  0  and  a  =  0.  In  this  case  the  equation  to  the 
graph  ia  i/  =  b,  which  represents  a  line  parallel  to  the  x  axis  (see 
Figs.  8  and  9).     In  this  ease  the  point  of  intersection  of  the 


ri»  8.  F,g  9. 

graph  with  OX  is  at  an  infinite  distance,  and  OA  =  co ,  If  we 
agree  that  the  solution  of  the  equation  ax+b=0  shall  in  all 
cases  be  X  =  -  bla,  then,  when  5^0,  a  =  0,  this  will  give  x  =  oo , 
1  agreement  with  the  conclusion 
just  derived  by  considering  the 
graph. 

This  case  will  be  best  understood 
by  approaching  it,  both  geometric- 
ally and  analytically,  as  a  limit. 
Let  us  suppose  that  b=  -\,  and 
that  X  is  very  small,  =  1/100000,  say.  Then  the  graph  cor- 
responding toy  =z/100000-  1  is  something  like  Fig.  10,  where 


0  X 

"  B 
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the  intersection  of  BL  with  the  axis  of  x  is  very  far  to  the  right 
of  0 ;  that  is  to  say,  BL  is  nearly  parallel  to  OX. 
On  the  other  hand,  the  equation 

100000  ~^=^ 

gives  1=100000,  a  very  large  value  of  x.  The  smaller  we 
make  a  the  more  nearly  will  BL  become  parallel  to  OX,  and  the 
greater  will  be  the  root  of  the  equ&tion  ax  +  b  =  0. 

If,  therefore,  in  any  ease  where  an  equaiion  of  the  first  decree  in 
z  was  to  he  expected,  we  obtain  the  paradoxical  equation 

6  =  0, 
uA^e  b  is  a  amstant,  this  indicates  that  the  root  of  the  equation  has 
become  infinite. 

in.  If  a  =  0,  6  =  0,  the  equation  to  the  graph  becomes  ^  =  0, 
which  represents  the  axis  of  x  itself.  The  graph  in.  this  case 
coincides  with  OX,  and  its  point  of  intersection  wiUi  OX  becomes 
indeterminate.  If  we  take  the  analytical  solution  of  az  +  b  =  Q 
to  be  a!  =  -  i/a  in  all  cases,  it  gives  us,  in  the  present  instance, 
z  =  0/0,  an  indeterminate  form,  as  it  ought  to  do,  in  accordance 
with  the  graphical  result 

§  23.]  The  graphic  surface  of  a  linear  function  of  two  inde- 
pendent variables  z  and  y,  say  z  =  aa  +  bi/  +  c,  is  a  plane.  It 
would  not  be  difficult  to  prove  this,  but,  for  our  present  pur- 
poses, it  is  unnecessary  to  do  so.  We  shall  confine  ourselves  to 
a  discussion  of  the  contour  lines  of  the  function. 

The  contour  lines  of  the  function  z^ax  +  by  +  c  are  a  series  of 
parallel  straight  Unes. 

For,  if  it  be  any  constant  value  of  z,  the  corresponding  con- 
tour line  has  for  itfi  equation  (see  chap,  xv.,  §  16) 

ax  +  by  +  c=k  (1). 

Now  (1)  is  equivalent  to 

(2). 


=  (-?> 


But  (2),  as  we  have  seen  in  §  19  above,  represents  a  etrdght 
line,  which  meets  the  axes  of  x  and  jf  in  A  md  B,  bo  that 
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Let  a  be  any  other  valne  of  z,  then  the  equation  to  the  corre- 
sponding contour  line  la 

ax-^by-^c  =  k'  (3), 


H-t)' 


Hence,  if  this  eecond  contoor  line  meet  tiie  axes  in  A'  and  B' 
reBpectively,  we  have 


Hence 


0A^6 
OB  ""a" 


OA' 
OB" 


which  proves  that  AB  ia  parallel  to  A'B'. 

The  zero  contour  line  of  z  =  ax  +  bif  +  ei%  ^ven  by  the  equa- 
tion 

(W  +  6y  +  c  =  0  (5). 

This  straight  line  divides  the  plane  XOT  into  two  regions,  such 
that  the  values  of  x  and  y  corresponding  to  any  point  in  one  of 
them  render  ax  +  hy  +  c  positive,  and  the  values  of  x  and  y  cor- 
responding to  any  point  in  the  other  render  ax  +  by  +  c  negative. 

§  24.]  Let  us  consider  the  zero  contour  lines,  L  and  L',  of 
two  linear  functions,  z  =  (w:  +  iy  +  c  and  z"  =  a'z  +  b'y  +  c'.  Since 
the  CDM^rdinates  of  every  point  on  L  satisfy  the  equation 

(M-h6y  +  c  =  0  (1), 
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and  the  co-ordinates  of  every  point  on  L'  satisfy  the  equation 
a'x  +  6'y  +  c"  =  0  (2), 

it  follovs  that  the  coK>rdinatea  of  the  point  of  intersection  of  L 
and  L'  will  satisiy  both  (1)  and  (2);  in  other  words,  the  co- 
ordinates of  the  intersection  will  be  a  solution  of  the  system 
(1).  (2). 

Now,  any  two  straight  lines  L  and  L'  in  the  same  plane  have 
one  and  only  one  finite  point  of  intersection,  provided  L  and  L' 
be  neither  parallel  nor  coincident.  Hence  we  infer  that  the 
linear  system  (1),  (2),  has  in  general  one  and  only  one  solution. 

It  remains  to  examine  the  two  exceptional  cases. 

L  Let  L  and  L'  (Fig.  11 )  be  parallel,  and  let  them  meet  the 
axes  of  X  and  Y  in  A,  B  and  in  A',  B'  respectively.  In  this  case 
the  point  of  intersection  passes  to  an  infinite  distance,  and  both 
its  co-ordinates  become  infinite. 

The  necessary  and  sufficient  condition  that  L  and  L'  be 
parallel  is  OA/OB  =  OA'/OB'.  Now,  OA  =  -  eja,  OB  =  -  cjh ; 
and  OA'  =  -  tfja',  OB'  =  -  djh'.  Hence  the  necessary  and  suffi- 
cient condition  for  parallelism  is  hja  =  h'ja',  that  is,  oi'  -  a'b  =  0. 

We  have  thus  fallen  npon  the  excepted  case  of  $$  4  and  6. 
If  we  assume  that  the  results  of  the  general  formulte  obtained 
for  the  case  oft'  -  a'b  4=  0,  namely, 

be'  -  b'e  _  «*'  -  c'o 

ai'  --  a'h  '  ab'  -  a'b ' 

hold  ^so  when  ai'  -  a'b  =  0,  we  see  that  in  the  present  case 
neither  of  the  numerators  fie"  -  b'c,  ca'  -  &a,  can  vanish.  For  if, 
say,  btf  -b'c  =  0,  then  -c/b=  -  djb',  that  is,  OB  =  OB' ;  and  the 
two  lines  AB,  A'B',  already  parallel,  would  coincide,  which  is  not 


It  follows,  then,  that 


and  the  analytical  result  agrees  with  the  graphical. 

II.  Let  L  and  L'  be  coincident,  then  the  intersection  beconaea 
indeterminate.     The  conditions  for  coincidence  are 
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0A  =  OA',    OB  =  OB', 

-c/a=  -^ja;      -cjb=  -c'jV. 


ibese  give  ~~V~7' 

which  agEuu  give 

bd-b'c  =  0,     ca'  -<ia  =  0,     afi'  -  a'b  =  0. 
We  thus  have  once  more  the  excepted  case  of  §§  4  and  5,  but 
this  time  with  the  additional  peculiarity  that  h(f  -b'c  =  <i  and 

If  we  assert  the  truth  of  the  general  analytical  solution  in 
this  case  alao,  we  have 

0  0 

that  is,  the  values  of  x  and  y  are  indetermioate,  as  they  ought  to 
be,  in  accordance  with  the  graphical  result. 

§  25.]  Since  three  straight  lines  taken  at  random  in  a  plane 
have  not  in  general  a  common  point  of  intersection,  it  follows 
that  the  three  equations, 

01  +  Jy  +  c  =  0,    a'x  +  b'y  +  c!  =  (i,    a"^  +  J'y  +  c"  =  0     (1), 
have  not  in  general  a  common  solution.     When  these  have  a 
common  solution  their  three  graphic  lines,  L,  L',  L',  will  have  a 
common  intersection.     We  found  the  analytical  condition  for 
this  to  be 

ai'c"  -  ab'c'  +  Sc'a'  -  bc'a'  +  ca'b"  -  ca"b'  =  0  (2). 

In  our  investigation  of  this  condition  we  left  out  of  account  the 
cases  whete  any  one  of  the  three  functions,  ab'  -  a'b,  a'b  -  oh", 


We  propose  now  to  examine  graphically  the  excepted  cases. 

First,  we  remark  that  if  two  of  the  functions  vanish,  the 
third  will  also  vanish ;  so  that  we  need  only  consider  (I.)  the 
case  where  two  vanish,  (IL)  the  case  where  only  one  vanishes. 

L  oft'  -  a'b  =  0,     oTb  -rib"  =  0. 

This  involves  that  L  and  L'  are  parallel,  and  that  L  and  L'  are 
parallel ;  so  that  all  three,  L,  L',  L°,  are  parallel ;  and  we  have, 
in  addition  to  the  two  given  conditions,  also  a'b'  -  a'b'  "=  0. 
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Hence,  since  the  condition  (2)  may  be  written 

c{aV  -  a-b-)  +  cf{a"b  -  a**)  +  c"(a«'  -  a'b)  =  0, 
it  appears  that  the  general  analytical  condition  for  a  common 
solution  is  satisfied. 

This   agrees  with   the   graphical   result,  for  three  parallel 
straight  lines  may  be  regarded  as  having  a  common  intersection 


In  the  present  case  is  oF  course  included  the  two  cases  where 
two  of  the  lines  coincide,  or  all  three  coincide.  The  correspond- 
ing analytical  peculiarities  ia  the  equations  will  be  obvious  to  _ 
the  reader. 

IL  ai'-  a'b  =  0. 

Here  two  of  the  graphic  lines,  L  and  L',  are  parallel,  and  the 
third,  L",  is  supposed  to  be  neither  coincident  with  nor  parallel 
to  either. 

Looking  at  the  matter  graphically,  we  see  that  in  this  case 
the  three  lines  cannot  have  a  common  intersection  unless  L  and 
L'  coincide,  that  is,  unless 

a'  =  fai,     h'  =  }ch,    d  =  kc, 
where  h  is  some  constant. 

Let  OS  see  whether  the  condition  (2)  also  brings  out  this  result, 
as  it  ought  to  do. 

Since  ah'  -  a'b  =  0, 

we  have  —  =  j-=k,  say. 

Hence  a'  =  ka,     b'  =  M>. 

Now,  by  virtue  of  these  results,  (2)  reduces  to 
a"(ic'-J'c)  +  r{ca'-c'«)=0, 
that  is,  to 

a"(bc-  -  kbc)  +  b'{dca  -  c'a)  =  0, 
that  is,  to 

(a'6-aS")(c'-fo)  =  0, 
which  gives,  since  a'6  -  ab"  #=  0, 

c'  -kc  =  0, 
that  is,  c'  =  kc 
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Hence  the  agreement  between  the  analysis  and  tlie  geometry  is 
complete.* 

§  26.]  It  would  lead  ua  too  far  if  we  were  to  attempt  here 
to  take  up  the  graphical  discussion  of  linear  functions  of  three 
variahles.  We  should  have,  in  fact,  to  go  into  a  discussion  of 
the  disposition  of  planes  and  lines  in  space  of  throe  dimensions. 

We  consider  the  subject,  so  far  ae  we  have  pursued  it^  an 
essential  part  of  the  algebraical  training  of  the  student.  It  will 
help  to  ^ve  him  clear  ideas  regarding  the  generality  and 
coherency  of  analytical  expression,  and  will  enable  him  at  the 
'  8ame  time  to  gi's^p  the  fundamental  principles  of  the  application 
of  algebra  to  geometry.  The  two  sciences  mutually  illuminate 
each  other,  just  as  two  men  each  with  a  lantern  have  more  light 
when  they  walk  together  than  when  each  goes  a  separate  way. 

EiEHciBsa  XXVII. 

Drair  to  Bc&Is  the  graphs  of  the  foUoving  linear  functiouB  of  x — 

(l.)y  =  r  +  l.  (4.)!/  =  2*  +  8. 


(7.)  Draw  the  gnphs  of  the  two  functionK,  3i-6  and  5x  +  7  ;  and  by 
means  of  them  solve  the  equation  3x-5  =  5x+7. 

(8.)  Draw  to  scale  the  contour  linee  of  z=2z-3y4-l,  corresponding  to 

j=-a,    i=-i,    3=0,    i=  +  l,    x  =  +  2. 
(fl.)  Draw  the  WTO  contour  line8ori  =  5j!  +  6y-3Bnd  i'  =  8z-9y  +  l  ;  and 
by  means  of  them  solve  the  system 

6a!  +  ev-3  =  0,     6x^9y  +  i  =  0. 

'  It  may  be  well  to  warn  the  reader  explicitly  that  he  must  bo  carDfol  to 
use  the  limiting  caaea  which  we  have  now  introduced  into  the  theory  of 
equations  with  a  proper  regard  to  accompanying  circumstances.  Take,  far 
instance,  the  esse  of  the  paradoxical  equation  t  =  0,  out  of  which  ne  manu- 
factured a  linear  equation  by  writing  it  in  the  form  lte  +  6  =  0  ;  and  to  which, 
accordingly,  we  assigned  one  infinite  root.  Nothing  in  the  equation  itself 
prevents  us  from  converting  it  in  the  enme  way  into  a-  qnadnitic  equation, 
for  we  might  write  it  Oi'  +  Oi  +  S-O,  and  Bay  (see  chap,  iviii.,  g  6)  that  it 
has  two  inGnite  roots.  Before  we  make  any  such  assertion  we  must  be  sure 
beforehand  whether  a  linear,  or  a  quadratic  or  other  equation  was,  generally 
speaking,  to  be  expected.  This  must,  of  course,  be  decided  by  the  cjrcum- 
stancea  of  each  particular  case. 
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Aiao  ahov  that  tbe  two  contour  lines  divide  the  plane  into  four  regions, 
such  that  in  two  of  them  (fii-i-Sy-SX&c-By  +  l)  ia  always  positive,  and  in 
the  othei  two  the  same  function  is  always  negative. 
(10.)  Is  thesystcm, 

3a!-4y  +  2  =  0,     61-8^  +  8  =  0,    a:-ly  +  l  =  0, 
consistent  or  inconsistent  i 

(11.)  Determine  the  value  of  c  in  Older  that  the  system 

2a:  +  y-l=:0,     ti;  +  2y+8  =  0,    Ce  +  l)i+(c  +  2)y  +  5  =  0 
may  be  consistent. 

(12.)  Prove  graphically  that,  if  ali'-a'b  =  0,  then  the  infinite  values  of  x 
and  y,  which  constitute  the  solntion  of 

ax  +  by\-e  =  0,     a'x-i-b'y  +  e'  =  0, 
have  s  finite  ratio,  namely, 

x/y=lbt!-b-c)lca,--&a). 
(13.)  U  {iu!  +  by  +  e)l{a'x  +  b'y-k-c')iie  independent  of  x  and  y,  show  that 
ah'-a'b  =  0,     ea'-tfa  =  t),     b</-b'c  =  0; 
and  that  two  of  these  conditjona  are  anfBcient. 

(14.)  Illustrate  graphical]]' the  reaaoning  in  the  latter  partofgGof  the 
preceding  ctiapter. 

(15.)  Explain  graphically  the  leading  proposition  in  g  S. 
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CHAPTER   XVII. 
EquatioDB  of  the  Second  Degree. 

EQUATIONS  OF  THE  SECOND  DEGREE  IN   ONE   VARUBLB. 

5  1.]  Every  equation  of  the  eecond  degree  (Quadraik  Equa- 
tion) in  0116  variabie,  can  be  reduced  to  an  equivalent  equation, 
of  the  form 

aa^  +  ia;  +  c  =  0  (1). 

Either  or  both  of  the  coefficients  h  and  c  may  vanish ;  but 
we  cannot  (except  as  a  limiting  case,  which  we  shall  consider 
presently)  suppose  a  =  0  without  reducing  the  degree  of  the 
equation. 

By  the  general  proposition  of  chap,  xii.,  §  23,  when  a,h,e 
are  given,  two  values  of  x,  and  no  more  can  be  found  which 
shall  make  the  function  as^  +  6x  +  c  vanish ;  that  is,  the  equation 
(1)  has  always  two  roots  and  no  more.  The  roots  may  be  equal  or 
unequal,  real  or  imaginary,  according  to  circumstances. 

The  general  theory  of  the  solution  of  quadratic  equations  ia 
thas  to  a  large  extent  already  in  our  hands.  It  happens, 
however,  that  the  formal  solviion  of  a  quadratic  equation  is 
always  obUunable ;  so  that  we  can  verify  the  general  proposition 
by  actually  finding  the  roots  as  closed  functions  of  the  coefficients 
a,b,c 

§  2.]  We  consider  first  the  following  particular  cases  : — 

1  C  =  0. 

The  equation  (1)  reduces  to 
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that  is,  since  a  +  0, 

which  is  equivalent  to 


|..=::) 


Hence  the  roots  are  x  =  0,  a;  =  -  hja. 

II.  J  =  0,  c  =  0. 

The  equation  (1)  now  reduces  to 

ox  X  1  =  0, 
which,  since  a^^  0,  is  equivalent  to 


{-}■ 


Hence  the  roots  are  x  =  0,  x  =  0.     This  might  also  be  deduced 
from  (1) 

Here  the  roots  are  equal.  We  might  of  course  say  that  there 
is  only  one  root,  but  it  is  more  couTenient,  in  order  to  maintaia 
the  generality  of  the  proposition  regarding  the  number  of  the 
roots  of  an  integral  equation  of  the  nth  degree  in  one  variable, 
to  say  that  there  are  two  equal  roots. 

III.  6  =  0. 

The  equation  (1)  reduces  to 

ox*  +  c  =  0, 
that  is,  since  a  #  0,  to 

which  is  equivalent  to 

Hence  the  roota  are  x  =  -  J{- c/a),  x=  +  J(- eja) j  that  is, 
the  roots  are  equal,  but  of  opposite  sign.     If  cja  be  negative, 
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both  roots  will  be  real ;  if  cja  be  positive,  both  roots  will  be 
imaginary,  and  we  may  write  them  in  the  more  appropriate  form 
x=  ~i^{cla),z^  +is/(c/a). 

§  3.]  The  general  case,  where  all  the  three  coefficients  are 
different  from  zero,  may  be  treated  in  various  ways ;  but  a.  little 
examination  will  show  the  student  that  all  the  methods  amount 
to  reducing  the  equation 

ia?  +  bx-i-c  =  0  ,     (1) 

to  an  equivalent  form,  a(x  +  xy  +  ji^O,  which  is  treated  like  the 
particular  case  III.  of  last  paragraph. 

Ist  Mdhad. — The  most  direct  method  is  to  take  advantage 
of  the  identity  of  chap.  xiL,  §  6.     We  have 

V(y-4a<)l   f        -6-  .y(4'-4fflc)1 

hence  the  equation  (1)  is  equivalent  to 

T  2a  W    -  2a  ]  =  ''' 

that  is,  to 

•la 

-h-  Jih'-iac)_ 

■2a 

The    roots    of    {\)    are     therefore    (-6+  s/b' -  iae)l2a,     and 

Itid  Method. — We  may  also  adopt  the  ordinary  process  of 
"  competing  the  square."    We  may  write  (1)  in  the  equivalent  form 


as^  +  k 


"f 


/+-! 


(2), 


and  render  the  left-hand  side  of  (2)  a  complete  square  by  adding 
(&/2a)'  to  both  sides.     We  thus  deduce  the  equivalent  equation 


/        by      i 

("2;)=i 
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The  equAtion  (3)  is  obvioosly  eqnivaletit  to 

2a  ~  "^  V   V    4o'    /  I 
A=  _       //ft*  -  4ac\  [' 
2o         V   \    4a'    /  J 
from  which  we  deduce 

a;  =  ( -  6  +  -/ft* -  iac)/2a,  x  =  (-b-  -/b" -  iac)j2a, 
as  before. 

3rd  Method. — By  changing  the  variable,  we  can  always  make 
(1)  depend  on  an  equation  of  the  form  03*  +  rf  =  0,  Let  us 
sesame  that  x  =  z  +  hf  where  A  is  entirely  at  our  disposal,  and  z 
is  to  be  determined  by  means  of  the  derived  equation.  Then, 
by  (1),  we  hav6 

a(2  +  A)V6(2  +  A)  +  c  =  0  (4). 

It  is  obvious  that  this  equation  is  equivalent  to  (1),  provided  z 
be  determined  in  terms  of  s  by  the  equation  x°z  +  h. 
Now  (4)  may  be  written 

03*  +  (2aA  +  6>  +  (oA'  +  M  +  e)  =  0  (6). 

Since  A  is  at  our  disposal,  we  may  so  determine  it  that  2aA 
+  &  =  0 ;  that  is,  we  may  put  A  =  -  6/2a.  The  equation  (3) 
then  becomes 

thatia,  '''-'^~^  =  ^  <^^ 

From  (6)  we  deduce  s=  +  J(b' -  iac)l2a,  z=  -  V(i' -  4(w)/2a. 
Hence,  since  a:  =  z  +  A  =  -  &/2a  +  z,  we  have 

x  =  {-b+  •^b'-iac)l2a,x  =  {-b-  -Jh' - iac)l2a, 
as  before. 

In  solving  any  particular  equation  the  student  may  either 

quote  the  forms  ( -  6  ±  n/&*  -  4ac)/2a,  which  give  the  roots  in 

all  cases,  and  substitute  the  values  which  a,  b,  c  happen  to  have 

in  the  particular  case,  or  he  may  work  through  the  process  of 
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the  2iid  method  in  the  particular  case.     The  latter  alteraatiTe 
will  in  general  he  found  the  more  condacive  to  accuracy. 

$  4.]  In  distingaishing  the  various  cases  that  may  arise  when 
the  coefficients  a,  6,  c  are  real  rational  numbers,  we  have  merely 
to  repeat  the  discussion  of  chap,  vil,  {  7,  on  the  nature  of  the 
factors  of  an  integral  quadratic  function. 

We  thus  see  that  the  roots  of 

oiK*  +  &c  +  e  =  0, 

(1)  Will  be  real  and  unequal  if  6'  -  4ae  be  positire. 

(S)  Will  be  real  and  equal  iib'-iae  =  0. 

(3)  Will  be  two  conjugate  complex  numbers  if  h'-iae 
be  negative.  The  appropriate  expressions  in  thie  case  are 
(-b  +  i  'Jiac - b')/2a,  (  -  6 - »  ^/4oc  -  b')/2a. 

(i)  The  rootB  will  he  rational  it  b'-  iac  be  poaitire  and  the 
square  of  a  rational  number. 

(5)  The  roots  will  be  conjugate  surds  of  the  form  A  ±  JB 
in  the  case  where  V  —  iac  is  positive,  but  not  the  square  of  a 
rational  number. 

(6)  If  the  coefficients  a,  i,  c  be  rational  functions  of  any 
given  quantities  f,  q,r,  s, .  .  ■  then  tlie  rooU  will  or  will  not 
be  rational  functions  o{  p,  q,  r,  s, .  .  ,  according  as  &'  -  4ac  is  or 
is  not  the  square  of  a  rational  function  otp,  q,  r,  s, .  .  , 

It  should  be  noticed  that  tlio  conditions  given  as  characterising 
the  above  cases  are  not  only  sufficient  but  also  necessary. 

The  cases  where  a,b,  c  are  either  irrational  real  aumbers,  or 
complex  numbers  of  the  general  form  a  +  a-'i,  are  not  of  sufficient 
importance  to  require  discussion  here. 
£z«mple  1. 

By  inspection  we  see  tlmt  the  rootc  ue  a:=0,  z=8/S. 

Example  3. 
This  equation  is  equivalent  to  X* 4-4  =  0,  whose  roots  an  a: =2f,  xss-ii. 

Example  3. 

36x'-aa-l=0. 
The  equation  is  eqairalent  to 
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Hence  '-36=*35- 

H  x=^— 

The  root!  are,  therafon,  +  1/G  and  - 1/7. 

BzuiiplB4. 

a?-2x-2=0. 
The  root*  aro  1  +  V3  and  I  -  VS. 

Example  6. 
The  given  equation  is  equivalent  to 

thatia,  to  («-<-4)'=0. 

HsDce  a:=  -  4±0 ;  that  is  to  b>j,  the  two  roota  are  each  equal  to  -  4. 

Example  6. 

j?-4a;  +  7  =  0. 
Thii  ia  equivalent  to 

r'-4);  +  4=-3, 
thatia,  to  {Jt-2)'=3i*. 

Hence  the  rooU  are  2 + ^Si,  2  -  VSi. 
Example  7. 

a»-2(p  +  s)^+2;i'  +  12pV  +  V=0. 
Thia  equation  ia  equivalent  to 

=  -(!,- J)*. 

Hence  the  roota  aPB  (p +5)"  +  0>  -  5)%  { j>+ J)"  -  (p  -  ?)»(. 

EZSBCUEB  XXTIII. 

.      (I.)  a!'+ji=0.  (2.)  (2a;-l){ite-2)=0. 

(3.)  (»;+lM«-l)+l=0.  (4.)  {x-l)»+3{a!-l)=0. 

(6.)  (x-l)''  +  {x-2)'  =  Q.  (6.)  8(iB-l)»-2(z-2)*=0. 

(7.)  p{x  +  ay-g{x+p1'  =  0.  (8.)  (pr  +  g)» +(!«+?)• =0. 

(fl.)  2e>  +  8a:  +  6  =  83!'  +  4a)  +  l.  (10.)  rf+8a*+16x-l  =  {a:  +  3)». 

(11.)  2fi5z'-481z  +  182  =  0.  (12.)  4i»-4(te+107=0. 

(13.)  3?-2aa!  +  170=0.  (]4.)ai'-20l3!+200=0. 

(IE.)  a* +  10Ste  + 2697  =  0.  (Ifl.)  a!'-4ai-25e7  =  0. 

(17.)  a^  +  6V7J!  +  6S  =  0.  (18.)  ii?-a(l  + V2)w+2>/2=0. 

(19.)  fl?+{23  +  12i>+97  +  187»'=0.  (20.)  *> - (8 - 2»>=  8W - 8L 
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{ai.)(«-l)(S!-2)  +  (it'-I)(x-3)  +  (a:-2)(«-8)=0. 
(22.)  (x-l)>  +  (x-in'-i)-2(x-H)'=0. 
(23.)  (^-i)(S!-4)  +  («-i}C:=-i)  =  0. 

-o>'  +  (j:-i)»=a'+i'.  (26.)  iK"-*- 4«;=(*-e)'+*(h!-a'). 

18.)  a!'  +  (i-«)*  =  o'  +  6e+oi+ot. 


'— (V5VS> 


(27. 

(28.)  {«  +  6)(okB'-2)  =  (a" 

(29.)  (o-J)aJ-(a»  +  ai  +  S>>z+aft{2a  +  J)  =  0. 

(30.)  (e+<i-ai>>?  +  (a  +  i-2c>B+(i  +  e-2o)  =  0. 

(3!.)  (a» - ae  +  e>) (o> +  (»:  +  (?)  =  a' +  aV  +  «*. 

(32.)  ii^-2(o»-t-t>  +  c^  +  a'  +  ip'  +  t*+iV  +  A»>+o*(i»=2ofc(o  +  6+e). 

(38.)(*-c)(;.-a)'  +  {c-n)(«-6)'+(o-i)(x-<!)»=0. 

(34.)  Evalnrte  V(7  +  V(7  +  \/(7  +  V(7-  .  .«d«.  .  .)))). 

EQUATIONS  WHOSK  SOLUTION  CAN  BE  EFFECTED  BY  MEANS  OF 
QDASRATIC  EQUATIONS. 
§  6.]  JUdudioti  by  Fad&matim. — If  we  kDow  one  root  of  an 
integral  equation 

/W-o  (1), 

say  x  =  a,  then,  by  the  remainder  theorem,  we  know  that/(x)  = 
{x-a)^),  where  ^(a)  is  lower  in  degree  by  one  than  /(i). 
Hence  (1)  ia  equivalent  to 

(2). 

The  solution  of  (1)  now  depends  on  the  solution  of  <^z)  =  0.  It 
may  happen  that  ^x)  =  0  is  a  quadratic  equation,  in  which  case 
it  may  be  solved  as  usual ;  or,  if  not,  we  may  be  able  to  reduce 
the  equation  ^(x)  =  0  by  guessing  another  root ;  and  bo  on. 


To  find  the  cube  roots  of  - 1. 

Let  X  be  say  cube  root  of  - 1,  tben,  by  the  deSnition  of  s  cube  iwt,  w« 
must  hare  a?=  - 1.    We  have  therefora  to  mItc  the  equation 

aJ  +  I  =  0. 
We  know  one  root  of  this  eqtutiou,  natnelr,  x=  -\;  the  equation,  in  tut,  is 
eqaiT&leDt  to' 

{j!+l){a!'-»+l)=0. 

The  <iDadratlc  3?~x-i-\=0,  wived  aa  uaual,  give*  :ir=(l  ±i-JZ)l% 
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Hanee  the  three  cube  rooU  of  - 1  are  - 1,  (1  +  t-y8)/2,  (1  -  iV3)/2,  which 
agnea  with  the  result  altetdy  obtained  in  chap.  xiL  hj  means  of  DamoiTre's 
dieorani. 

Bs*.wplt2. 

This  eqqatioii  ii  obviomly  satisfied  bj  «=!.    Hence  it  is  equifalent  to 

{7**-to-S)(i!-l>=0. 
Tlie  roots  of  the  qnadntic  7>^-6«~S=0  tu^  (3±  \^)/7.     Heace  the  thne 
root*  of  the  original  cnbic  are  1,  {8  +  VBo)/7,  (3  -  \M)I7. 

It  may  happea  that  we  are  able  hj  some  artifice  to  throw  an 
integral  equation  into  the  form 

PQR.  ..  =  0. 
where  P,  Q,  B, ...  are  all  integral  functions  of  x  of  the  second 
degree.     The  roots  of  the  equation  in  question  are  then  fonnd 
bj  solving  the  quadratics 

P  =  0,     Q  =  0,     R  =  0,  .  .  . 
Eixsmple  3. 

This  equation  ie  obviously  equivalent  to 

Hemce  its  roots  ue  the  fbor  roots  of  the  two  qoadntica 

(aVP  +  dy/q)^  +  (iVp  +  <V!>=  +  (■!VP+/V9)=0, 
la-s/p-(t^/q))?  +  lWp-e^q)x+{<:\/p-/-J9)=<i, 

which  can  be  solved  in  the  nanal  wa;. 

§  6.]  InkgralisalioH,  and  RaiiotuUuatum.  —  We  hare  seen  in 
chap.  xiv.  that  every  algebraical  equation  can  be  redticed  to  an 
integral  equation,  which  will  be  satisfied  by  all  the  finite  roots  of 
the  given  equation,  but  some  of  whose  roots  may  happen  to  be 
extraneous  to  the  given  equation.  The  student  should  recur  to 
the  principles  of  chap,  xiv.,  and  work  out  the  full  solutions  of 
as  many  of  the  exercises  of  that  chapter  as  he  can.  In  the  exer- 
cises that  follow  in  the  present  chapter  particolar  attention 
should  be  paid  to  the  distinction  between  solutions  which  are 
and  solutions  which  are  not  extraneous  to  the  given  equation. 

The  following  additional  examples  will  serve  to  illustrate  the 
point  just  alluded  to,  and  to  exemplify  some  of  the  artifices  that 
are  need  in  the  redaction  of  equations  having  special  peeoliaritiei. 
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Example  1. 

If  we  combine  the  first  and  laat  term^  snd  also  the  two  ntiddle  terms,  wo 
ileriFo  tlie  etiuivaleiit  equation 

If  WB  now  mnltipl;  by  {a? - (o  +  i)*}  {3? -(a-  b^]  wb  deduce  the  eqnstloa 

and  it  may  be  that  ws  introdaca  extraneonB  eolutions,  bucs  the  mnltipljer 
uaed  is  a  faaction  of  r. 

The  equation  laat  derived  U  eqniyalent  to 

f  «01 

Hence  the  roots  of  the  last  derived  eqnation  are  0,  +  v'(<*'  *  ^)>  ~  V('''  +  ^)' 
Now,  the  roots,  if  any,  introduced  ly  the  &ctor  {^-\a  +  bf)  {^-ifl-  bf\ , 
must  be  ±(a  +  A}  or  ±(a-i).     Ueuce  none  of  the  three  roots  obtained  from 
the  lait  derived  equation  ore,  in  the  present  case,  eitraneoos. 
Example  2. 

If  we  rationalise  the  denominatorB  on  the  left,  wo  hsvu 

From  (fi),  after  mnltiplying  both  aides  by  x,  and  tianiposing  all  the  terms 
that  are  rational  in  z,  we  obtain 

From  (y),  by  squaring  and  transposing,  we  deduce 

From  (S),  by  equaring  and  transpoBiug,  wo  have  finally  the  integral  equation 

(fa*-3oV=0  (')■ 

The  roots  of  (c)  are  0  Irritated  four  times,  but  that  doea  not  concern  as  so  fiir 
as  the  original  irrational  equation"  (a)  Is  concerned],  and  ±  at/S/S. 
It  is  at  once  obvious  that  z^O  is  a  root  of  (a). 

If  we  observe  that  V(l±\/8/2)  =  (l±v'3)/2,  we  »ee  that  ±0^3/2  aw 
roots  of  a,  provided 

2jV^    2±y3_i 
SiF^a    B*V3      ' 
that  is,  provided 

3tV8  +  3±V3_ 
1-3 

isofW- 

•  For  we  have  established  no  theory  regstiling  the  number  of  the  roots 
}f  an  tTraHmal  equation  as  snch. 
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Bj  a  proceu  ftlmoit  identical  vitli  that  followed  in  last  example,  we  deduce 
from  (a)  the  sqnatioD 

42'-3oW  =  0  OS). 

The  roota  of  ((S)  ire  0,  and  ±o  V8/2  ;  but  it  wiJl  be  found  that  none  of  these 
Batiafy  tha  original  eqoatiaii  (ftV 

KxampleL 

V(a«i*-*«+l)+V(«'-Ba!+2)=VC2a?~2«+3)  +  Vic*-8ii4-*)    (o). 
The  giTen  eqnatioit  ia  eqaivalent  to 

V{2!«^-*i+l)-V(i^-8«  +  4)  =  v'(2iB"-2x+3)-V(a?-fo+2)- 
Frain  thb  laat,  bj  sqiuring,  we  dednce 

=aa?-7x  +  b~2'J{23^-~2x  +  S)(3f-6x+%), 
vhich  i«  equivalent  to 

V(2a'-10a?+21ic>-lBa  +  *)  =  V(2a!*-12ii?+17ie>-lftr  +  8)      (p). 
From  {fit,  bj  squaring  and  tranapwing  and  rejecting  the  factor  2,  we  dednce 
aJ  +  2x>-l  =  0  {7), 

One  toot  of  iy)  is  z=  - 1,  aikd  (7)  ia  equivalent  to 
(a;+l)(3!'  +  z-l)  =  0. 
Hence  the  roots  of  (7)  are  - 1  and  ( - 1±  V6)/2. 

Now  x=  -1  obvionaly  satisfies  (a).  We  can  show  that  the  other  two 
roots  of  (7}  are  extraneous  to  (a) ;  tor,  if  z  luire  either  of  the  valnea 
(-l±^)/2,  then  3^  +  x-l  =  0,  therefore  ^=-x  +  l.  Using  this  value  of 
X?,  we  reduce  (o)  to  •^i~6x  +  &)  =  -^[-ix  +  5).  This  last  equation  involvea 
the  truth,  of  the  eqnation  -6x  +  3=  -ix  +  5,  which  ia  satisfied  byx=  -1,  and 
not  by  either  of  the  values  z={  -  l±-^5)li. 

'Jf.B. — An  intereating  point  in  this  eianipla  is  the  way  the  terms  of  (a) 
are  dfapoeed  before  we  square  for  the  first  time. 

Example  6, 

i-V(l-»^)_    V(i+z)  +  V{i-g) 

i+^7(i-ar'r''V(i+«)-va-^)  "■ 

Multiply  tlie  numerator  and  denominator  on  the  left  by  I- >/(!-' ^  and  the 
numerator  and  denominator  on  tile  right  by  y/ll  +  x)-  >/(!  ~z),  and  we  ob- 
tain the  equivalent  equation 

— ? -"i-vd-*^) 

Multiply  lioth  sides  of  the  last  eqnation  by  >^1  -  Vl  -»?),  and  we  deduce 
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If  1,  at,  o^  (kc  chap,  xii.,  S  30)  be  the  three  cnbe  roots  of  +1,  then  <fi)  ia 
eawTalent  to 

By  rationalisation  we  deduce  from  (7)  the  three  integral  eqiutiona 


(i4-B»)x'-aA=oJ 


(8). 


4-B»)x'-aiA:=' 
The  roots  of  these  equations  (S)  are  0,  3/5 1  0,  eu/(l  +  0u^ ;  0,  e«>/{l  4-  Bu). 

The  atudant  irill  have  no  difficnit;  in  settling  which  of  them  aatiaiy  the 
origina]  eqoatiou  (a). 

EXBRCISES  XXIX. 

(2.)  ^-{a  +  b  +  c)x'-[a'+b'  +  ,?-be-ea-db)e-K:fl-i-lf+<f-Sahc=-0. 

(3.)  i'-4te  +  38  =  0. 

(4.)  ±'  +  Q(a-2y^  +  {'^-2)V  +  2^a-2)x-¥a*=0. 

(6.)  2a?-x'~2x~S  =  0.  (8.)  (u?+i+a  +  l=0. 

(7.)  a^-8a^  +  *3i'-33;  +  l  =  0. 

(8.)  aH-erf+HW- 81  +  16  =  0.         (10.)  l'-fl  =  6i<!^-a!-l)- 
(ll.j  (a?  +  6i+B)(a^  +  8*  +  18)=(a^  +  *i<!  +  4){a!?-12«+36). 

ExzBcisBs  XXX. 

n)--e4)/(-M)- 

„.aj!'-a!-l     2a!'-te-8    &<!»-8 

(8.)— ^2~  "     ' 


17  1  «t*  +  '?+f-<£±«(£±l'. 
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^U-]  EXEKCISE8. 


2S+ir    2o+«     a  +  b+x 

(11.)  !+?^.t:f-^±i^^'i'- 


(a-a)(g-6)     (3;-<;)(3;-J) 


» 

n 

1 

-!te- 

li    ^+ 

■to-SS-i'+ 

lte+21" 

7^ 

TT7T 

^-r- 

<-"■ . 

ix- 

■■^.■. 

■  (1!.) 
(II.) 
01) 

(It.) 

(16.) 
(17.) 


EXBBCISBB  XXZl. 

fl  \  ''+Vg_g(a:-1) 

»)  vFfa)'^''+^>+^^"- 

"■'"(v'(-..')-V.)--'- 

(1.)  (»HiteMg'+ii')=(g*+8cMfl«+a^. 

C6.)  6a<z-l)-8V3(a:-2)(3:  +  l)-2{i-6)=4(iis+S). 

<6.)  v'(a:+\/*)-V(»-V'«)=iVie/V('^+V«)- 

(r.)O+«Ml-ic')  +  (:^-l)  =  0. 

(8.)  («-8)M"^-te  +  3e)  =  (z-*)Mir'-te  +  M). 

(8.)  (az-o)Mai'-<W!+a*)=(2*-6)M2'-to+P). 

(10.)  V^=s(\/^H  V"^")  ■ 

^  x+l       \^  "U-l     V  21  +  1^ 

(IL)  v'(it'  +  83!!+l)  +  V(a?  +  &i!  +  *)-V(«'+fa-3)=0. 
(12.)  \/la'+bx)  +  ^{St+ox)  =  S{a  +  b). 

(18.)  \/|(6i-««)--s/|(„^_ii)  =  a_4. 

(H.)y(»+a!)  +  V(6  +  «)  =  3V(o+6  +  ic). 
ConsidBr  mora  eapedally  the  caw  where  a=b. 
(IE.)  V(»'+*)-v'(a:-*)  =  \/C^-l). 
(18.)  2j!V(iii*  +  <»*)  +  lb:V(i£'+ft')=o'-i*. 
(17.)  V(ai'  +  fa'+3)-VC2»  +  &B+2)  =  2{i!  +  l). 

Two  BolntJong,  x=  -I  uid »nothor, 
(18.)  !»  +  <»■  + V(«^+'>*)=aa!V'«»  +  v'('^+^). 
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CHANGE  OF  VARIABLE. 


(19.)  a!=V<u!+aJ-.<.V('*'+ar'). 
(20.)  -        ' 


-e)+4  V(«-8)+fl^V(i'-8)- *>/(«-«)-»"" 

(21.)  V('^+»^  +  V(2a*)=V('^+3ra)+V(^  +  Sair). 

(221  1  I.         1  ™ 

*     '■  y/(a  +  a:)  -  V»    V'»+  VC"  +  »)    VC"*^)- V(<»-')' 

(2S.)  V»  +  V('>+«>-v'<"-^)=\/('^.-i^- 

(2*.)'»V{»+«)  +  W(a-i^)  =  V(~*+»'}:y(«'-»^. 
(26.)  Bationkliae  uldBolTeZV(^-A-c)  =  ^/■'■ 
(2B.)  V("^+^')(r'  +  y)  +  a<V^+^'~V^+P)=ny4-i»^. 
(27.)  0  +  (x+fi)V(^"+^)/(i=+^  =  6  +  (3;  +  0)VC?+6"«j/(a?+rt=). 

{  7.]  £«iudtim  o/  E^udims  by  change  of  VariahU.  If  we  have 
an  equation  wUcli  is  reducible  to  the  form 

then,  if  we  pnt  £  =f(p),  ve  have  the  qnadratic  equation 

to   determine  ^      Solving  {^),  we   obtain   for  {  the   values 
(  -  p  ±  "/ji*  -  tj)/^.     Hence  (a)  ie  equivalent  to 
'^(,).-?W(p--4,)| 

If  the  function  /(z)  be  of  the  first  or  second  degree  in  x,  the 
equations  (y)  can  be  solved  at  once ;  and  all  the  roots  obtained 
will  be  roots  of  (a). 

Even  when  the  equations  {■/)  are  not,  as  they  stand,  linear 
or  quadratic  equations,  it  may  happen  that  tbej  are  reducible  to 
such,  or  that  solutions  can  in  some  way  be  obtained,  and  thus 
one  or  more  solutions  will  be  found  for  the  original  equation  (a). 

In    practice    it   is    unnecessary    to    actually    introduce    the 
auxiliary   variable   £.      We  should  simply  epeak  of  (a)  as   a 
quadratic  uxf{x),  and  proceed  to  solve  for/(7)  accordingly. 
Example  1. 

a*  +  4j-<-12=0. 
We  may  write  this  equation  in  tlie  form 

(n)'+4(j!f)-12  =  0. 
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XTii.]  EXAMPLES.  395 

It  may  therefore  be  reg&rded  aa  a  qoadtatlc  equation  in  x'.    Solring,  ve  find 

aS  =  +2,    a'=-6. 
From  the  first  of  these  we  have 

x»'=2'. 
llence,  if  1,  u,  h*,  .  .  .  a*-'  be  the  ;ith  roots  of  i- 1,  we  find  the  following  p 
ralnes  for  x 

2",     bS",     m*2»,  .  .  .  n'~'2». 
In  like  maniiGr,  fh>mx<-  -6,  we  obtain,  ilghe  even,  the  j>  values 

and,  if  7  be  odd,  the  p  Talaes 

«'6J.   -"fli,   J'ip. .  .  .  J^'i'. 

where  «',  o/*,  .  .  .  «^^'  are  tlie  pfix  roots  of  - 1. 

Example  3. 

x"  +  8  =  2V(^  -  a>!  +  2)  +  ae. 
This  equation  nuy  be  written 

a^-2a  +  2-2V{K'-2a!  +  2)  +  l=0; 
that  ia, 

{v'a?-2j;  +  2)»-2Vr'-2j;  +  2  +  l  =  0, 
which  ia  a  qnadratie  in  \/(^-^+2). 
SolTing  thia  qasdiBtic  we  hare 

Whence  !i»-2j:  +  2=1, 

tliatls,  ix-lf=Q. 

The  roots  of  this  laat  equation  arc  t,  l,aDd  zsliatisfiea  the  original  eqnatioD. 
Example  3. 

We  may  writs  this  equation  as  follows, 

(2-)"-12(2-)  +  32  =  0: 
that  is,  (2'-4)(2*-8)  =  0. 

Hence  the  given  eqimrion  is  equivalent  to 


{S:S}- 


The  first  of  these  has  for  one  real  solution  z=2 ;  the  second  has  the  real 
solution  x^i. 
Example  4. 

(2+a)(z  +  a  +  4)(z  +  a  +  26)(i+<i  +  8«=c*. 
Associating  the  two  extreme  and  the  two  int«rmediate  factors  on  the  left, 
we  may  writs  this  equation  as  followa, 

;z'+(2a  +  U>v+i)(a+»)}{^+(2a-t-St>)!+(a-(-i)(a-H2»)]=e<. 
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396  RECIPROCAL  BIQUADRATIC.  [ohap. 

Iff=a^-H(2a-i-S&)z+(a'-t-3iii),  the  last  «qnatioD  ma^  be  written 

thktia,  {•+2i^+J«=ip*+<!*. 

Hence  f=- J»±V(*'  +  <^)- 

The  origiiial  eqnatioD  is  therefore  equivalent  to  the  tro  qnadratics 

§  8.]  Beciprocal  EqwUvms. — A  very  important  class  of  equa- 
tions of  the  fourth  degree  (biquadratica),  can  be  reduced  to 
quadratics  by  the  method  we  are  now  illnstrating. 

Consider  the  eqaations 

aa:'  +  &r'  +  (a'  +  &K  +  o  =  0  (1), 

(^*  +  h?  +  ea?-bx  +  a  =  0  (L), 

where  iha  coefficients  equidiatant  from  the  ends  are  either  equal, 
or,  in  the  case  of  the  second  and  fourth  coefficients,  equal  or 
numerically  equal  with  opposite  signs.  Such  equations  are 
called  reajvocal* 

If  we  divide  by  3?,  we  reduce  (1)  and  (I.)  to  the  forms 

a  (a^  +  i)  +&(»:  +  -)+  c  =  0  (2), 

.(^,1),  »(._!),„„  (II) 

These  are  equivalent  to 

"G  ■*■  D  +  ^(=«  +  -)+"-  2i  =  0  (3), 

„(,_l)%s(._i),.,2„o  an.) 

3  and  III.  «co  quadratics  mx+ljx,  and  x-ljx  respectively.  If 
thw  roots  be  a,  jS,  and  y,  8  respectively,  then  (3)  is  equivalent  to 


*  If  in  eqnalioii  (1)  we  write  1/f  for  i^  we  get  aji  equetion  which  U  equiva- 
lent to  of*  +  Al^ +^i^  a  ^  0.  Hence,  if  {  be  on;  root  of  (1),  l/{  ii  also  a  root. 
In  other  words,  twiAif  the  four  roots  of  (1)  are  the  reciprocals  of  the  renuuniog 
two.  In  like  manner  it  may  be  ehown  that  two  of  the  Toott  of  (I.)  are  the 
reciprocak  of  the  remaining  two  with  the  sign  changed. 
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XVII.]  GENBEAUSED  KECIFROCAL  BIQUADIU.TIC. 

that  is,  to 


::;o} 


Similarlr,  III.  is  eqaivalent  to 

J"a?-7a:-l=0\^ 

The  four  roots  of  the  two  quadratics  (4)  or  (IV.),  are  the  roots 
of  the  biquadratic  (1)  or  (1) 

Generalisatim  of  the  Seei^roail  E^wfaitm. — If  we  treat  the 
general  biquadratic 

in  the  same  way  as  we  treated  equations  (1)  and  (I.),  we  reduce 
it  to  the  form 

Now,  if  e/a  =  fjif,  this  last  equation  may  be  written 

which  is  a  quadratic  in  a;  +  djlxt. 

Gor.  II  should  It  noticed  that  the  follomng  redproccd  eguatiims 
of  the  5th  degree  can  be  rediiced  to  redproeal  biqvadnUics,  and  can 
therefore  be  solved  by  means  of  quadratics,  namely, 

a::^  +  bx'  +  c3^*t^*hx±a  =  0, 

where,  in  the  ambiguities,  the  upper  signs  go  together  and  the 
lower  signs  together. 

For  the  above  may  be  written 

0(3/  ±  1)  +  bx(3^  ±  1)  +  C3f{x  ±  1)  =  0, 

from  which  it  appears  that  either  z+lorx-lisa  factor  on 
the  left-hand  side.  After  this  factor  ia  removed,  the  equation 
becomes  a  reciprocal  biquadratic,  which  may  be  solved  in  the 
manner  already  explained.  The  roots  of  the  quintic  are  either 
+  1  or  -  1,  and  the  four  roots  of  this  biquadratic 
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398  EXAMPLES.  [chap. 

Example  1. 

Tofind  thefifthrootaof +1.    Let  x  be  any  £011  root  of  +1  ;  then  z*=1. 
Hence  we  have  to  solve  the  eqaation 

i:'-l  =  0. 
Thii  u  equivilent  to 


The  Ifttter  eqnatiou  U  «  reciprocal  biqiudndc,  and  ma;  be  written 

(-4)V(.t!)-l.o. 

After  solving  this  eqiution  foi  x+l/x,  we  find 
1_     H-V5 

""*"»!"      a    ' 
,.1 i-ys 


These  give  the  two  quadratics 


-^+1^'. 


1=0. 


+  1=17J 


These  again  give  the  following  fonr  values  for  x — 

-  (1  +  V6}/*±»V(10  -  2  VE)/^.      -  (I  -  V6)/*±tV(10  +  2V6)/*. 
these,  together  with  1,  are  the  five  fifth  roots  of  +1.    This  will  be  found  t< 
agree  with  the  result  obtained  hy  using  chap,  zii.,  S  19- 

-i)*. 
This  equation  may  be  written 

(x  +  ay  +  ('  +  l>)*=nHx  +  a)-l=t  +  b)]*. 
from  which,  by  dividing  b;;-  ix+b)\  we  deduce 

or  f+l=17tt-lA 

where  (  =  {x+a)l(!C+b). 

This  equation  in  { is  reciprocal,  and  may  be  written  thus 

H.K»  S+j=|. 

From  this  lut  pair  we  dednee 

f  =  2.ori;audi  =  t^Mli). 
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XVII.]  RATIOSAUSATIOS  BY  MEANS  OF  AUXILUKY  VARIABLES.  399 

Hence  ve  have  the  four  equadone 

i  +  n_         j;  +  g_.       j'4-ft_7±tV(lS) 
a;  +  i— *■     K  +  ft"*'      ^+6~         8     "'■ 

once  be  dednced.     The  real  valuea  are 

§  9.]  Bi/  introducing  auxUiaiy  variabUa,  we  can  always  make 
any  IRRATIONAL  egwdion  in  (me  variable  depend  on  a  system  of 
RATIOKAL  eqaatioits  in  one  or  iitore  variables.  For  example,  if  we 
have 

J{x  +  o)  +  J(x  +  6)  +  J(x  +  c)  =  d, 
tad  we  put  B  =  v't^  +  a),  V  =■  J{x  +  J),  to  =  -Jix  +  c),  then  we 
dedace  the  rational  system 

u  +  v■^■^e  =  d,    i^^x  +  a,     t^  =  x  +  b,    vf  =  x  +  c 
Whether  such  a  transformation  will  facQitate  the  solution  de- 
pends on  the  special  circumstuices  of  any,  particular  case.     The 
following  is  an  example  of  the  success  of  the  artifice  in  question. 
Example. 

We  maj  mite  the  giveii  equation  thus 

Hence  we  dsdnce 

Letnow  y={{a+iL)l(a-x)}i, 

we  then  have  ^"''^"/SIS^^'''^^" 

From  the  kat  aqoation  we  deduce 

which  is  a  reciprocal  biquadratic,  and  can  therefore  be  solved  hjr  means  of 
quadratics.  Having  thus  determined  y,  we  dedace  the  Tslne  of  x  by  means 
of  the  equation  (o  +  JT)/(a  -x)  =  i/. 

ExEBOisia  XXXII. 

(1.)  z*--ai-(t*+t-)  +  6-i:-=0. 


(2-); 


=p;  show  that  the  sam  of  the  two  te*l  valnea  of  z  is 
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(1.)  {»')'-2{y>'8»M=!3*^. 
(6)  y*'-^  +  »'''-^='>- 

i7.){l-x  +  7?)Hl+a*-x)  =  {l  +  a»  +  x)Hl  +  ^+^). 

(8.)  iia»+Sa?+ir+o=0.  (9.)  na^+ia^-te-a^O. 

(10.)  «B'  +  te'+(!=0.  (11.)  (H:'+fcz*-Iur-a  =  0. 

(12.)  <Ac«  +  2a4z«  +  MiJ-«»=0.  (18.)  ^"  +  1  =  0. 

(14.)  3^  +  7z'  +  8a!'-9x"-7K-l  =  0. 
(15.)  13af  +  x^-i-l&^-13^-x-12  =  0. 

(16.)  ShoTthat  the  \»iiatinLtic,ta^  +  lo?  +  ei^  +  (Cc  +  e=0,  can  be  solved 
by  meuis  of  quadntics,  provided  i/2a=  iadjiliu  - 1?). 
(17.)  iJ*+llta!'+22ar'-16a:  +  2=0. 

(18.)a!«  +  2(p-,)i!'-f-(p>  +  jV  +  2w(p-9>;+W(p'+M  +  ?=)  =  0- 
(19.)  3/(i(?-7i+8)-2/{a!'  +  7^  +  2)  =  6. 

(20.)  a'(l+iy-(8«"+i)  =  70.  (21.)  v'(I-iO=H-V(l+'^^ 

(22.)  \/{ie'  +  l)  +  *=6M3!'  +  l)-  (23.)  (i  +  6)*+{!C+5)-*=2. 

<"){(s-:)'-'}<'-)'-{(s-:)'-'}"">'- 

(26.)  aaj"+aV(»?+*^-6)=ta»+to+6. 

(28.)  !e»  +  7a-8  =  V(2i<^  +  lt«  +  2)- 

(27.)  {i-7)*  +  {a!+9)*  +  2(3!'  +  2»-68)*  =  70-2ii 

(28.)  V(^+?«+»)  +  V(»^+?«  +  6)  +  V(^+J«  +  «)  =  '>. 

(29,)  Show  tbat  the  imaginuy  7tb  roots  of  -1-1  am  the  roots  of 
a!'-itB+l=0,  a»-Jte  +  l  =  0,  !B'-7a:+l=0,  where  a,  ^,  7,  are  the  root* 
of  the  mine  ic*+^-2i-l  =  0. 

(30.)  =^  +  i^x^^lfl*-\). 

(31.)  B(l+!c')/(l-a?)=;(l +»)/(!-»:))'. 

(82.)  (a-xf  +  {x-bf={a-bf. 

(38.)  4/*+^(«-l)=^(z+l). 

(84.)  (l+8)(ii:+8)(a  +  13)(a:  +  18)=51. 


SYSTEH9  Wrm  MORE  THAK  OKE  VABUBLE  WHICH  C^N  BE 
SOLVED  BY  MEANS  OF  QUADRATICS. 

§  10.]  According  to  the  rule  stated  without  proof  in  chap, 
ziv.,  §  6,  if  we  have  a  eystem  of  two  equations  of  the  /th  and 
mth  degrees  respectively  in  two  variables,  x  and  y,  that  system 
has  in  general  Im  solutions.  Hence,  if  we  eliminate  y  and 
deduce  &om  the  given  system  an  equation  in  x  alone,  Uiat  equa- 
tion will  in  general  be  of  the  Imth  degree,  since  there  must  in 
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general  be  as  many  different  values  of  x  as  there  are  solutions  of 
the  original  systems.  We  shall  speak  of  this  equation  as  the 
Resullant  Equation  in  x. 

In  like  nuuiner,  if  we  hate  a  system  of  three  equations  of 
the  Itb,  mth,  and  nth  degrees  respectively,  in  three  variables 
X,  y,  z,  the  system  has  in  general  Imn  solutions;  and  the  re- 
sultant equation  in  x  obtained  by  eliminating  y  and  z  will  be  of 
the  /mnth  degree ;  and  so  on. 

From  this  it  appears  that  the  only  perfecQy  general  cast  in  which 
the  soluiion  of  a  system  of  equations  wiil  depend  on  a  quadratic  equation 
is  that  in  uAicA  all  the  equations  hit  rnie  are  of  the  frst  degree,  and 
thai  one  is  of  ike  second. 

It  is  quite  easy  to  obtain  the  solution  in  this  case,  and  thus 
verify  in  a  particular  instance  the  general  rule  &om  which  we 
have  been  arguing  All  we  have  to  do  is  to  solve  the  n  -  1 
linear  equations,  and  thereby  determine  n  -  1  of  the  variables  as 
linear  functions  of  the  nth  variable.  On  substituting  these 
values  in  the  nth  equation,  which  we  suppose  of  the  second 
degree  in  all  the  n  variables,  it  becomes  an  equation  of  the 
second  degree  in  the  nth  variahla  We  thus  obtain  two  values 
of  the  nth  variable,  and  hence  two  corresponding  values  for  each 
of  the  other  n  -  1  variables ;  that  is  to  say,  we  obtain  two  solu- 
tions of  the  system. 

ExBiuple  1. 

lx  +  my  +  n  =  0  (1), 

<a!'+2twy+b!f'+2gz+yy+c=Q  (2). 

(I)  is  equivalent  to 

»--'¥'  "li 

and  this  valae  of  y  reduces  (2)  to 

oiJl^  -  2*J7«(ii +b)  +  Kic  +  n)" +'2ym'a:  -  2/m(ij:+ n)  +  CTi»= 0, 
that  is, 

{am*-iklm  +  liP)ii?  +  2{jm*-kmn-t-bnl-/lm)x  +  (bn^-^ftnji-t-cm*)=0    (4). 
The  original  syatam  (!},  (2}  is  therefore  equivalent  to  (3),  (*).     Now  (i)  gives 
two  values  for  x,  and  for  each  of  these  (S)  gives  a  correBponding  value  of  y. 
For  example,  the  two  equations 

will  be  found  to  be  equivalent  to 

VOL.  i.  2d 


byGooglc 


402  SYSTEM  IN  TWO  VAWABLES  [oHAl'. 

Heuce  the  two  Bolutiona  of  the  ayiitoni  are 

a:=       1  +    VO,  1  -    V6  : 

y=-¥-W6,    -V+W6. 

£zAmple  2. 

3a:  +  2j-:=il,     a!+y-3z=2,    s^  +  ^+^=l. 
The  tyBtem  is  eqaiTslent  to 

x=-Si-3,     y=&i+6,     8a(i  +  llQi  +  38=0. 
The  aolations  are 

«=A=FAVV,    v=*±*W.   «=-H±AV¥. 

the  upper  aigna  going  together  and  the  lower  together. 

§  1 1.]  For  the  aake  of  contract  with  the  case  last  conaidered, 
aad  as  an  illoBtration  of  an  important  method  in  elimination,  let 
OS  consider  the  most  general  syBtem  of  two  equations  of  the 
second  degree  in  two  variables,  namely — 

03?  +  2Ajy  +  V  +  2j3:  +  2/y   -^  e  =  0  {!), 

oV  +  2h'iy  +  6y  +  2g'x  +  2/'y  -nf  =  0  (3). 

We  may  write  these  eqnations  in  the  forms — 

Sj*  +  2(Aa;  +/)y  +  {aa?  +  2i/x  +  c)  =  0, 
by  +  2(h'x  +f)y  +  (aV  +  2^x  +  c')  =  0, 
Bay  V+Py  +  ?=0  (1'), 

by+p-y  +  ^  =  0  (2'), 

where ^=  2(Aa!+/),  3  =  03:'  +  2gx  +  c,  &c. 

If  we  multiply  (1')  and  (2')  by  6'  and  by  h,  and  subtract,  and 
also  multiply  them  by  ^  and  by  q,  and  subtract,  we  deduce 

{pb'-p'b)y  +  {b'q~bq')^0  (3), 

{b'q  -  6?')/  +  {^y  -^>  =  0  (4)  ; 

and,  provided  b^-b'q=t' 0,  (3)  and  (4)  will  be  equivalent  to  (1') 
and  (2').  In  general  the  values  of  x  which  make  bq'  -b'q  =  () 
will  not  belong  to  the  solutions  of  (3)  and  (4),  nor  wUl  the  value 
y  =  0  belong  to  those  solutions.  Hence  we  may  say  that,  in 
general,  the  system 

{pb-~p'b)s  +  (b'q-bq')  =  0  in 

(b'q-bi)l,  +  (j>-q-pq-)  =  0  (4'), 

is  equivalent  to  (!')  and  (2'), 

Again,  if  we  multiply  (3')  and  (4')  by  b'q  -  hq'  and  by^'  -p'b 
respectively,  and  subtract,  we  deduce 

{b'q  -  b^y  -  [pb'  -p'b)  {p'q  -pq')  =  0  (5), 
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and,  provided  b^  -b'q*  0,  (4')  and  (S)  will  be  equivalent  to  (3') 
and  (4'). 

Hence  we  finally  arrive  at  the  conclusion  that,  in  general,  the 
system 

{bXaa^'+  2gx  +  c)~  b{a'^  +  2g'x  +  c')]'  -  4  {b-{hx+/) 
-  W^*f))  {(A'^  +/)(<x^  +2gx  +  c)-(kt  +/)(a':^  +  2/«  +  c")} 
=  0  (6), 

{b'ioj^  +2gx  +  c)-  b(a'3^  +  2/x  +  c')}  y 

+  2  {(h'x  +/)(«^  +  2gx  +  c)-(hx  +/)(aV  +  2^z  +  c')} 
=  0  (7), 

is  equivalent  to  (1)  and  (2). 

The  first  of  these  ia  a  biquadratic  giving  four  values  for  x, 
and  since  (7)  is  of  the  first  degree  in  y,  for  each  value  of  x  we 
obtain  one  and  only  one  value  of  y.  We  have  therefore  four 
solutions,  as  the  general  rule  requirea. 

In  general  the  resultant  biquadratic  (6)  will  not  be  reducible 
to  quadratics.  It  may,  however,  happen  to  be  so  reducible  in 
particular  cases. 

L  It  for  example,  b'jb  =  f'jf  =  c'jc,  then  (6)  reduces  to 
^{h'{ax  +  2g)  -  b(a'x  ^  2<?')}'  -  4(6'A  -  W)[(h'x -^  f)(ax  +  2?) 

-  (te  +  /)  (a'x  +  2^)  +  (h'c  -  he')]  ]  =  0, 
two  of  whose  roots  are  zero,  the  other  two  being  determinable 
by  means  of  a  quadratic  equation. 

II.  Again,  if  a' /a  =  b'/b  =  A'/A,  it  will  be  found  that  the  two 
highest  terms  disappear  from  (6).  Hence  in  this  case  two  of  its 
roots  become  infinite,  and  the  remaining  two  can  be  found  by 
means  of  a  quadratic  equation. 

III.  If /=0,  (f  =  0,/'  =  O,ir'  =  O,  it  will  be  found  that  only 
even  powers  of  x  occur  in  (6).  The  resultant  then  becomes  a 
quadratic  in  a?. 

IV.  The  resultant  biquadratic  may  come  under  the  reciprocal 
class  diacussed  in  §  8  above. 

Most  of  these  exceptional  cases  are  of  interest  in  ^e  theory 
of  conies,  because  thej  relate  to  cases  where  the  intersection  of 
two  comes  can  be  constructed  by  means  of  the  ruler  and  com- 
passes alone.     Another  interesting  case  ia  given  below. 
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Example  1. 
Thesyatem  3*=  +  Siy  +  j«  =  1 7,        j>-2iy  +  6y'=6, 

ia  equiTalent  to         iai:y  +  14a*-80  =  0.     7&e^-6a3j? +  1900  =  0. 
The  Bolntiana  of  wliich  are — 

I  =  +  2,      -  2,     +  20/ V(73),     -  20/V(73) ; 
V-+1,     -1,    +iMrs),      -1M73). 
Eiampla  2. 

n(i»+av)  =  i(l  +  2a^/),     n(»*  +  2l)  =  »n{l  +  2i3,). 
Here  tlie  elimination  ia  eaay,  borause  the  first  equation  ia  of  the  first  degree 
in  y.     We  dediira  from  it 

This  redncaa  the  second  equation  to  ^ 

n(na?-r)'+&ia{lx-ny  =  im(lx-nf+imr(lx-n){n3!'-l). 
which  is  eqniTdent  to 

(»*-«»i)K'+i(2P  +  mn>t'-18nlj^  +  *(2n"  +  fei)i+{P-4nin)  =  0. 
If  n=I,  this  biqaadratic  is  reciprocal,  aad  its  solution  depends  upon 
{I-  iia)^-H{2l  +  m)i  +  (Sm-20l)  =  0, 
where  i=x+  l/r. 

In  general,  if  we  liave  an  equation  of  tbe  first  degree  in  x 
and  y  together  with  an  equation  of  the  nth  degree  in  t  and  y, 
the  reeultant  equation  in  x  will  be  of  the  nth  degree.  In  par- 
ticular cases,  owing  to  the  existence  of  zero  or  infinite  roots, 
or  for  other  special  reasons,  this  equation  may  be  reducible  to 
quadratics. 
Example. 

x-^-y=lS,    *>+B»=lB14, 
is  equivalent  to 

y  =  18-a:,    a:>  +  (18-a:)'=191*. 
The  second  of  tlieee  tvo  last  equations  raduces,  as  it  happens,  to 

Hence  the  finite  solatiooa  of  the  given  system  are 
*  =  17,  1; 
y=l,  17. 
5  12.]  A  very  important  class  of  equations  are  the  so  called 
Homogeneoas  Systems.    The  kind  that  moat  commonly  occurs  is 
that  in  which  each  equation  consists  of  a  homogeneous  function 
of  the  variables  equated  to  a  constant     The  artifice  usually  em- 
ployed for  solving  suck  equations  is  to  introduce  as  auxiliary 
variables  the  ratios  of  all  but  one  of  the  variables  to  that  one. 
Thus,  for  example,  if  the  variables  were  x  and  y,  we  should  put 
y  =  vx^  and  then  treat  v  and  x  as  tlie  new  variables. 
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Example  1. 
l^t  y=vx,  and  the  tRO  equations  become 

From  these  two  we  derive 

that  is, 

j?|24ii'-llll  +  l}=0. 
Since  a:  =  0  ovidentl]' aiTords  no  solution  of  the  given  syatem,  we  see  that  tlie 
orif(inal  ayatcin  is  equivaleut  to 

3^1+b)=12.     21«»-llt>  +  l  =  0. 
SolTing  the  quadratic  forv,  we  find  v=:l/S  or  1/8. 
Corresponding  to  d=I/3,  the  first  of  the  last  pair  of  eqn&tiont  gives  ii^={>, 
that  is,  x=  ±3. 

Correaponding  to  ii=l/6,  we  find  in  like  iDanner  x=  ±i\/(2IZ). 
Henc«,  liearing  in  mind  tliat  y  is  derived  bom  the  cort«sponding  value  of 
X  by  using  liie  corresponding  valoe  of  v  in  the  equation  y  =  vx,  we  have,  for 
the  complete  set  of  solutions, 

^=  +  3,     -3.     +*V(2/3)-     -4V(2/8); 

y=+i,    -1,    +i/va.       -1/V8. 

Eiamplc  2. 

a"+2pi=i,    i^  +  2CT=m,  :^  +  2zy=n. 
Let  x  =  iu:,  y=tii,  then  the  eqoationa  become 

{tfl-^2v)^=l,     {t»+2ii>'=iii,     (l  +  2u»)t'=n. 

Eliminating^  we  hare,  since  x=0  forms  in  general  noport  of  any  Bolution, 

b(u'+2ii)=I(1  +  2ud),    «(«»+2«)=m(l  +  2u»). 

We  have  alreadj  seen  how  to  treat  this  pair  of  equations  (see  %  11,  Ex. 
2).  The  BTStem  baa  in  general  four  different  solutions,  which  can  lie  obtained 
by  solving  a  hiqnadratic  equation  (reducible  to  quadratics  when  n=I). 

If  we  take  anyone  of  these  solutions,  the  equation  (l-i-2uv)^  =  n  gtvea 
two  valnee  of  =■  The  relations  x  —  uz,  y=is:,  then  give  one  value  of  z  and  one 
value  of  y  correaponding  to  each  of  the  two  values  of  :. 

We  thus  obt^n  all  the  eight  solutions  of  the  given  system. 

There  is  another  class  of  equations  in  the  Bolution  of  which 
the  artifice  just  exemplified  is  sometimes  successful,  namely, 
that  in  whicli  each  equation  consists  of  a  homogeneous  function 
of  the  variables  equated  to  another  homogeneous  function  of  the 
variables  of  the  same  or  of  different  degree. 
Example  3. 
The  system 

a:^  +  bxy  +  ey*=dx  +  ey,     a';fi+b'xi/  +  ^i^=d'x+e'y  (1) 

is  equivalent  to 

[a  +  io  +  ra')E'  =  (<i  +  CT)j:,     {(['  +  6'p  +  c'p')*»=(<f +  6'o>j  (2) 

where  j)=kc 
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From  tJiii  lost  Bystem  we  derive  the  Bjstom 

x{{a  +  lni  +  eil'ix-{d+a,))=OI  ^^'• 

which  U  equivalent  (see  chap,  xir.,  g  11)  to  (2),  along  with 

{a  +  bv+ev'y-O  (4), 

(d  +  evfc^O  (6). 

H  we  obsaire  that  z^O,  y—0  is  a  solution  of  the  system  (1),  and  keep 
■ccoDnt  of  it  aepantel;,  and  observe  farther  that  valoes  of  i?  which  utisl;  both 
(4)  and  (6)  do  not  in  general  exist,  we  see  that  the  system  (1)  is  equivalent  to 

(a  +  6tP+n.>)((I'  +  e'i.)-(a'  +  i'p  +  e'B»)(d+«)  =  0  (6) 

along  with  (o  +  ftu  +  n?>r-{rf  +  n')  =  0  (7) 

and  1=0,     y=0. 

The  solntioli  of  the  given  system  now  depends  on  the  cubic  (6),  The 
three  roots  of  this  cubic  subatitnted  in  (7)  give  ns  three  values  of  x,  and  y=ta' 
gives  three  corresponding  solntions  oF  (1).  Thus,  counting  x  =  0,  y=0,  wr 
have  obtained  all  the  four  solutions  of  (1). 

The  cubic  (6)  will  not  b«  reducible  to  qoadratics  except  in  particnlar  cases, 
aa,  for  example,  when  ad'  -  a'd  =  0,  or  ce"  -  c'e  =  0. 
For  example,  the  system 

a:;^-2xy  +  ^=x  +  l2y,     Ba?  +  Sxy  -  23/"  =  to  +  29y, 
is  equivalent  to  J!  =  0,  y  =  0,  togither  with 

■c{nW  -  86IF  +  8)  =  0,     (8  -  2v  +  iT?'fe=  1  +  12v. 
The  valnes  of  v  are  2/3,  4/37,  and  0.     Hence  the  solntions  of  the  system  are 
j:  =  0,     8,     185/227.     1/3  ; 
j/  =  0,     2,     20/227,      0. 

}  1 3.]  SymmetTieal  Systems. — A  syetem  of  eqnatioiu  U  said  to 

be  ayniinetncal  when  the  interchange  of  any  pair  of  the  variables 

derives  from  the  £^ven  Bystem  ui  identical  eyetem.    For  example 

x  +  y  =  a,    x'  ■i-^  =  b;        t^  +  y  —  a,    y'  +  a;  =  a; 

x  +  y  +  s  —  a,     a?  +  ^  +  ^  =  b,     yz  +  isx  •^  xy  =  c, 

ar«  all  aymmetrical  syatems. 

There  is  a  peculiarity  in  the  solutions  of  such  systems,  which 
can  be  foreseen  from  their  nature.  Let  us  suppose  in  the  first  place 
that  the  system  is  such  that  it  would  in  general  have  an  even  num- 
ber of  solutions,  four  say.     If  we  take  half  the  solutions,  say 


then,  since  the  equations  are  still  satisfied  when  the  values  of  x 
and  y  are  interchanged,  the  remaining  half  of  the  solutions  are 
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If  the  whole  number  of  Bolutiona  were  odd,  five  say,  then 
four  of  the  solutions  wonld  be  arranged  ae  above,  and  the  fifth 
(if  finite,  which  in  many  caeee  it  would  not  be)  must  be  such 
that  the  values  of  x  and  y  are  equal ;  otherwise  the  interchanges 
of  the  two  would  produce  a  sixth  solution,  which  is  inadmissible, 
'  if  the  system  have  only  five  solutions.* 

These  considerations  surest  two  methods  of  solving  such 
equations. 

\st  Method. — li^place  the  variables  by  a  new  system  of 
variables,  consisting  of  one,  say  x,  of  the  former,  and  the  ratios 
to  it  of  the  others,  u,  t>,  ,  .  ,  say.  EUnunate  x,  v, .  .  .  and 
obtain  an  equation  in  u  alone ;  then  this  equation  will  be  a  re- 
ciprocal equation ;  for  the  values  of  a  are 


',  &c  (fljid,  it  may  be,  u  =  1), 


that  is  to  say,  along  with  each  root  there  is  another,  which  is 
its  reciprocal  The  degree  of  this  resultant  equation  can  there- 
fore in  all  cases  be  reduced  by  adjoining  a  certain  quadratic,  just 
as  in  the  case  of  a  reciprocal  biquadratic 

ind  Method. — Beplace  the  variables  z,y,  z, .  .  .  by  an  equal 
number  of  symmetric  functions  of  x,  y,  z,  .  .  .,  say  by  Hx,  Sa^, 
!%«, .  .  .  &a,  and  solve  for  these. 

The  nature  of  the  method,  its  details,  and  the  reason  of  its 
success,  will  be  best  understood  by  taking  the  case  of  two  variables, 
X  and  y. 

Let  us  put  u  =  X-i-y,v  =  xs.  After  separating  the  solutions, 
if  any,  for  which  x  =  y,  we  may  replace  the  given  system  by  a 
system  each  equation  of  which  is  symmetrical  We  know,  by 
the  general  theory  of  symmetric  functions  (see  chap,  zviii.  §  i), 
that  every  integral  symmetric  function  can  be  expressed  as  an 

*  Wo  have  BuppoBod  that  for  all  the  solntiona  (Mcopt  one  in  the  cose  of 
an  odd  ejeUta)  x^y.  It  may,  bowever,  happen  that  x^y  for  one  or  more 
Bolations.  Such  golntiona  cannot  be  paired  with  others,  eince  an  interchange 
of  values  does  not  produce  a  new  solution.  This  peculiarity  muat  alwaja  arise 
in  Bfetems  which  are  spnmetrical  oa  a  whole,  but  not  symmetrical  in  the 
individual  equationa.  As  an  example,  ve  may  take  the  ajmnietrical  Bystam 
3?  +  y=a,  y'+x=a,  three  of  whose  solutions  are  such  that  z=y. 
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integral  functioa  of  u  and  v.  Hence  it  will  alw&ya  be  possible  to 
transform  the  given  system  into  an  equivalent  system  in  u  and  e. 

We  observe  further  that,  in  general,  u  and  v  will  each  have 
as  many  values  as  there  are  solutions  of  the  given  system,  and 
no  more ;  but  that  the  values  of  u  and  v  corresponding  to 
two  solutions,  aucb  as  x  =  a,,  y  =  l^^,  and  x  —  /3,,  y  =  a,i  are  equal. 
Hence  in  the  case  of  symmetrical  equations  the  number  of  solu- 
tions of  the  system  in  u  and  c  must  in  general  he  less  than  OBuaL 

Corresponding  to  any  particular  values  of  u  and  v,  say  u  =  a, 
e=3^,  we  have  the  quadratic  system  x  +  i/  =  a,  a^  =  /3,  which 
gives  the  two  solutions 

If  we  had  a  system  in  three  variables,  a^  y,  z,  then  we  shoold 
assume  u  =  z  +  y  +  z,  v  =  i/z  +  sx  +  xg,  w  =  xyz,  and  attempt  to 
solve  the  system  in  w,  v,  w.  Let  w  =  ti,  v  =  P,  w  =  y,  be  any 
solution  of  this  system ;  then,  since 

«-'■)({-!')«-»)-?-<  +  •£-'•. 

we  see  that  the  three  roots  of 

i"--r+«-,.o 

constitute  a  solation  of  the  original  system,  and,  since  the 
equations  are  symmetrical,  any  one  of  the  six  permutations  of 
these  roots  Is  also  a  solution.  In  this  case,  therefore,  the 
number  of  solutions  of  the  system  in  u,  t>,  u>  would,  in  general, 
be  less  than  the  corresponding  number  for  the  system  inx,  y,z. 
The  student  should  study  the  following  examples  -in  the  light 
of  these  general  remarks  : — 

EMmpIel.  A(3?-i-^)-\-Bay+C(x+y)+D=0\  ... 

If  we  pat  ^=nB,  and  then  eliminate  x  b;  the  method  employed  in  S  U, 
the  rcBUltant  equation  in  v  is 

{(D'A)+(D'B>i.+CD'A)i>'}» 

=  (D'C)(1  +c)'i(C'A)  +  (G'B)e+{CA)tfl}  (3), 

where  (D"*)  stands  for  D'A  -  DA',  (D'B)  for  ITB  -  DB',  and  so  on. 

The  biqaadratic  {2}  ii  obriouBly  reciprocal,  and  can  titerefore  be  solved  by 
means  of  qoadratics. 

The  Bolution  can  then  be  completed  by  means  of  ths  equation 

{(D'A)+(D'B)p+(D'A)t)>}iB+(D'C){l+e)=0  (8). 
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As  &D  iDStance  of  this  method  tbe  student  shoald  work  out  in  faU  ths 
solution  of  tfae  system 

2(a^  +  P"}  -  Say  +  2{a!  +  y)  -  SB  =  0, 
3{^  +  y')-ixs+  {x  +  y)-60=Q. 
We  may  treat  this  example  hy  the  second  method  of  the  pT«3ent  pftia- 
graph  as  folloirs.     The  eystem  (1)  may  be  written 

A(iB+y)'+(B-2A)K!/+C(3!+j/)+D=0, 
A'(«  +  y)'  +  (B'-2A'>cB  +  C(z+y)  +  D'  =  0i 
thatis,  A»'+(B-2A>tp+Cu+D=0\  .^. 

A'u'  +  (B'-2A>+C'u+D'  =  o/  ^   ' 

Eliminating  first  »'  and  then  v,  we  dednce  the  equivalent  system 

(A'B>i!  +  (A'C>«+(A'D)  =  01  ,,, 

(A'BV+  {(C'B) - 2(C'A)| K+  {(D'B) - 2(D'A)|  =0 /  *  '' 

where  (A'B),  kc.,  have  the  same  meaning  as  above. 
The  syatera  (5)  hM  two  solutions, 

say,  corresponding  to  which  we  find  for  the  original  system 
ar=(a±Va'£^)/2,     («'±V^^-4?)/a, 

in  all  four  aolutions. 

This  method  shonld  be  tested  on  the  numerical  example  given  above. 
Example  2.  a*  +  y»=82,     x  +  s=i. 

We  have  ie'  +  y«  =  {x+y)'~4!cy(ic>+!f'>-6sV. 

=  lx  +  yy-ixy{{x  +  yy-2x!,}  -91^, 
=  w*-*a*e+2ti*. 
hence  the  given  system  is  equivalent  to 

K<-4i.'f+2o==82,     a  =  i. 
Using  the  value  of  n  pveu  by  the  second  equation,  we  reduce  the  first  to 
o>_82ti+87=0. 
The  roots  of  this  qnadntic  are  S  and  2S.     Hence  the  solntiou  of  the  u,  ii 
system  is  ii=4,  4, 

11  =  3,  29. 
From  x  +  y=t,  3);/=29,  we  derive  (x-yf=  -100,  that  is,  x-'y=±l<H, 
combining  this  with  x+y=i,  wehavex=2±Ei',  y=i^5i. 
Fromz-t-!f=4,  iC!/  =  &,  we  find  x=S,  ^=1 ;  a:=l,y  =  a. 
All  the  lour  eolations  have  time  been  foond. 

Eliample  8.  ^=itai  +  ny,     y*=nx+my  (1.) 

Let  us  put  y=vx ;  then,  removing  the  ftctor  x  in  both  eqnstLons;  and 
noting  the  correspoDding  solution,  x=Q,  y=0,  we  have 

a'^m  +  Hf,     i^=ji+mn 
These  are  equivalent  to 

a*=m  +  nT,     i>^ni+)M.)=wi-+H  (2). 
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The  second  of  these  may  be  writtaa 
and  is  tbeTsfore  equvalent  to 

'^fi*')"- (=-')- ("-)"-«}■ 

The  second  of  these  is  a  raciprocal  biquadratic    Keuce  all  the  five  roots  of  (3) 
[»ii  be  fonud  without  solving  aaj  equation  of  higher  degree  than  the  second. 

To  the  root  «=  I  aurespond  the  throe  soIutionB, 

a:=y=(m  +  n)"'      w(m  +  M)"»      u^nn-n)"', 
of  the  origitiftl  system,  where  (m+n)"'  is  the  real  value  of  the  cube  root,  and 
111,  u*  are  the  imaginary  cube  roots  of  unit;. 

In  like  manner  three  solutions  of  (1)  aro  obtained  for  each  of  the  remain- 
ing four  roota  of  (S).  Hence,  counting  z=0,  y  ^  0,  we  obtain  all  the  sixteen 
solutions  of  (1). 

The  reader  should  work  out  the  details  of  the  numerical  case 

and  ealcniate  all  the  real  roots,  and  all  the  coefficients  in  the  complex  roots, 
to  one  or  two  places  of  decimals. 

Example  4.  y=+cr  +  2:y  =  2e, 

!«(y>  +  z"}  +  M^z" +!!') +ai/(iii" +  !,>)  =  638. 
If  we  pot  a=a!  +  y  +  £,  v=yx  +  ^  +  m/,  io=3!yi,  the  above  system  reduces  to 

t.=26,     tH.-8!0=162,     (u*-2p)o-»«i=638. 
Hence  2Sit-Sui  =  Itl2,     26u*-uui  =  1890. 

Henco  26tt'+81it-283fi=0. 

The  roots  of  this  quadratic  arau  =  e,  audu=  -S15/26. 

We  thus  obtain  for  the  values  of  u,  v,  w,  9,  26,  21,  and  -  81G/2fl,  2S, 
-  169.     Henoe  we  have  the  two  cnbice 

t»-9f +  28f-2*  =  0, 
P  +  ^P  +  28£  + 169  =  0. 

Twelve  of  the  roots  of  the  original  system  consist  of  the  six  permutations 
oF  the  three  roots  of  the  first  cubic,  together  with  the  six  permutations  of  the 
roots  of  the  second  cubic. 

The  first  cubic  evidently  has  the  root  f  =  2 ;  and  the  other  two  aro  easily 
found  to  be  3  and  4.     Hence  we  have  the  following  six  solutions : — 
3!=2,    a,     3,     3,     4,     4; 
y=8,     4,     4,     2,     2,     3; 
z  =  i,     8,     2,     4,     3,     2. 
Other  six  are  to  be  found  by  solving  the  second  cubic. 

5  14.]  We  conclude  this  chapter  with  a  few  miscellaneous 
examples  of  artifices  that  are  suggested  merely  by  the  pecuU- 
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arities  of  the  particular  cas^.  Some  of  them  have  a  aomewfaat 
more  general  character,  as  the  student  will  find  in  working  the 
exercises  in  set  xxxiv.  A  moderate  amount  of  practice  in  solv- 
ing puzzles  of  this  description  is  useful  as  a  means  of  cultivating 
mAoipulative  skill;  but  he  should  beware  of  wasting  his  time 
over  what  is  after  all  merely  a  chapter  of  accidents. 
Example  ]. 

a  +  x^b■^y    a-bb  +  c'    ^^ 
Let  a+z=(o+ J+<:)J,     6  +  i/=(n+6  +  e))i ; 

the  ai/atem  than  redaces  to 

a^li-\-f^h  =  [.'^+if,     (+1  =  1- 
This  again  is  equivalent  to 

{(a  +  S)f-oP  =  0,     f  +  ,  =  l. 
K«ncs  we  have  the  solution  {=a/(a  +  i),  ij=i/(a  +  i)  twice  orer, 

ThesolDtioQBof  die  original  ejBteio  are  therefore  3!=m^(a  +  &),  y=iu/(a-)-fr) 

Example  2. 

This  BjrBtfm  is  eqaivaleut  to 

(«-&V  +  Ci-<:>i3/  +  (c-a)y»=0  (2). 

a3?  +  bxy  +  ey'=d  (3). 

The  equation  (2)  (see  chap,  xri.,  g  9)  is  equivalent  to 

3^=(or  +  l)ft     xy={<u  +  l)p,     ^={b<T+\)p  (4), 

where  p  and  a  are  undetormined. 
Since  3?i^~{xy)\  we  must  have 

(M  +  l)(t<r  +  l)  =  (fl«-  +  l)'. 

Hence  we  deduce  ff=0,     a=  --i_-cT  W- 

The  first  of  these,  taken  in  coitjunction  with  (4),  gives  x=tj ;  and  hence 

that  is  to  say,  two  solutions  of  (1).     If  we  take  the  second  value  of  a  we  find 

b  +  e-2a'  ^        h  +  e-ia    '    *^    b  +  c-Sa  ^  '' 

where  it  remains  to  determine  p.     This  can  be  done  by  subititDtiug  in  (S). 
We  thus  find 

p=d/(a>+OH:''-ai=+ai»-a'*-a&:). 
Wb  now  deduce  Ihtm  (6) 

±(e-a)d^" 

''~{(S  +  c-2«)(a'  +  ac»-ca'+ai'-a'i-ai«)i""'     y^*'™' 
two  more  solutions  of  the  ori^nal  aysUm. 
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Hence  x=±fe/a;  the  two  last  equations  of  the  otiginal  systom  then  give 
y=±ealb,  3=±aile.  The  upper  sign*  go  together  and  the  lower  together ; 
BO  that  we  have  only  obtained  two  out  of  the  possible  eight  solutions. 

Example  i. 

iiy  +  z)=a',    y(z+x)=P,     j<a:+i/)=A 
This  can  be  Tedaced  to  last  by  solving  for  yi,  tx,  xy. 
iizample  G. 

xix-^y-t-s)=a\     p(a!+V+i)  =  6',    a,x  +  y  +  i)  =  '?. 
Let  ai+y +  *=(>.     Than,  if  we  add  the  three  equations,  we  have 

Hence p=±V('i*  +  '^'^^i  and  we  have 

±a* ±J' ±1^ 

''-;7(^  +  6»  +  c>)'     ''-V(nH*'  +  -r')'      '-V{a'+*'  +  £?)' 
Example  6. 
To  find  the  real  aolntians  of 

^+it'+i*=«'       (1).  i(j+2)+'ji-=le       (*), 

j*  +  ^  +  f=6'        (2),  ^j  +  j.)  +  fj=«,        ,6), 

I'  +  f  +  l'-c'         (8),  fli!+tf)  +  lf=o4        (6). 

From  (2),  (3),  aad  (4)  we  deduce 

{«!'  +  i)  +  'jtt'-il/'  +  r  +  f}{^  +  f  +  '?'}=0; 
thatis,  (f-J«)'  +  (f'?-fi)'  +  {it-iW)'=0  (7). 

Every  solatiou  of  the  given  systein  mast  satisfy  (7).     Now,  since  (f-yz)*, 
({^"'f)*!  CfE-'W)'  a™  all  positive,  provided  z,  y,  :,  f,  ^,  f  be  all  real,  it 
follows  Uiat  for  all  real  solutions  we  most  have  f"—^,  f))=i^  jf  =  )W- 
Hence,  ittna  the  symmetry  of  the  system,  we  must  have 

?=!»,    -f^",    !"-W,  («). 

-f.     ,=f.     =.?  (.). 

By  means  of  (8)  we  reduce  (1),  (2),  (3)  to  * 

i((a!  +  y+i)=a>,     y(a+y  +  :)  =  i^,     4x+y  +  z)=,?. 
Hence,  by  example  (E),  we  have 

±1^  ±y  ^e' 

From  (8)  we  now  derive 
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If  wc  lake  account  of  (4),  (G),  (fl)  its  see  that  the  upper  signs  most  go  to. 
getber  thioagbant,  and  the  lover  together  thraugboat ;  so  that  we  find  only 
two  real  solatiouB. 

Example  7. 

i<z-o)=jk:,     y(y-b)  =  2x,     1(2 -0)=*^  (1). 

From  the  fint  two  eqoations  we  derive  {x-y)  (x+y  +  i:)=ax-by,  which, 
if  we  put  p=x  +  y  +  2,  may  be  written  {p-a)x=(p-b)i/.  Heuce,  bearing  in 
mind  the  spmnetiy  of  the  system,  we  have 

where  p  and  a  have  to  he  detennined. 
From  the  Grit  equation  of  (1)  we  hare 


p-a\p-a    "}     {p-b)(p-. 


Removing  the  factor  9,  to  which  will  correspond  the  lolvtiou  x=y=i=0, 
we  find 

<r!(ai-6-e)p+{*c-»')}=o<p-a)(p-6)(p-r)  (3). 

Similatly  we  find 

,{{^-C'a.)pHca-V)\=b{p-a){p-b){p-e)  (i). 

From  (8}  and  (4)  we  now  eliminate  a,  obserring  that  in  the  process  we 
reject  the  factors  a,  p~a,  p-b,  p-c,  which  correspond  to  three  solntions, 
namely, 

x=a,     0,    0; 
y  =  0,     b,     0; 


1=0,    0,    c. 

We  tlioa  dedace 

bc  +  ea-t-ab 

which   gives  one   m< 

p-b=(ca-»)lZa.f- 
Hence  (2)  givee 

>rB   solution.      We    liavc   i 

c=(o6-c")/Sa. 

Zatm-Za' 
and,  by  aymmetry,  we  have  two  corresponding  rallies  for  y  and  s. 

This  example  is  worthy  of  notice  on  account  of  the  symmetrical  method 
which  is  used  for  treating  the  given  system  of  equations.  The  solution  might 
be  obtained  fully  as  readily  by  putting  x=iu,  y=vz,  and  proceeding  as  in 
S  12,  example  3. 

Exercises  XXXIII. 
(1.)  !c+!>  =  SO,    !ti/=2]S.  (2.)  1-^=3,     aJ'  +  !/»=fl5. 

(8.)  ie*  +  j(*=68,    xy  =  i.l.  (*■)  «+i'  =  8,     8x'-2a:i/+ir'  =  B*. 

{6.)  x  +  2y=xf,     2x  +  y=f. 
(6.)  i^+!/»+a(a+!f)  =  ll,     3.ry=2(i  +  !/). 
(7.)  a*+y*=!ai,    iB+y=6. 
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(8.)  a{'^W)=P'-m,     i(!e'  +  ^)=3a!-liy. 

ao.)aa!  +  6v=B,     blx  +  aly=d. 

(11.)  lfaai  +  ty=l,ia!'  +  <ts»=l,  have  only  onesolation,tliflnoV<!  +  i'/(i=l, 
ud  the  Bolvtion  In  qneation  is  z— a/e,  y=bl<i. 

(12.)  2i!r'-azy=l,     3/'  +  6!i¥  =  3*.  (18.)  i«?+ie!/  =  8*,     ie3/  +  y>  =  80. 

(14.)  a'  +  tKj(+y>  =  38,     x+y  =  2. 

(IB.)  l/z>  +  l/icy=l/a',     1/(/=  +  ]/ki/  =  1/J>. 

(18.)  (/B!  +  ?»)Wp+I'/?)-^  +  V^+p'+3'.    «/j>  +  !//?=V6- 

(17.)  z»  +  a'  =  !/»  +  ft'=(:r  +  y)'  +  (a-i)*. 

(18.)  (i-v)'=»'{^  +  »).    (>:  +  v)'=M(i-y). 

(19.)  («'-i>)/(^+y')  +  (a'  +  *")/(>^-lfl=l,     ^Ip'-y'lf^O. 

''*"■'  a:-3  +  i,  +  8-^'      lta  +  3  +  2i/  +  3~^- 
(21.)  •Hx-y)  +  !cy  =  Sxy-(x-y)  =  7. 
122.)  {x  +  y)l7  =  ai{x+y  +  l),     ay=12. 
(28.)  a!  +  l/p=10/a;,    i/  +  l/a;=l(te. 
(24.)  3(iB>+!/')-2a!!/  =  27,     Hj?+y')~6xy  =  l6. 
(26.)  3!>-!/»=208,     a-v=t 
(26.)  3?y  +  xjf'  =  lB2,    3^+y'  =  2K. 
(27.)  !^  +  3:y'=30,     kV  +  iV  =  «8. 
(28.)  a!»  +  s"  =  (a  +  6)(iB-y),    3?  +  3:y  +  /=o-i. 
(29.)  a^+iBV  +  i^=7".     it'-iC!*+!/'  =  lB.' 

(30.)  zj<ir  +  p)  =  48,    a!'  +  v"=72.     ,  (31.)  a!*  +  y*=a,    3!  +  v=&. 

(82.)  a;<  +  j/*=B7,     i  +  v=5. 

(33.)  ^*  +  i/'  =  Cj;»  +  2>eV.    3:  +  y=a-  iH.)  3^+y'^33,     x-i-y=S. 

(S5.)x'-y'^2xy  +  x-^y,     3f-i^^Sxy{x  +  y). 
(88.)  {x  +  y)(t?-v')  =  S19,     {x-y)i3f  +  y')  =  ZSi. 
(31.)  x'ly  +  y'lx^i.     ^  +  y  =  5. 
(38.)a^!t*-j/*)=(t',    7ni{^+y*)(<^-f)=(^ 
(39.)  iE'-x'  +  y*-V»=84,     a;"  +  KV  +  !/*=«- 
(40.)  »!'/i/=o'-zy,    y^ix^V-^. 
(*1.)x-\-y-¥-^{.xy)=\i,    ii»  +  s»+iy=84. 
(42.)  s/(l-<^)  +  V(l-«/f)  =  V(l+"/*).    a:  +  y=6- 
(iZ.)x  +  y  +  s/{^-^)  =  >h     yv'(^-!r')  =  2*'. 
(44.)  V(«'  +  l'2j/)  +  \/(y'  +  12*)  =  3S,     a:  +  i/  =  23. 
(46.)  V(^/y}  +  V(!'^}  =  5/2.     V(>^/j')  +  -,/C!/'/^)-V2/2. 
(48.)  V(^  +  (()  +  V[l'-»)-*V'^     VC":-«)  +  V(!'-")  =  W«- 
(47.)  *'  +  y*=o*.     (!<^  +  y')*  +  (2a^)*=i. 
(48.)  al»  +  a'  +  j/'  +  6'  =  V2M'>  +  !')-*("-y)}, 
^_a»-y.  +  fr>=V2M»-y)  +  *f«+S)}- 
(49.)  (a!>  +  a»)[!f"  +  fc')=m(iy  +  ai)',     (i=-o«)(j*-S')=n<te-<H(y. 
a      a      Ft  b      b     b 

(51.)  >:"»— (1)-— ,     a'V  =  CI)"— ■ 
(52.)  aft-»=y«',    y+»=a:». 
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*(1.)  Ia  =  0,     Z«Kr=0,     2oV=3n(*-e}. 
(8.)  B»+2(y+i)=ll,     a  +  2(,!  +  x)  =  8,     ay+2(ic+y)  =  ie. 

(6.)  a<V  +  *)  =  a4,     !rfi+*)  =  18,     !(a;  +  !,)=20. 

(8.)  i(if+s)=K(i  +  x)-:<z  +  y)=l. 

(7.)  lz  +  x)(x+y)  =  a'.    {x  +  y){y  +  >^)  =  U>,     {y+z){**-x)=c: 

(8.)  ai>;  +  yz=ay+at-az  +  a^=p', 

(9.)  ii^  +  2ji=128,     !f'  +  2a:  =  lfia,     i'  +  2a!p=128. 
(10.)  a'(y+»)'=aW+l,    J^i+z)'=6V+l.    t»(*+y)'=A»+l. 
(ll.)a(y  +  *-a!)  =  (a:+y  +  i)'-24y,     i(s+a!-y)  =  (!c  +  y+i)»- 2<=, 

e(ir  +  V-B)  =  {a;  +  y  +  a)>-2<w. 
(12.)  2{a?~yi)-2(ir'-!p)=t^.    Z{n?-y:)-2{y'-m:)=l/>, 

2(ai'-y«)-2(*»~a^)=A 
(13.)  SScc-O,     Xayz^O,     Xa?  =  J. 

(14.)  a(»!  +  |p)=i(y  +  ra)  =  c(s+Z!/),     z=  +  v'  +  ^+2ii«=l. 
(16.)  xl,ii  +  y+z)  =  yf.a+z  +  x)  =  t(a+x+y)  =  Za(x+y  +  z). 
(18.)  a:'  +  y'  +  ^=oi'  +  2z(y  +  i)-»?,  and  the  two  equations  derived  from 
big  one  by  interchwigiog  \    'T  i  ■ 

(17.)(W?=-+i,    bf=---,    aP=-+-. 
"•      '  y     z'      "      z    x'  X    y 

(18.)  lft"+A?+irV'  =  *9,    :^  +  ^  +  ^=\i,    a<y  +  s)=:9. 

{\9.)(j)z-7?)lafx={='~y^l}^  =  (xy-z')l<*z=-ilxyz. 

(20.)  iA!'(y  +  i)"=(ii'+i')yV,  and  the  two  derived  thorefroin  by  inter- 


(21.)  Zz»=o(Lj:-2ir)  =  ft(S''-2p)  =  <^2*-fc). 

(22.)(3:-l)(»  +  »-5)  =  77,     {3,-i)(z  +  x-i)  =  n.     (z-i){x  +  y-Z)  =  6i. 

(29.)u(y-x)l{z-^)  =  a,     %-;.)/(.  ^  u)  =  S,     y(u  -  .)/(a:  -  y)  =  e, 

xi^~z)l{,x-v)  =  d. 
(24.)  If3*  +  j»  +  i»  +  flai^=a,      3(]/%  +  A:  +  !c^)  =  i,     8(^1" -fa? +  «*»)=«, 
■how  that 

x+y  +  t={a-yb  +  e)\     a:  +  «y + (A  =  (a +<.*+«%)*, 

a  + 1^  +  MI  =  (a + iii*t  +  we)', 

where  6^  +  ai  + 1  =  0.     Find  all  the  real  solutions  when  a  =  72,   J=76,    c  =  69. 

*  In  this  set  of  exercises  S  end  n  refer  to  three  lettenonly  ;  and  ll{b~e) 
stands  for  (i-i:)(':-a)(a-i),  and  not  for  (i-<)(e-a)(a-6)(c-*)(«-e)(t-a}, 
a;,  strictly  epeaking,  it  oaght  to  do. 
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liZBItOIBEg  XXXV. 

(On  Btiminalion.) 
(1.)  Eliminate  x  trom  the  SfHtem 

(2.)  Eliminate  x  and  y  bora 

—    ^— it*        ^    Ina^a-b        3?    *°„i 
a~  b  ~a-b'       X  ~~y     0  +  6'      ^'*"^ 

(3.)  Eliminate  xj/z  from 

*+y+z=0.      ^+1  +  1=0,         ^(«-p)=^(y-?)  =  ^s-r). 
(4.)  The  result  of  elimioKting  xj/t  &om 

2AaiS  =  0,      IA'a?=0,       S(W=0, 
IB  21/[i>(CA')  +  <^AB')-o'(BC')l=0, 

where  (CA')=CA'-CA,  lie 

(S. )  Show  that  the  follawing  ajstam  of  equations  in  x,  y,  i  are  inconsistent 
unless  r* -^=875*,  and  that  they  have  an  infinite  number  of  solutions  if  this 
couditian  be  fhlGlled. 

^jf -iscyx=if ,      2js=y',       TiX=r. 
ifi.)  Eliminate  x  and  y  from 

(.-.)(.-»).,,     (S-i)(4-,).j,     (.-i)(S-,)/(J-i)(.-,)=.. 
(7.)  Eliminate  z,  ^,  t  from 

(8.)  EUmiuate  ie,  ^,  z  from 

esc-\-yi=bc,    by  +  tx=ca,     isi-xy=ab,    xyz=abe. 
(B.)  Eliminate  x,y,2  from  2b>=|j»,     Sa»= j",     Zx'=i*,    x>p=^. 
(10.)  Elinmuite  x,  y,z  from 
(:«;+aX!^  +  iXz  +  -:) -■»&:,   (y-<X--6)='»'.   <*-aX«-«)=*»,   (i-6X»-«)=='. 
(11.)  Tliesy>t«m 

^'+l'i'=^'  +  ».'=  ■  -  ■  =V  ■'-!'=*='''. 
uther  has  no  solution,  or  it  has  an  infinite  number  of  solutions. 
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CHAPTER   XVIII. 

General  Theory  of  Integral  Funotione,  more 
particularly  of  Quadratic  Fonctions. 

RELATIONS  BTTWZEN  THE  COEFlTiaBNTS  OF  A  FUNCnON  AND  ITS 
HOOTS — STUHETRICAL  FUMCnONS  OF  THE  ROOTS. 

§  1.}  B7  the  remainder  tbeorem  (chap,  t.,  §  16),  it  follows 
that  if  a,,  a„  .  .  .  a„  be  the  n  roots  of  the  integral  function, 

pfif*  +  p^^-^+pj^-*+  .    .    .   +J>„_iZ+J'„  (1), 

that  is  to  say,  the  n  values  of  x  for  which  its  value  becomes  0, 
then  we  hare  the  identity 

p<^+Pi3f-^+p^-*+  .  .  .  +pn 

^p,{x-a,)(z-aj   .  .   .    (^-a,)  (2). 

Now  we  have  (see  chap,  iv,,  §  10) 
(le- .0(21-01,)...  (a; -a„)=af-P,af-^  +  P^-2-..:  +  (-l)''P„ 
where  P„  P„  .  .  .  P„  denote  the  sums  of  the  products  of  the  n 
quantities  a„  a^  .  .  ,  a„  taken  1,  2,  ...  n  at  a  time  re- 
spectively. Hence,  if  we  divide  both  aides  of  (2)  by  p„  we  have 
tiie  identity 

=  i"-P.(i?-i  +  P^-*-  .  .  .  +(-l)"P„        (3). 
Since  (3)  is  an  identity,  we  must  have 

pjp.'  -p..  y*-P. pJp.-^-Vf.     (*)• 

In  particular,  if^a=  1,  so  that  we  have  the  function 

sif+p,3f*-^+p^-^.  .  .  i-p„  {5% 

then             i>,--Pi,    i',  =  P,,  .  .  .j'„  =  (-l)"P„  (6). 
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418  SYMMETRIC  FUHCTIONS  OF  TWO  VARIABLES.  [chap. 

In  other  wordB,  -p^  is  the  mm  of  the  w  tooU  ;  p,  tt<  sum  of  aU  the 
products  of  tlu  roots,  taken  Uco  ai  a  tims  ;  -  ji,  ih«  torn  of  all  the  pro- 
ducts, taken  three  at  a  lime,  and  so  on. 

Thus,  if  a  and  ^  be  the  roots  of  the  quadratic  function 
aa?  +  bx  +  e,  that  is,  the  values  of  x  which  satisfy  the  quadratic 
equation  aa^+bx  +  c  =  0,  then 

a  +  j8=  -i/ffl,     ii^  =  eja  (7). 

Again,  if  a,  j8,  7  be  the  roots  of  the  cubic  function  asf  \}x^ 
+  ex  +  (^  tiien 

a*/3  +  y--%    ^y  +  ya^a^  =  cja,     a^y  =  -  rf/ffl      (8). 
$  2.]  If  £„  St,s»,...Sr  Staid  for  the  su.ms  of  the  \st,  2nd. 
Zrd,  .  .  .  rtk  powers  of  the  roots  a  and  ^  of  the  quadratic  equation 
s^+p^x+p^  =  0  (1), 

we  can  eapress  s^,  s^,  .  .  .  SrOt  integral  functions  of  p^  andp,. 
In  the  first  place,  we  have,  by  {  1  (6), 

s,=a  +  p=-p,  (2). 

Again 

S,  =  a'  +  jS"  =  (a  +  )8)*  -  2a)8, 
=p;-2p,  (3). 

To  find  s,  we  may  proceed  as  follows.  Since  a  and  j6  are 
roots  of  (1),  we  have 

"'  +P,<^  +?,  =  0,     jS"  +pfi  +p,  =  0  (4). 

Multiplying  these  equations  by  a  and  p  respectively,  and  adding, 
we  obtain 

s,+p,St+p^,  =  0  (5). 

Since  «,  and  s,  are  integral  functions  of  p,  and  p^  (6)  determines 
5.  as  an  integral  function  of  ;,  and  p^     We  have,  in  fact, 

=  -p'-*'3pj>,  (6). 

Similarly,  multiplying  the  equations  (4)  by  a'  and  ^  respectively, 
and  adding  we  deduce 

»4+Pih+PA  =  0  (7). 

Hence  s,  may  be  expressed  as  an  integral  fiinction  of  ji,  and  p,, 
andsoon.  ,^  _.  t.^''^V■^^K 
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Wt  can  wm  express  any  iymmehic  integral  fvndUm  whaieeer  of 
the  roots  of  the  guadralic  (1)  as  an  integral^/undum  o/p,  and  p^. 

Since  a.ny  eynunetric  integral  function  is  a  sum  of  eym- 
metric  integral  homogeneous  functione,  it  is  sufficient  to  prove 
thie  proposition  for  a  homogeneons  sjmimetric  integral  function 
of  the  roots  a  and  p.  The  most  general  snch  function  of  tiie 
rth  degree  may  be  written 

A(a'-  +  ^  +  Baj8(a'-*  +  /3'-!)  +  Ca'j9'(a'-*  +  (3'-*)+  .   .   ., 
that  is  to  say, 

A3,  +  Bp,S,_,  +  Cp',Sr-.+ .    .    .  (8), 

where  A,  B,  G  are  coefficients  independent  of  a  and  j8. 

Hence  the  proposition  follows  at  once,  for  we  have  already 
shown  tbat  $„  Sr-,,  Sr-ti  ■  -  ■  <^i>  ^^  ^  expressed  as  integral 
functions  of  p,  and  p^ 

It  is  important  to  notice  that,  since  a  and  ^  may  be  any 
two  quantities  whatsoever,  the  result  just  arrived  at  is  really  a 
general  proposition  regarding  any  integral  symmetric  functioa  of 
two  variables,  namely,  that  on^  symvuirk  mUgral  ftmetion  of  two 
variables  can  be  expressed  as  a  ralimud  inleffrai  /unction  of  the  tieo 
etevwnlim/  symmetrical  fimctvms  p^—  -  (a  +  y8)  and  p,  =  ap. 

There  are  two  important  remarks  to  be  made  regarding  this 
expression. 

Ist.  If  t^  (he  eoe^icienls  of  the  given  integral  symmelric  function 
be  integers,  then  all  the  coefficienls  in  the  expression  for  it  in  terms  of 
Pj  and  j>,  wiil  also  be  tntegers. 

This  is  at  oace  obvious  if  we  remark  that  at  evety  step  in 
the  succeBsive  calculation  of  s,,  s,,  s,,  .  .  .  &c.,  we  substitute 
directly  integral  values  previously  obtained,  so  that  the  only 
possibility  of  introducing  fractions  would  be  through  the  co- 
efficients A,  B,  C,  ...  in  (8). 

2nd.  Since  all  the  equations  above  written  become  identities, 
homogeneous  throi^hout,  when  for  p^  and  p^  we  substitute  their 
values  -  (u  +  j3)  and  aj8  respectively ;  and  since  p,  is  of  the  first 
and  p^  of  the  second  degree  in  a  and  p,  it  follows  that  in  evety 
term  of  any  function  of  p^  and  p^  which  represents  the  value  of 
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a  homogeneous  symmetric  function,  the  mm  of  the  suffixes*  of  the 
p's  fiwst  he  equal  to  the  degree  of  the  symTntlric  function  m  a  and  ^. 
Thue,  for  example,  in  the  expression  (6)  for  s,  the  enm  of  the 
suffixes  in  the  term  -p',  that  is,  -pj>,p„  is  3^  and  in  the  term 
3p^,  also  3. 

This  last  remark  is  important,  because  it  enables  us  to  write 
down  at  once  all  the  terms  that  can  possibly  occnr  in  tiie  ex- 
pression for  any  given  homogeneous  synunetric  function.  All 
we  have  to  do  is  to  write  down  every  product  of  p,  and  j»„  or 
of  powers  of  these,  in  which  the  sum  of  the  suffixes  is  equal  to 
the  degree  of  the  given  function. 

Example  I. 

To  calculate  u*+^  in  terms  o!pi  aadpf 

This  is  a  homogeneous  syiumetric  fanctioii  of  tlie  Hh  degree.  Hence,  by 
the  nile  jnat  stated,  we  mtist  have 

nbere  A,  B,  C  are  coefficienta  to  be  detennmod. 

Id  the  first  places  ^^^  ^—^i  so  that  Pi=  -a,  Pt=0.  We  mnst  theo  lis  to 
tha  identity  a'  =  An*.     Hence  A  =  1. 

We  now  have 

B*+^  =  {a+^)*  +  B(B  +  p)'a/S+Ca'|S». 
Observing  that  the  term  (^  does  not  occur  on  the  left,  wo  see  that  B  mnst 
have  the  valne  -4. 

Lastly,  putting  a:^-^=l,  so  thatp,  =  D,  ^-  -1,  we  see  that  C  =  2. 

«*  +  ^  =Pi*  -  *Pi'ft  +  W- 
llie  same  resalt  might  also  be  obtainod  as  follows.     We  have 

Heuce,  using  the  values  of  «,  and  «,  already  calculated,  we  have 

Examples. 

Calculate  a'  +  (9*  +  o'(5*  +  a*^  in  terms  of  y,  andp^ 

We  have 

a»  + 19»  +  alS"  +  o»iS>  -  Aft"  +  By,"ft  +  Cftpj'. 
PnttJDg  |8  =  l),  we  find  A=  - 1  ;  considering  the  term  n*ft  we  see  that  B  =  B  ; 
and,  patting  a=:^=l,  we  find  C=  -9.     Hence 

•  This  is  called  the  leeight  of  the  fffinmetric  fbnction.  See  SalmoJi'a 
Sigh«r  Alg^ira,  S  G6. 
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Since  any  integral  alternating  fnnction  *  of  a  and  /8  must 
vaniBh  when  o  =  ^,  it  can  be  expressed  as  the  product  of  a  -  ^ 
and  some  symmetric  function  of  a  and  /3.  Hence  any  aliematinff 
/unction  of  a  and  ^  can  be  expressed  viUlumt  difficvlty  as  the  produa 
of  ±  -/{p'  -  ip,),  and  an  integral fwnciwn  of  p^  andp,. 
Ezampla  3. 

To  express  o'^  -a^'m  temw  of  ji,  and  p^ 
We  have 

a"jS-«|9'  =  <^{<.*-/S«), 

Every  symmetric  rational  function  of  a.  and  j8  can  be  ex- 
pressed as  the  quotient  of  two  integral  symmetric  functions  of 
a  and  (8,  and  can  therefore  be  expressed  as  a  rational  fnnction 
of  j>|  and  pt. 
Exampls  4. 

g'  +  gg^  +  a.^+^_  (a+^^-Bg(o+£) 

-Pi' -Pi 

Pi 

§  3.]  The  general  proposition  established  for  symmetric 
functions  of  two  variables  can  be  extended  without  difficulty  to 
synmietric  functiDus  of  any  number  of  variables. 

We  shall  first  prove,  in  ite  most  general  fonn,  Newton's 
theorem  that  the  sums  of  the  inteffral  powers  of  the  roots  of  any 
integral  eqaatum, 

!J!"+i>.a!"->+j)^-'  +  .  .  .+i*„  =  0  (1), 

can  be  es^essed  as  mtegral  frm^ara  of  j>,,  p,, .  ,  .  pn,  whose  co- .  fv,  ul  ■ 
effideais  a/re  aU  integral  mmAert.  i^'.  i^  m.,  ' 

Let  the  n  roots  of  (1)  be  «,,  «,>■■■%)  ind  let  the  eqiiationi.',^^^  *,.f7-j 
whoee  roots  are  the  same  as  those  of  (1),  with  the  exception  of        ' 
a„be 

;(!"-i  +  ,;»j3!"-^  +  ,^^-'  +  .  .  .  +  ,^„=0  (2); 

also  let  the  equation  whose  roots  are  the  same  as  those  of  (1), 
with  the  exception  of  a,,  be 

*  See  p.  76,  footnote. 

DB,l,r..cb,.GOOglC 


422  NEWTON'S  THEOREM. 

af*'''  +  ,p,af'*  +  ,p^"'  +  .  .   .  +  ,; 
and  BO  on. 
Then,  since 

we  have,  by  equating  coefficients, 


[OKAI". 

(3). 


J>,  =  .i>i  -  <»..    P,  =  ,Pm-  iP.<», 

Pr-tPr-.f,-," f.--,P»-,". 

(J^) 

SimUaily 

P,',P,-'.,    P,-.P.-.r,'^ 

Pr  =  ,Pr-*Pr.,'^,  ■   ■   •     P^=  "  .y«-.<H. 

(B) 

and  so  on. 

Again 

a^->  +  ,p,3f'  +  ,p^-^  +  .  .  .  +  li"™.. 

.(^+j,,^-'+f^-'  +  .  .  .+J.J/(.-«,), 

.«•->  +  (.,  +!.,)»?-'  +  (V  +y,a,  +p,>i"-' 

+  (a/ +y,a.'-»  +  .  .  . +;),>E"-'-' + . 

by  chap.  T.,  §  13. 

Hence,  eqoating  coefficients,  we  have 

.?.-•.      +?„ 

1^.  =  ",'     *Pfli       +P„ 

,Pr  =  <     +P."i"^  +.  .  ■+Pr, 

(«). 

.Jn-i  =  »■"■' ty.-i""' +  ■   ■   ■+!>.-, 

Similar  valoes  can  be  obtained  for  ,pi,  ,pt,  ,p„  .  .  .  ,pa-j, 
in  tenna  of  a,  and  ji,,  pt,  ■  ■  ■  Pn,  and  eo  oa 

Taking  the  rth  equation  in  the  system  {a),  we  have,  since 

Pt  =  ,Pt-iPt-i>^„ 

,yr_,ai  =  a,''+^,ii,''-'  +  ,    .    .+pr.,a,. 

£Umilaily 

.J>r-i«f  =  «i'  +  Pl'»i'"^  +  -    •    ■+IV-.''i. 

aad  80  on. 

Adding  the  n  equations  thus  obtained,  ve  have 


DBilir..cb,.GOOglC 


xniL]  NEWTON'S  TBEOBEH.  423 

Now  ,pr-i  18  fie  sum  of  "M  the  products  r  -  1  at  a  time  of  the 
»"  1  qn&Dtitiea  -o,,  -o,, .  .  .  -«,.  Hence  ,j>,-i<*i  is  the  sum, 
with  the  negative  sign,  of  all  those  products  r  at  a  time  of  the 
n  quantities  -a,,  -a,,  .  .  .-a„  which  contain  a^.  Similarly 
the  next  term  contwna  all  those  prodncts  r  at  a  time  in  which 
<i,  occurs ;  and  so  on.  Hence  on  the  left  all  the  products  r  at  a 
time  of  the  n quantities  -  a,,  -a,, .  .  .  -  Oq  occur,  each  as  often 
as  there  are  letters  in  it,  that  is  to  say,  r  times.  Hence  the 
equation  becomes 

~rpr  =  Sr+PiSr^,+.    .    •  +  Pr-i^n 
or  Sr  +  PiSr-,  +  .    .    .+J',.|«i  +  rpr  =  0, 

This  will  hold  for  any  value  of  r  from  1  to  n  -  1,  both  incluaive. 
We  have  therefore  the  system 

Si  +;),  =  0  -^ 


»n-i +i'i«»-i  +  •  -  •  (•»- l)?'n-(  =  0  J 
Again,  since  a,  is  a  root  of  (1),  we  have 

SimQ&rly 

and  eo  on. 

If  we   first   add  these  n   equations   as   they  stand,   then 
multiply  them  by  a„  a,, .  .  .  a„,  and  add,  then  multiply  them 
by  a,*,  a,*, .  .  .  «„*,  and  add,  and  so  on,  we  obtain 
9n      +  JiSb-i  + .  .  .  +  «p»  =  0  ' 


M, 


and  eo  on. 

The  equations  (/3)  and  (7)  constitute  Newton's  formuln  for 
calculating  J,,  ^,  s,, .  .  .  &c,  m  terms  of  j)„  i>a,  ■  .  .  pn-  It  is 
obvious  that  «„  >,,  s„  .  .  .  are  determined  as  rational  int^ral 
functions  of  ^,,  j),,  .  .  .  })„,  in  which  all  the  coefficients  are 
integral  numbers. 
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A  little  consideratioQ  of  the  fonnube  will  ahow  Uiat  in  the 
ea^essum  far  s,  the  sum  of  Vie  mffixes  of  the  p'sm  eack  term  imU 
be  r. 

Hence  to  find  all  the  tenna  that  can  poeeibly  occur  in  Sr  we 
have  simply  to  write  down  all  the  producta  of  powers  of  p,,  p,, 
,  .  .  j^n  in  which  the  sum  of  the  auffizea  ia  r. 


To  find  ths  « 

im  of  tho  cubes  of  tha  roots  of  the  equatio 

than. 

.,-2 

=  0,     «,-2^  +  2xS  =  0,    ^-2..  +  8^  +  S: 

luce 

.,  =  2,     H=~2.    ^=-18. 

Wo  cftn  now  show  that  ewery  integral  stfmmtiric  fiuiction  of  the 
roots  can  be  ea^pressed  as  an  integral  function,  ofp^,  p^  . .  .p„  The 
terma  of  every  aymmetric  function  can  be  grouped  into  types, 
each  term  of  a  type  being  derivable  from  every  other  of  that 
type  by  merely  interchanging  the  v&riablea  n,,  a,,  .  .  .  o^  aee 
chap,  iv.,  §  22.  All  the  torma  belonging  to  the  aame  type  have 
the  same  coefficient.  It  is  aufficieut  there/ore  to  prove  the 
above  propomtion  for  symmetric  functiona  containing  only  one 
type  of  terms.  Such  aymmetric  functiona  may  be  classed  as 
single,  double,  triple,  &o.,  according  as  one,  two,  three,  &c., 
of  the  variables  a^,  a^  .  .  .  a^  appear  in  each  term.  Thus 
Soy,  2oPo,',  'Sa^Pa'iaJ,  &&,  are  single,  double,  triple,  &c, 
aymmetric  functiona. 

For  the  aingle  functions,  which  are  aimply  sums  of  powers, 
the  theorem  has  already  been  eatablished.  We  can  make  the 
double  function  depend  on  thia  caae  as  follows : — 

Consider  the  distribution  of  the  product 

Terms  of  two  different  types,  and  of  two  only,  can  occur,  namely, 
terms  derivable  from  aPa|fl,  that  is,  ",*'■'■',  and  terms  derivable 
from  "i^a,'.     We  have  in  fact 

Hence  ^pi,^  =  V?  "  h+r 
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Now  Sp,  Sp  8p+j  can  all  be  expreBsed  as  integral  functions  of 
p,,p,,  .  .  .  Pa-     Hence  the  same  is  true  of  Sa^^'a^'. 

Here  we  hare  supposed  p=¥q.     If  p  =  q,  then  the  term  a^aj' 
will  occur  twice,  and  we  have 

V  =  2a,*  +  22a,i'a/ ; 

but  this  does  not  aflfect  our  reasoning. 

The  case  of  triple  functions  can  be  made  to  depend  on  that 
of  double  and  single  functions  in  a  sunilar  way.     In  the  dis- 


(a,'  +  af  +  .  ..  +  V) («,'  +  ",'  +  ■  ■  ■  + -^b") (",' +  S' +  ■  ■  +"^0 
every  term  is  of  the  form  aj^a^a^^,  where  u,  v,  to  are,  1st,  all 
different ;  2nd,  such  tJiat  two  are  equal ;  3rd,  all  equal  Any 
particular  term  can  occur  only  once  it  p,  q,  r  be  all  unequal. 
Hence  we  have 

SfSjS^  =  2a,'*o,9a,''  +  l^P+^a'  +  Sa.'+^ol*  +  Soi'+Pa,*  +  2aP+a+'. 
In  the  last  equation  every  term,  except  2o^a,9a/,  can  be  ex- 
pressed as  an  integral  function  of  p„  Pn.  ■  .pnr     Hence  'Za.fa^a^ 
can  be  so  expressed. 

If  two  or  more  of  the  numbers  ;>,  j,  r  be  equal,  then  each 
term  of  Sa^ajSa,'  will  occur  a  particular  number  of  times ;  and 
the  same  is  true  of  certain  of  the  other  terms  in  the  equa- 
tion last  written.  But  this  does  not  affect  the  conclusion  in 
any  way. 

We  can  now  m^lce  the  case  of  quadruple  eymmetric  functions 
depend  on  the  cases  already  established ;  and  so  on.  Hence 
the  proposition  is  generally  true. 

It  is  obvious,  from  the  nature  of  each  step  in  the  above  pro- 
cess, and  &om  what  has  been  already  proved  for  g„  »^  s^  ■  •  •, 
that  in  the  expression  for  any  homogeneous  symmetric  function  of 
degree  r  the  sum  of  the  suffiites  of  the  p's  will  be  r  for  each  term  ,■ 
BO  that  we  can  at  once  write  down  all  the  terms  that  can  possibly 
_  occur  in  that  expression,  and  then  determine  the  coefGcients  by 
any  means  that  may  happen  to  be  convenient. 

It  is  important  to  remark  that  the  degree  in  p^,  p,  .  .  .  Pn 
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of  the  expresswn  for  ^Pa^aJ  ...  in  terms  of  y„  p^  ■  ■  ■  Pn 
must  be  e^uai  to  the  highest  of  the  indices  p,  q,  r.  .  .  .  For,  let 
the  term  of  highest  degree  be  p^p^  .  .  .  ^\  then,  since, 
by (A),^,  =  1^1  ~ «n P,  —  iP,~  Ji^it  ^'^^ ^6 see  thalp^p^ . . . p„\ 
when  ezpreesed  in  terms  of  a„  a„  .  .  .  o^  will  introduce  the 
power  ai\+*i  •  '  ■  +\  with  the  coefficient  ( -  l)"j'i\p.^  .  ■  . 
iPn-i^>  Ifow,  unce  theio  are  no  terms  of  higher  degree  than 
^,\p,\  . . .  Pb\  if  the  power  a,N+\  ■  ■  •  \  occur  again,  it  must 
occur  as  the  highest  power,  resulting  from  a  different  term  of  the 
same  degree ;  that  is  to  say,  it  will  occur  with  a  different  co- 
efficient and  cannot  destroy  the  former  term.  Hence  the  index 
of  the  highest  power  of  any  letter  in  the  symmetric  function 
muBt  be  equal  to  the  degree  of  the  highest  term  in  its  expression 
in  terms  of  p„p„  . .  .  j>„." 

§  4.]  Although,  in  establishing  the  final  theorem  of  §  3,  we 
have  used  the  language  of  the  theory  of  equations,  the  result  is 
really  a  fundamental  principle  in  the  calculus  of  algebraical 
identities;  and  it  is  for  this  reason  that  we  have  introduced  it 
here.     We  may  state  the  result  as  follows : — 

Let  UB call Sr,, "Sa^x^  ^z^, .  . .,  ^x^ ■■  -^ the n elemenian/ 
stfmmetrie  fwuAions  of  the  system  of  n  variables  Xy,  x,,  .  .  .  x,r 
Then  vie  can  express  any  symmetric  integral  f miction  of  XuZt, .  . .  x^ 
as  an  tntegrai  function  of  the  n  Aememtary  symmetric  fitnctions  ;  and 
therefore  aay  rational  stfrrnndric  function  of  these  variabUs  as  a 
raHojial  funetion  of  the  n  elementary  symmetric  functions. 

We  now  give  a  few  examples  of  the  calculation  of  symmetric 
fonctions  in  terms  of  the  elementary  functions,  and  of  the  use  of 
this  transformation  in  establishing  identities  and  in  elimination. 

EzampU  1. 

If  0,  A  Y  be  the  roots  of  tiie  equation 

Bxpreea  ^"7  +  ^  +  7*B  +  TO*  +  a  V  + 'i^' in  temiB  of  jij,  Pi,  jv 

Site  yre  ia,v«  p,  =  Sa,  p,=2afi,  pi  =  ttfiy.  Ranleinberiiig  that  no  term  of 
higher  degres  than  the  3rd  can  occur  in  the  value  of  Za'^,  we  see  that 

*  Salmon,  Bigher  Algebra,  t  BS. 
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2«V=Aft'p,  +  Bpj^  +  CA' 

where  A,  B,  C,  ai. 

numbers  which  ws  have  to  determine. 

8nppo«  T=0 

then  p,  =  a  +  ft  p,  =  (.^,  ft=0 ;  and  {1}  betomes 

«»p+,^^A(»  +  |8)V+CaVl'; 

that  ia  to  B&J, 

B'  +  ^  =  A(a+(S)»  +  C<.^ 

Honce 

A  =  l.    C=-2. 

Wo  now  have 

2««P=J'.*P,+Bp,ft-2ft=- 

Loto=iS=7=l,  BOthaty,  =  8,|i,=8,  p,=  l.     We  then  have 

a  =  27  4-98-18. 

Hence 

B=-l. 

Therefore,  fiaaUy 

^V^ft-ft-PU^-ap.'- 

In  other  words,  w 

e  have  the  identity 

Example  2. 
To  show  that 
()p-sni)(ix-yii)l!ey-ai)  =  (yxu+tiu:  +  tix}/-]-xszf-X!iKi^x-i-y  +  i,+uf    (2). 
The  left-hand  aide  of  (2}  b  a  symmetric  function  of  z,  y,  z,  u    Iiot  ns  calcu- 
late ita  value  in  tennaof}>,=Z:E^  p,  =  2zy,  f^=Zz^,  p,=a^;i(. 

Since  the  degree  of  11(2/2  -  zu)  in  z,  y,  2,  u  is  0,  and  the  degree  in  x  alone 
IB  S,  we  have 

lH3fz-mi)=Ap,'pt+BpiP3Pt+Cpt'+Dp^t+'Ept*  (8). 

If  we  pat  u  =  0;  thenp]  — Z^  p^  —  'S^xy,  Pt  =  xi/z,  Pi=0,  where  the  snffii 
8  under  the  S  means  that  only  three  varioblee,  x,y,s,  are  to  be  considered.  If 
Pv  Pt,  Pt  liAve  fbr  the  moment  these  meanings,  then  (9)  becomeg  the  identity 

ft' =  Bpipjj,+ Cp,»  +  Ep,". 
Hence  B=0,    C=0,    E=l. 

Hence  n(^  -  aw)  =  Aft'y*  +  DpsP* +Pi*  <*)■ 

Now  let  a=y=l,  and  s=ii=  -1,  so  that  pi  =  0,  Pi=  -2,  pt  =  ^,  ^4=1- 
Then  (4)  becomes 

0=-2D. 
Hence  D  =  0. 

We  now  have  n(yi  -xa)  =  i^p^  +ft-. 

In  this  put  a!=^=;=tc  =  l,  and  n-e  have 

0  =  18A  +  16. 
Hence  A=  -1. 

Hence,  finally,  n(y2-»u)=p,»-^'p„ 

tchich  eatabliahee  the  identity  (2). 
Example  3. 

Ifz+S+K=0,  show  that 

aJi  +  yU+^u    3J+I^+^    ^+j^+^    i^  +  ^+^f    a?+y'  +  ^       ... 
11 S^         ■    ^2 9 2 '^ 
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ltp,  =  2r,  Pi-—'^^,Pi=xip,  %=£x',  «,  =  £3^,  Ik.,  then  we  are  required  to 
prove  tbat 

?U=^_^  (5'V 

11      6       18  ^    ' 

W«  know  tbat  su  is  >  rational  fonctiou  of  p^,  p^p^  In  the  present  case 
Pi  =  0,  and  we  need  only  wiite  down  those  terms  which  do  not  contain  p^. 
We  thus  have 

%=Aft'ft+Bftft»  (8), 

provided  a!+y+i=0. 

A  ma;  be  most  nmply  determined  by  patting  z=  -(x-f-y),  writing  out 
both  sidea  of  (6)  as  functions  of  x  and  y,  dividing  by  «y,  and  comparing  the 
coefficients  of  x^.     We  thiuDnd  A  =  ll. 
We  have  therefore 

In  this  test  equation  we  may  give  x,  y,  z  an;  valnea  consistent  with 
x+y+z=ti.  Bay  x=2,  y=-\,  z=  -1.    Wo  tins  get  B=-ll.    Hence 

'hi="ft'P.-llW»'  (1)- 

lu  like  manner  we  have 

«,=Aj>,'+Bp^' 
Patting  in  this  equation  first  x=l,  y=-  -1,  s=D,  and  then  «=2,  y=  -1, 
2=-l,  wefindA  =  2,  B=-8. 

Hence  »«=2p,*-8pip,'  (8). 

We  a^  find  'i,=^Pi  (S)- 

»,--2p,  (10). 

From  (3),  (9),  and  (10)  we  deduce 

=ft*ft-ftft*. 

^11' 
which  is  the  required  equation. 

Since  we  have  foor  equations,  (7),  (8),  (B),  (10),  and  only  two  qnantitiea, 
p^  Pf  to  eliminate,  we  can  of  course  obtain  an  infinity  of  different  relatioUB, 
auch  as  (6) ;  all  these  will,  however,  be  equivalent  to  two  independent  eqna- 
tions,  say  to  (G),  and 

Example  4. 

Eliminate  X,  y,  zttota  the  equations  x  +  y+j=0,  ^  +  j*  +  s»=a,  «'  +  ^  +  ^ 
=  6,  a? +  !/»  +  !'= c 

Using  the  same  notation  as  in  test  example,  we  can  show  that 
s,  =  Sp^    ».=  -Bpift.     ^  =  1p^Pf 
Oar  elimination  problem  is  therefore  reduced  to  the  following : — 
To  eliminate  p,  and  ?,  bum  the  equations 

3a=:a,      -t>p,Pt=h,     lp^Pt=c. 
This  can  be  done  at  once.     The  result  is 

aii'-2S«!=0. 
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a  tad  ^  being  the  roots  of  the  eqiution  a?+pz-t-q  =  0,  express  tbe  follow* 
ing  in  temia  otp  and  ; : — 

<1.)  «»+^.  (2.)  ("^  +  W!»-tfP-         (8.)  a-»  +  ^.  <4.)  «-"-^. 

<B.)  (rf+|3^-'  +  (a'-^)-'.  (6.)  (l-„)»^  +  (I-^)V. 

(7.)  If  the  Biun  of  the  roots  of  a  qnodratic  be  A,  and  the  nun  of  their 
eohas  B*,  find  the  equation. 

(S.)  If  1^  denote  the  mm  of  the  nth  povrera  of  the  roots  of  a  qoadntic, 
then  the  eqaation  is 

(»n»ii-I  -  3t-\*)3?  -  (»^n,_i  -  t,^,i-i)x  +  (*»H»,^i  -  ^')=  0. 

(9.)  If  s  and  ^  be  the  roots  of  a?+pie  +  q=0,  find  the  equatjon  whose 
roots»re(«- Aft  (^-A)". 

(10.)  Prove  that  the  roots  of 

i?-l^-g)x+p'-pg  +  j'  =  0 
tnp+vq,  p  +  apq,  w  and  w*  being  the  imaginary  cnbe  roots  of  1. 

(11.)  If  o,  ^  be  the  roota  of  a* +  1  +  1,  prove  that  b"+P"=2,  or  =-1, 
according  aa  n  ia  or  is  not  a  multiple  of  3. 

(12.)  Find  the  condition  that  the  roots  of  az*-{-te-)-e=0  may  be  dedn- 
cible  fWtm  fhoa6ota'si?*yx  +  ^=0hy  adding  the  same  quantity  to  each  root. 

(IS.)  If  the  differenoea  betiveen  the  roots  of  x'+px  +  q=l}  and  3?+jx+p 
=  0  be  the  same,  eboir  that  either  p=qotp+j  +  i  —  (l.  What  peculiarity  is 
there  when  p=q  1 

Calculate  tbe  following  functions  of  a,  p,  y  in  terms  of  p,s£a,p,=ZaA 
Pt=afiy:— 

(U.)  a*/^+^frt  +  i'/afi.  (16.)  o-»  +  /!-'  +  -r'. 

(16.)  (^+y)(>'  +  o>) (..»  +  /»>).  (17.)  2(o>+^)/(a'-^). 

(18.)  Afi-yy.  (19.)  2i,t-fi)KP-yf.  (20.)  X<fi+yy. 

Calcniate  the  following  functions  ot  a,  p,  y,  I  in  terms  of  the  elementary 
symmetric  fonctions: — 

(21.)  Eo*.      (22.)  2a-».       (28.)  2ay.      (24.)  2«'/Jy.       (26.)  2(o  +  /S)*. 

(2S.)  If  a^be  the  roots  nf  the  biquadratic  3:<+;^+jifi*+Ki:+j)i=0, 
find  the  equation  whose  roots  are  Py  +  id,  ya+pt,  afi  +  yS. 

(27.)  If  theroot»ofa?-p,zi+y,=0,  x?-qiX  +  g,=t),  3J'-riZ  +  r,  =  0,  be  A 
7 ;  7,  a  ;  a,  ^  respectively,  then  a,  p,  y  aro  the  roots  of 

>!'-i(Pi  +  ft  +  n>^  +  (ft-'-?i  +  ''5)»:-i(PiJi''i--J'iJ'i-Mi-'"i'"i)=0- 

(28.)  It  a,  p,y  be  the  roots  of  ^'+ji3;  +  j=0,ahow  that  the  equation  whose 
noUtna+py.p  +  yojy  +  afi,  is  a:»-fa^  +  (p  +  a?)a!+j-(p+i)'=0. 

(26.)  If  0, ;},  7  be  the  roots  of 

pl{a+x)  +  qHb  +  se)+rHe+x)  =  l, 
riiowthatjJ=(<»  +  a)(o  +  ffl(a  +  7)/(a-&)(<.-e). 

If  a,  p  he  the  roota  of  a?+p,z+jjj=0,  and  a',  J}*  the  roots  of  :^+y,'3:+p,' 
=  0,  eipreas  the  following  in  terms  ofpi,  p^  pi',  p^' : — 
■   (80.)  {a'-«)((S'-«  +  (a'-fflO'-<t). 
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(81.)  («'-a)'  +  tf'-«*+(a'-/J)'  +  (j9'-a)'. 

(82.)  («+B')(p  +  ,9')(a+/S')(p  +  a'). 

(S3.)  *(a-«')(o-,S')(/»-a')(0-/r). 

[The  reaalt  in  thu  case  is 

*(ft -I>'0'+ 4(pi -Pi')  (PlPi' -ft'ft) 

=  (2ft +2p,' -p  j^')' -  {fi*  -  4yJ  (P,"*  ~  *ft').] 

[  (84. )  A,  A'  and  B,  B'  sra  four  points  on  a  atraiglit  line^whose  diBtances, 

from  a  fizod  point  O  on  that  line  (right  or  left  according  aa  the  algabraic 

values  are  positive  or  negative),  are  the  roots  of  the  equations 

a^  +  bcc  +  c-O,     a'a?  +  i'z+c'=0. 

If  AA'.BB'  +  AB'.BA'=0, 

show  that  aa'  +  2e'a-66'=0  ; 

and  if  AA'.BA'  +  AB'.BB'  =  0, 

that  2to''-2£'a(i'+afc''-o'M'i=0. 

(SG.)  a,  (}  are  the  roott  of  z^-2ax  +  i*=0,  and  a',  0  the  roots  of 
i'-2cE+d'=0.     ir«a'  +  ^  =  4n',  show  that 

(o'-t>)(e>-(P)=(m:-2n»)'. 

(36.)  a,  p,  a',  ff,  being  as  in  laat  exercise,  form  the  equation  whoM  roots 
areaa'+^,a^  +  a'(S. 

(87.)  If  the  roots  of  oa? +)« +  e  =  0  be  the  square  roots  of  the  roots  of 
o'a?  +  *'z+e'="0,  show  that  o'6'  +  a'i'  =  2an'«; 

(3S. )  Show  that  when  two  roots  of  a  cubic  are  equal,  its  roots  can  always 
be  obt^ned  b;  means  of  a  quadratic  oqoation. 

EEGmpliiy  bj  solving  the  equation  12z>  -  &&£>  +  S7z  -  4G  ::^  0. 

(89.)  If  one  of  the  roots  of  the  cnbici!'+p,ii!'+fti+rt  =  0  beequal  to  the 
sum  of  the  othor  two,  solve  the  cubic.  Show  that  in  this  case  the  coefficients 
must  satisfy  the  relation 

(40.)  If  the  square  of  one  of  Uie  roots  of  the  cubic  a^+;)^+p^+ji,=0  be 
equal  to  the  product  of  the  other  two,  ahow  that  one  of  the  roots  Is  ~pjfi ; 
and  that  the  other  two  are  given  by  the  quadratic 
p,ftz'4-p,{pi'-ft)a:+p,'ft  =  0. 
As  an  example  of  this  case,  solve  the  cubic 

a?-»K=-63i  +  3«=0. 

(41.)  If  two  roots  of  the  biquadmtic  ^^+p^3?+p^+p^+p^=fi  be  equal, 
show  that  the  repeated  root  is  a  common  root  of  the  two  equations 
43?  +  8piK'  +  2p^+j>,=0,     a^+y,!c'+j>^+p,a;+p,=0. 

(42.)  If  the  three  variables  a;,  y,  s  be  connected  by  the  relation  1x=it!p, 
show  that  i;23;/(l-5^)  =  n23!/(l-a0. 

(43.)  If  2t  =  0,  ahow  that  22z'  =  7»v^Zar'. 

(44.)  IfSa:  =  0,  show  that  2E'  =  2(2j)]t)*- SaV^Zjo. 

(45.)  If  2o  =  0  (three  variables),  then  (2(6'-e")/o')  (ZoV(**-e«))  = 
S6- 4(20*)  (20-^. 

(48.)  If  ZiE'=0,Z«*=0  (three  variables),  show  Gia.i1af+xtp{(y-z)(z-x) 
(*-!,)  J  1=0. 
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<17.)  If  x  +  y  +  i  +  u  =  0,  Bhow  that  (;Saf'^  =  SiZ)^f=m{yz-xu). 
(IS.)  Under  the  hypothesis  of  last  eiercise,  show  that 

Eliminate  x,  Vi  ~  between  the  eqoationa 
li9.)z(l)=l,     S(f)'=m=,     2@*=n».    Mff=l^- 
(60.)  7^=a\     Zxj/=l>',     Z£V=f,    Ziii'=<P. 


SPECIAL  FSOPERTIES  OF  QUADRATIC  FUNOTIONS. 

§  6,  DisavniiuUion  of  Soots. — We  have  alreadjr  seen  (chap, 
xvii.,  S  i)  how,  without  solving  a  quadratic  equation,  to  dia- 
tioguish  between  cases  where  the  roota  are  real,  equal,  or  imag- 
inaiy.  There  are  a  variety  of  other  cases  that  occur  in  practice 
for  which  it  is  convenient  to  have  criteria.  These  may  be  treated 
by  means  of  the  relations  between  the  roote  and  the  coefficienta 
of  the  equatioH  given  in  §  1  of  the  present  chapter.  If  a,  ^8  be 
the  roots  of 

a^  +  bx  +  c  =  0  (1), 

then  «  +  /3  =  -  fc/o,     a^  =  cja. 

If  both  a  and  ^  be  positive,  then  both  a  +  /3  and  a.^  are  posi- 
tive. CoDTersely,  if  a/3  be  positive,  o  and  ^  must  have  like 
signs ;  and  if  a  +  ^  be  also  positive  each  of  the  two  signs  must 
be  positive ;  but  if  a  +  ;8  be  negative  each  of  Che  two  signs 
must  be  negativa  Hence  the  necessary  and  sufficient  amdiiion  thai 
both  roots  of  (1)  be  positive  is  that  bja  he  negative  and  cja  positive  ; 
and  the  necessary  and  saffineat  condition  thai  both  roots  be  tiegative  is 
that  b/a  be  positive  and  e/a  positive.  This  presupposes  of  course, 
that  the  condition  for  the  reality  of  the  roots  be  fulfilled,  namely, 
6'-4ac>0. 

Keality  being  presupposed,  the  necessary  and  sufficient  condition 
thai  the  roots  have  opposite  signs  is  obviously  that  cja  be  negative. 

The  necessary  and  suffictent  condition  that  the  two  roeis  be  ntmteric- 
aily  equal,  hut  of  opposite  sign,  is  a  +  ji^O,  that  is,  bja  -  0. 

If  one  root  vanish,  then  ap  ~0 ;  and,  conversely,  if  a/3  =  0, 
then  at  least  one  of  the  two  «,  P  must  vanish.     Sence  the  meet- 
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sary  and  suffitAent  amdiHon  for  one  zero  root  is  c/a  =  0,  that  is,  e  =  0, 
a  beiDg  BuppoBed  finite. 

If  both  roots  vanifih,  then  a^  =  0  and  a  +  ^  =  0;  and,  con- 
Tersely,  if  (ij8  =  0  and  a  +  j8=0,  then  botha  =  0  andy3  =  0;  for 
the  first  equation  requires  that  either  a  =  0  or  ^  =  0,  aay  a  =  0 ; 
then  the  second  gives  0  +  ^=0,  that  is,  /3  =  0  also.  Hence  the 
necessary  and  st^ideoi  eondiHon  for  two  zero  roots  is  c/a  =  0,  bja  =  0, 
thai  is,  a  being  supposed  finite,  c  =  0,  6  =  0. 

The  two  last  conclusions  have  already  been  arrived  at  in 
chap,  xrii.,  {  2.  Perhaps  they  Till  be  more  fully  understood  by 
considering  the  case  as  a  limit.  Let  us  suppose  that  the  root  a 
remains  finite,  and  that  the  root  ^  becomes  very  smalL  Then 
afi  becomes  very  small,  and  approaches  zero  as  its  limit,  while 
a.  +  P  approaches  a  as  its  limit.  In  other  words,  c/a  becomes 
very  small,  and  -  hja  remains  finite,  becoming  in  the  limit  equal 
to  the  finite  root  of  the  quadratic. 

If  both  a  and  fi  become  infinitely  small,  then  both  a  -i-  j8  and 
ap,  that  is  to  say,  both  -  bja  and  eja,  become  infinitely  small. 

Infiwic  Boots, — If  the  quadratic  (1)  have  no  zero  root,  it  is 
equivalent  to 

that  is,  if  i  =  l/x,  to 

c^  +  6^  +  a  =  0  (2). 

The  roots  of  (2)  are  1/a  and  1//3;  and  we  have  l/o+  1//3 
=  -bjc,  l/aj8  =  a/c  Let  us  suppose  that  one  of  the  two  a,  )3, 
say  /3,  becomes  infinitely  great,  while  the  other,  a,  remains  finite ; 
then  ll/3  becomes  infinitely  small,  and  l/aj8,  that  is,  ajc,  becomes 
infinitely  small,  whUe  I/a  +  l/j8,  that  is,  -  bjc,  approaches  the 
finite  value  l/o.  Hence  the  necessary  and  sufficient  condition 
that  one  root  of  (1 )  be  infinite  is  a  =  0,  c  being  supposed  finite. 

In  like  manner,  the  condition  that  two  roots  of  (1)  become 
infinite,  that  is,  that  two  roots  of  (2)  become  zero,  is  a  =  0,  b  =  0. 

If  therefore  m  any  case  where  a  qdadratic  equation  is  in 
QUESTION  Kc  obtain  an  eqaatwa  of  the  form  bx  +  c  =  Q,  or  an  equa- 
liffa  of  Oie  paradoxieal  form  c  =  0,  we  condvde  thai  one  root  of  ths 
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quadratie  has  became  infiniU  in  the  one  case,  and  that  the  two  roots 
have  become  infinite  tn  the  otJier. 

For  convenience  of  reference  we  collect  the  criteria  for  dis- 
criminating the  roots  in  the  following  table : — 


Roots  real      . 

^-taoQ. 

Both  root*  nt^ative 

c/a  +  .  b/a*. 

Rooti  miaeiiiarf     . 
Boota  eqnid    . 

J»-tee<0. 

Koota    of    oppoute 

i"-4a<=0. 

rign..       .        . 

e/a-. 

Boota    equal    with 

One  root  =0 

Bo°^^^  ^^ve' 

6  =  0. 

Two  roatB  =  0 

One  root  =« 

a=0. 

Two  roots=i» 

§  6.]  The  reader  should  notice  that  some  of  the  results  em- 
bodied in  the  table  of  last  paragraph  can  be  easil;  generalised. 
Thus,  for  example,  it  can  be  readily  shown  that  if  in  the  equaUon 

p^'*+P,3?*-^+    .     .     .    +p„=0  (1) 

the  last  r  'coe^eieats  all  vanish,  then  the  eguatum  will  have  r  zero 
roots ;  and  if  the  first  r  coe^cienls  all  vanish  it  will  have  r  infinite 
roots. 

Again,  if  ^1  =  0,  the  algebraic  sum  of  the  roots  will  be  zero ; 
and  ao  on. 

It  ia  not  difBcult  to  find  the  con4iti,on  that  two  roots  of  any 
eauatiiiA  Ja&  fQ,""^  .  We  have  only  to  express,  by  the  methods 
alfeady  explained,  the  symmetric  function  H^a^  —  a^f  of  the  roots 
in  terms  of  p,,  Pi,  ■  ■  ■  Pw  and  equate  this  to  zero.  For  it  is 
obvious  that  if  the  product  of  the  squares  of  all  the  differences 
of  the  roots  vanish,  two  roots  at  least  must  be  equal,  and  con- 


For  example,  in  the  case  oF  the  cnbic 

a!>+p,!c>+y^+P,  =  0  (2), 

whose  roots  are  a,  ^,  y,  we  find 

0S-T)^7-aH«-^)'=-4p,^+y,X  +  18;*iAft-*P,'-27p,». 
The  cooditioD  for  equal  roots  U  therefore 

-  *Pi^+I>iV!i'  +  I8ftP.ft  -  *P^  -  27ft''=0. 
Farther,  if  aU  the  roota  of  the  cubic  be  teal  l§-yf{.y-af{a-(rf  wOl  be 
positive,  and  if  two  of  them  be  iinaginaiy,  say  ^  =  X  +  /u,  •(  =  \-iii,  then 
(/l->K»-"««-W=-VI|i-.)'+c"r,  ll»l  U,  If-iny-an^-ffU 
aegative.  Hence  the  roots  of  (2)  are  real  and  unequal,  aach  tbat  two  at  least 
are  equal,  or  euch  that  two  are  imaginary.  Recording  as 
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-  ^ft'Pi  +  J"]*?.' +  18pi  ftft  -  4j),' -  27ft» 
is  positiTC,  zero,  or  Degative. 

Tba  farther  parauit  of  this  matter  belongs  to  the  higher  theory  of  equa- 

§  7.]  If  the  two  qtiadraiie  equatwns 

aa^  +  hx  +  c  =  0,     a'!i?  +  b'x  +  c'  =  0 
be  ejumUeni,  then  6/o  =  b'ja'  and  eja  =  dfa'.    For,  if  the  roots  of 
each  be  a  and  p,  then 

b}a=-{a  +  ^  =  b'/a',     cla  =  al3  =  <fla'; 
and  this  conilition  is  obviously  sufficient. 

This  proposition  gives  ns  the  following :  A  quadratU  funclum 
of  xU  amgdelely  ddermined  when  its  roots  art  given,  and  also  the 
value  of  the  function  corresponding  to  any  value  of  x  whieh  is  not  a 
root.  This  we  may  prove  independently  as  follows.  Let  the 
roots  of  the  function  y  be  »  and  j8 ;  then  y  =  A{x  -  a)  (i  -  j3). 
Now,  if  V  be  the  value  of  y  when  x=X,  say,  then  we  must  have 
V  =  A(A-a)(X-/3). 
This  equation  detennines  the  value   of  A,  and  we  have, 

(.-.)(. -ft 

The  result  thus  arrived  at  is  only  a  particnlar  case  of  the 
following.  An  vntegrai  fwnclion  of  the  nth  degree  is  uniqaely  deier- 
mined  when  iis  n+l  vaiues,  V^,  V^,  .  .  .  V,^^.^,  ixnresponding  re- 
sptdively  tothen+\  values  \,  \,  .  .  .  X„+,  of  iis  variable  x,  are 
ffiven.  To  prove  this  we  may  consider  the  case  of  a  quadratic 
function. 

Let  the  required  function  ho  aa?  +  bx  *  c ;  then,  by  the  con- 
ditions of  the  problem,  we  have 

aX'  +  b\  +  c  =  V,,     aX,'  +  bk^  +  c  =  V,,     a\/  +  ftA,,  +  c  =  V,. 

These  constitute  a  linear  system  to  determine  the  unknown 
coefficients  a,  b,  c.  This  system  cannot  have  more  than  one  definite 
solution.  Moreover  there  is  in  general  one  definite  solution,  for 
we  can  construct  synthetically  a  function  to  satisfy  the  required 
conditions,  namely, 
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(>i-A,)(£:i_iJ  ^„    (.-\)(»-X.)  (»-A,)(»-A.) 

'"(*,- w,-*,)"(\-^K\-y'(*.-v(\-*.) 

(2)- 
The  reaaoning  and  the  aynthesis  are  obviously  general     We 
obtiun,  as  the  aolution  of  the  corresponding  problem  for  an  in- 
t^;ral  function  of  x  of  the  nth  degree, 

This  result  is  called  Lagrange's  Interpolation  Formula. 

Example  1. 

Find  the  qnadratic  equation  with  real  coeffidents  one  of  vhoee  roots  is 
6  +  61. 

Since  the  coefficients  are  real,  the  other  root  must  be  G  -  6£.  Hence  the 
reqairad  equation  ii 

(a;  -5  +  60  (a;  -  5-8t)  =  0, 
that  is,  (3;-fi)"  +  e'  =  0, 

thatia,  x^- l(hc+61=0. 

Eiample  2. 

Find  the  quadratic  equation  with  rational  coefficients  one  of  nhoee  roota 
iaS  +  V?' 

Since  the  coefficients  are  rational,*  it  follows  that  the  other  root  must  be 
3  -  \/7.     Hence  the  equation  is 

thatis,  (aJ-te  +  2=0. 

Example  3. 

Find  the  equation  of  lowest  degree  with  rational  coefficients  one  of  whose 
roots  is  yji+'s/a. 

Bj  the  piinciples  of  chap,  i.*  it  followa  that  each  of  the  qnantities 
V2  -  V8.  -  V2  +  VSi  -  V2  ~  \/3  must  be  a  root  of  the  required  equation. 
Hence  the  equation  ia 

thatis,  a!*-10a!'  +  l  =  0. 

Example  4. 

Conatract  a  quadratic  function  of  «  whose  Tilaes  shall  be  4,  4,  6,  when 
the  values  of  x  are  1,  2,  3  reapectively. 

*  This  we  hare  not  explicitly  proved ;  but  we  can  establish,  by  reasoning 
similar  to  that  employed  is  chap,  xii.,  g  4,  that,  if  a  +  b*Jp  be  a  root  of 
/{x)  =  0,  and  if  a  and  b  and  also  all  the  coefficients  of^z)  be  rational  so  &r  as 
Vp  is  concerned,  then  a-b^/putlm>a  root  otj[x]=0. 
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The  required  hinction  U 


'(l-!i)[l-"3)'^'<2-l)(2-8)''"(3-l)(S-2)' 
tlutis,  x'-Zx  +  a. 

§  S.]  The  condition  that  the  two  cqiiations, 
aa?  +  bx  +  e  =  0,     o'a^  +  b'x  +  c'  =  0, 
have  one  root  in  common  is  the  same  as  the  condition  that  the 
two  integral  functions, 

y  =  aa'  +  te  +  c,     y'  =  n'sc*  +  b'x  +  c', 
shall  hare  a  linear  factor  in  common.     Now  any  common  factor 
of  y, and  /  is  a  common  factor  of  ' 

c'y  -  ey',     and  oy*  -  a'y ; 
that  is,  if  we  denote  <k'  ~  a'c  hy  {ac"),  &c.,  a  common  factor  of 

{(uf)i?  +  (bc^)T,  and  {(a')x  +  (oc-J  ; 
that  is,  since  x  is  not  a  common  factor  of  y  and  y'  unless  c  =  0 
and  0'  =  0,  any  common  factor  of  y  and  y  ia  a  common  factor  of 
(ac')x  +  (be'),  and  {ab')z  +  (iw'). 
Now,  if  these  two  linear  functions  have  a  common  factor  of 
the  first  degree  in  x,  the  one  must  be  the  other  multiplied  by  a 
constant  factor. 

Hence  the  required  ccmdithn  u 

K)_(fc;) 

m-  (<ic  -  a-c)\=  (y  -  b'c)  {ah'  -  a'b). 

The  common  root  of  the  two  equations  is,  of  course, 
_     ic'  -h'c  _     ad  -  a'c 
b4  —  a'c  ~     ah'  -  a'b' 
By  the  process  here  employed  we  could  find  the  r  conditions 
that  two  integral  equations  should  have  r  roots  in  common. 

It  is  important  to  notice  that  the  process  used  in  the  demon- 
stration is  simply  that  for  finding  the  G.G.M.  of  two  integral 
functions — a  process  in  which  no  irrational  operations  occur. 
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Cor.  1.  If  t\CQ  inUgrai  equations  have  r  roofs  in  common,  iluse 
roots  are  the  roots  of  an  integral  equatiwi  of  the  rth  degree,  whose  co- 
efficienls  are  rational  functions  of  the  coegici^-nh  of  the  given  equaiions. 

In  particular,  if  the  coefiiciente  of  the  two  equationa  be  real 
rational  numbers,  the  r  common  roots  must  be  the  roots  of  an 
equation  of  the  rth  degree  with  rational  coefficients. 

For  example,  two  quadratics  whose  coefficients  are  all  rational 
cannot  have  a  single  root  in  common  unless  it  be  a  rational  root. 

Gor.  2.  We  may  also  infer  that  if  two  integral  equations  whose 
eoeffidfiUs  are  ratumal  have  an  otld  mmber  of  roots  in  amvum,  then 
one  at  least  of  theae  must  be  real. 

EXBRCISEB    XXXVIl, 

Discrinunate  the  roots  of  the  following  quadratic  equations  without  boIt- 
ing  them : — 

(1.)  ix'-Bx+S=0.  (2.)  ft(»-12i-l  =  0.         (8.)  4K"-4x  +  e  =  0. 

(4,)  9i^-3ea;  +  36  =  0.         (5.)  4;^-4a;-3  =  0,  (8.)  4ie' +  Sz  +  3  =  0, 

(7.)  {x-Znx  +  i)  +  lx-2){x  +  S)=0. 

(8. )  Show  that  the  roots  of  (4»  -  iae'fi-'  +  4(a  +  <;>;  -  4  =  0  aco  always  real ; 
and  fiod  the  conditions  1°  that  both  be  positdve,  2°  that  they  have  opposito 
signs,  3°  that  they  be  both  negative,  4°  that  they  be  eqoal,  6°  that  tjiey  be 
equal  but  of  opposite  sign. 

(9.)  Show  that  the  roots  of  a? +  2(ji  +  j>i  + 2(;)"  + 3=)  =  0  are  imaginary. 

(10. )  Show  that  the  roots  of 

{e=-26e  +  i';j:=-2!c=^(n  +  i>;  +  a6}3;+{3a'-2(S  +  e)a  +  S'  +  <?J=0 
are  imaginary. 

(11.)  Sliow  that  the  roots  of 

me  real ;  and  that  they  cnnnot  be  equal  unless  a=b=e. 

(12.)  Therootsofa/(x-a)  +  &/(x-&)  +  c/(x-c)^OaTereal  ;  andcuinatbe 
tqnal  nnlesa  either  two  of  the  three  a,  b,  e,  are  zero,  or  else  a=6=c, 

(13.)  Find  the  condition  that  the  cubic  3^+^+ r-0  have  equal  roots. 

(14.)  Show  that  the  cubic  I2x>-&2z=  +  76j--36  =  0  has  equal  roots  ;  and 

(15.)  If  two  of  the  roots  of  a  cubic  be  equal,  and  its  coefficients  be  all 
rational,  show  that  all  its  roots  must  be  rational, 

(16.)  Find  the  condition  that  two  roots  of  the  biquadratic  ax*  +  dx  +  e  =  0 
be  eqoaL 

(17.)  If  a/(ii+o)  +  S/(ic  +  J)=(!/(*+c)+d/(a!+d)haTeapairor  equal  roots, 
then  either  one  of  the  quantities  a  or  i  is  equal  to  e  or  (^  or  else  l/a+  1/i 
=  l/c  +  l/d,  ProTe  also  that  the  roots  are  then  -a,  -a,  0,  or  ~b  -b,  0, 
or  0,0,  -2a6/(o+S). 
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Write  down  and  aimplif;  the  fqustions  nlioae  roots  are  as  folloirs  : — 

(18.)  I,  0.  (IB.)  4,  -%.  (20.)  3  +  V2,  3-V3- 

(21.)  (a  +  V«'"-l)/(a>^Va'-l),     (a' -  s/a- -  1  )/(<.'  + V^^). 

Find  the  equations  of  lowest  degree  with  real  rational  coefficienta  which 

have  reapectivoly  the  following  for  one  root : — 

(22.)  o+(Si.  (23.)  1  +  ^2-^3-  (2*-)  V2  +  »V8. 

(25.)   ^2+^*.     (Rcsnlt,  j^-63:-8  =  0). 
(28.)  ^+^3.     (Iteault,  i'-lB3^-87ii:'-126  =  0). 
(27.)  ^/(<F)  +  V'('?')+^/(M)■ 
(28.)  Find  the  equation    of   the   6th  degree   two  of   whose    toota  are 

1  +  V2and  1+  iZ-l. 

(29.)  Find  an  equation  with  rational  coefBcients  one  of  vchose  roots  ia 

Heuoe  show  how  to  find  the  greatest  integer  inap"'+ip^'*+ciTithoat 
extracting  the  cube  r«ots. 

(30. )  Form  the  equation  whose  roots  are  p  +  a^q,  p  +  a^,  .  .  .  p  +  a^^, 
whereaijOj,  .  .  .  ojaare  theimagiuary  2ni-lth  roots  of  1,  showing  that  the 
coefficients  aie  aU  rational,  and  finding  the  general  term  of  the  equation 

(81.)  Construct  a  quadratic  function  whose  r  '   "  ' 

opposite  signs,  and  whose  values  shall  be  28  and 
1=6  respectiTely, 

(82. )  Construct  a  cubic  function  y  corresponding  to  the  following  table  of 

it  =  2-6,     3,     3-5.       4; 
y=    6,     8,      16.     18. 
(88.)  If  :^  +  ax  +  bc  =  0,  ^  +  bx  +  ca=0  have  a  common  root,  then  their 
other  roots  satisfy  at'  +  cB  +  aftsO. 

(34.)  If2(p+5  +  r)=a''  +  (3»  +  7>,  andtherootaof4!'  +  cw-j.  =  0be;Jand')., 
and  the  roots  of  x'  +  ^-q=0  be  y  and  a,  then  the  equation  whose  roots  are 
oand(3iaa?+7a!-r=0. 


VARIATION    OF   QDAD&ATTC   FUNCTIONS    KIR   REAL   VALUKS 
OF  THE   VARIABLE. 

§  9.]  The  quadratic  function 

may  be  put  into  one  or  other  of  the  three  forms 

y  =  o((«-0'->,)  I., 

f  =  «((«-0'(  tt, 


DB,l,r..cb,GOOglC 


XYiii.]  VAiOATION  ov  aa^  +  he  +  c.  439 

according  as  its  roote  a  &ud  fi  are  real  (say  a  =  l  +  -Jm,  \ 
^  =  1  -  jm),  equal  (say  a  =  l,f3  =  l),or  inu^inary  (aay  a  =  l  +  i  -Jm,  ■ 
P  =  l-i  Jm).  I  and  m  are  both  essentiaUy  real  quantities,  and  I 
m  is  a  positive  quantity  in  all  three  cases. 

^ch  of  these  three  cases  may  he  farther  divided  into  two, 
according  as  a  is  positive  or  negative. 

In  all  three  cases  when  x  is  very  great  (x  -  If  is  very  great 
and  positive.  Hence,  in  all  three  cases,  y  is  infinite  when  z  is 
infinite,  and  it  has  the  same  sign  as  a. 

In  all  three  cases  the  function  within  the  crooked  bracket 
diminishes  in  algebraical  value  when  x  diminishes,  so  long  as 
x>l,  and  has  an  algebraically  least  value  when  x  =  l;  for  («  —  /)", 
the  only  variable  part,  being  essentially  positive,  cannot  be  less 
than  zero.  When  x  is  diminished  beyond  the  value  x  =  l,  {x-tf 
continually  increases  in  numerical  value. 

We  conclude,  therefore,  that  in  all  three  cases  (he  quadratie 

Ifwactum  y  has  an  algthmkal  minimum  or  moidmum  value  when  x  =  l, 
according  aa  a  is  positive  or  negative  y  and  that  the  futuAUm  has  no 
other  turning  value. 

In  ease  I.,  where  the  roots  are  real  and  unequal,  y  will  have  the  same 
sign  as  a,  according  as  the  value  ofx  does  not  or  does  lie  between  the  roots. 

For  y^a{x-  o)  (a;  -  /3) ;  and  (z  -a)(x-  0)  will  be  positive  if 
X  be  algebraically  greater  than  both  a  and  ^,  for  then  x~a  and 
X-  /3  are  both  positive ;  and  the  same  will  be  true  if  x  be  alge- 
braically less  than  both  a  and  ^,  for  then  x-a  and  x  -  )S  are 
both  negative.  If  x  lie  between  a  and  ^,  then  one  of  the  two 
x-a,x- P  ia  positive  and  the  other  negative. 

In  cases  II.  and  III.,  where  the  roots  are  either  equal  or  imaginary, 
the  function  y  will  have  the  same  sign  as  a  for  all  values  ofx. 

For  in  these  cases  the  function  within  the  crooked  brackets 
has  clearly  a  positive  value  for  all  real  values  ofx.  (■"''■*'T**fr^ 

§  10.]  The  above  conclusions  may  be  reached  by  a  different 
but  equally  instructive  method  as  follows : — 

Let  UB  trace  the  graph  of  the  function 

y  =  ox*  +  ix  +  C  (1); 

and,  for  the  present,  suppose  a  to  be  positive. 
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GRAPH  OF  A  QUADEATIC  FUNCTION. 


[chap. 


To  find  the  general  character  of  the  graph,  let  ue  inquire 

where  it  cats  a  parallel  to  the  axis  of  x,  drawn  at  any  given 

distance  y  from  that  axis.     In  other  words,  let  us  seek  for  the 

absdssffi  of  all  points  on  the  graph  whose  ordinates  are  equal  to  y. 

We  have 

y  =  a^  -v  bx  ■¥  c, 
that  ia,  aic'  +  &r+,(c-y)  =  0  (3). 

We  have,  therefore,  a  quadratic  equation  to  determine  the 
abscissn  of  points  on  the  parallel  Hence  the  parallel  cuts  the 
graph  in  two  real  distinct  points,  in  two  coincident  real  points, 
or  in  no  real  point,  according  as  the  roots  of  (2)  are  real  and 
unequal,  real  and  equal,  or  imagiuarj. 

Since  a  is  positive,  it  follows  that  when  3;=— oo,y=+oo; 
and  when  x=  +co,y=  +co.  Moreover,  the  quadratic  function 
y  is  continuous,  and  can  onl^  become  infinite  when  x  becomes 
infinite.  Hence  there  must  be  one  minimum  turning  point  on 
the  graph.  There  cannot  he  more  than  one,  for,  if  there  were, 
it  would  be  possible  to  draw  a  parallel  to  the  a;-aKi8  to  meet 
the  graph  in  more  than  two  points. 

The  graph  therefore  consists  of  a  single  festoon,  beginning 
and  ending  at  an  infinite  distance  above  the  axis  of  x. 

The  main  characteristic  point  to  be  determined  is  the 
minimum  point  To  obtain  tbisVe 
have  only  to  diminish  y  until  the 
parallel  UV  (Fig.  1)  just  ceases  to 
meet  t^e  graph.  At  this  stage  it  is 
obvious  that  the  two  points  U  and 
V  run  together ;  that  is  to  say,  the 
two  abaciasffi  corresponding  to  y 
become  equal  Hence,  to  find  y,  we 
have  simply  to  express  the  condition 
that  the  roots  of  (2)  be  equal.  This 
condition  is 
-  4a(c  -  y)  ■=  0. 


Henee 


y=  - 


-_4ac 
4a 


(3). 
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The  corresponding  value  of  x  ib  easily  obtained,  if  we  notice 
that  the  enm  of  the  roots  of  (2)  is  in  all  cases  -  bja,  and  th«t 
when  the  two  are  equal  each  must  be  equal  to  -  h/2a.  Hence 
the  abscissa  of  the  minimum  point  is  given  by 


h 


(4). 


There  are  obviously  three  possible  cases — 

I.  The  value  of  y  given  by  (3)  m&y  be  negative.     Since  a  is 
supposed  positive,  this  will  happen  when  b'  ~  iac  is  positive. 

In  this  case  the  minimum  point  A  will  He  below  the  axis  of 
X,  and  the  graph  will  he  like  the  fully  drawn  curve  in  Fig.  1 . 

Here  the  graph  must  cut  the  z-azis,  hence  the  function  y     • 
must  have  two  real  and  unequal  roots,  namely,  x  =  OM,  x  =  OH ;     If-' 
and  it  is  obvious  that  y  is  positive  or  negative,  that  is,  has  the 
same  sign  as  a  or  the  opposite, 
according  as  x  does  not  or  does 
lie  between  OM  and  0^. 

II  The  value  of  y  given 
by  (3)  will  be  zero,   provided 


In  this  case  the  minimum  point 
A  falls  on  the  axis  of  z,  and  the 
graph  will  be  like  the  f\illy  drawn 
curve  in  Fig,  2. 

Here  the  two  roots  of  the  function 

nre  equal,  namely,  each  is  equal  to  OA, 

It  is  obvious  that  here  y  is  always 

positive,  that  is,  has  the  same  sign  aso. 

III.  The  value  of  y  given  by  (3) 

will  be  positive,  provided  b'  -  iac  be  negative. 

In  this  case  the  graph  will  be  like  the  fully  drawn  curve  in 
Fig.  3. 
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Here  the  graph  does  not  cat  the  axte  of  x,  so  that  the 
ftmction  haa  no  real  roots.  Also  y  IB  always  positive,  that  is, 
has  the  same  sign  as  a. 

If  we  suppose  a  to  be  negative,  the  dtecuBsion  proceeds 
exactly  as  before,  except  that  for  positive  we  must  say  negative, 
and  for  minimum  maximum.  The  typical  graphs  in  the  three 
cases  will  be  obtained  by  taking  the  mirror-images  in  the  axis  of 
X  of  those  already  given.  These  graphs  are  indicated  by  dotted 
lines  in  Figs.  1,  2,  3. 

For  simplicity  we  have  supposed  the  abscisste  of  the  pointa 
&^  N,  A  to  be  positive  in  all  cases.  It  will  of  course  happen  in 
certain  cases  Uiat  one  or  more  of  these  are  negative.  The  cor- 
responding figures  are  obtained  in  all  cases  simply  by  shifting 
the  axis  of  y  through  a  proper  distance  to  tlie  right. 
Example  1. 

To  find  for  what  Talnes  of  z  the  function  ^=2]^  ~12x-i-13  U  negative,  and 
to  find  ita  turning  valae. 
Ws  have 

=  2|(ar-8)'-il. 
=  2{x-(8^V4)l{''-(3  +  V*)t- 
Hence  y  will  be  negative  if  x  lie  between  3  -  V(^/^) "'"'  ^  +  V(^/'^)'  ^'^^  ^''U 
be  poeitire  for  all  other  values  of  x. 

Again,  it  is  obvioua,  ttom  the  aecond  form  of  the  fhnctioD,  that  y  ia 
al)^bniically  least  when  (z-3)*=0.  Hence  y=  -6  is  a  mjnimniii  value  of  y 
corresponding  to  z = 3. 

Kjample  2. 

To  find  the  turning  valaes  of  (;^-&e-flG)/x. 

We  have 


FirBl,  suppose  x  to  be  poeitive,  then  we  may  write 

y  =  (V="-v/")'-8  +  2NA6, 

from  which  it  appears  that  y  hae  a  miDimum  value,  -S+Z^/li,  when 
y/x~-^[16/x)  =  0,  that  is,  whena;=^/16. 

Next,  let  X  be  negative,  =  -J  say,  then  we  may  write 


--!-2Vll-(Vi-Vj)'. 
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from  vhLcbiresee  tliat  -8-2V15ia  a  mucimum  valae  of  y  coireBpondiug  to 
1  =  V16.  that  is,  to  a;=  -  VIE. 
Example  3. 

irzand  y  be  both  positive,  then — 

If  x  +  y  be  given,  the  greatest  and  least  values  of  xy  correspond  t«  the 
I  least  and  greatest  values  of  (a;-y)';  so  that  the  maximum  value  of  xy  is  ob- 
I  tatoed  by  puttiug  x=y,  if  that  be  possible  under  the  circnmetancee  of  the 
f  problem. 

I        If  TTf  be  given,  the  greatest  and  least  values  of  x  +  y  correspond  to  the 
I  greatest  and  least  values  of  [x  -y)';  so  that  the  minimum  of  a  +  y  is  olitained 
-   by  putting  x=y,  if  that  be  possible  under  the  circumstances  of  the  problem. 
These  statements  follow  at  ouce  from  the  ideDtitjr 
^      .^  ix*y-?-{x-yf  =  ixy. 

For,  ax  +  y=e,  then 

ixy=>?-lx~yy. 
And,  if  xy=tP, 

then  (x  +  yy  =  i(P+(x-yf. 

Hence  the  coDclusions  follow  immediately,  provided  x  and  y,  and  thei«fote 
zy  and  x+y,  he  both  positive. 

These  results  might  also  be  arrived  at  by  eliminatiug  the  value  of  y  by 
means  of  the  given  relation.  Thus,  if  x  +  y=c,  then  xy=xl,c-x)=e3:-3? 
=c*/4-(e/2-z)*.  Hence  xy  is  made  ae  large  as  possible  by  making  x  as 
nearly  =  «/2  as  possible,  and  so  on. 

Manjr  important  problems  in  geometry  regarding  maxima 
and  minima  may  be  treated  by  the  dmple  method  illustrated  in 
example  3. 
Example  4. 

To  draw  through  a  point  A  within  a  circle  a  chord  such  that  the  sum  of 
the  squares  of  its  si^msnts  shall  be  a  maximum  or  a  minimum. 

Let  r  be  the  radius  of  the  circle,  d  the  distance  of  A  from  the  centre,  x  and 
y  the  lengths  of  the  segments  of  the  chords. 

Then,  by  a  well-known  geometrical  proportion, 

xy^r"-,?  (1). 

Under  this  condition  we  have  to  make 

u=2?  +  y'  (2) 


Now,  if  we  denote  (^  and  y*  by  (  and  v,  then  f  and  ij  are  two  positive 
quantities  j  and,  by  (1),  we  have 

f,  =  (r=-d')»  (3). 

Hence,  by  example  3,  f  +  i)  is  a  minimum  when  {—17,  and  is  a  maximum 
when  (t  - 1))*  is  made  aa  great  la  possible.  If  we  diminish  ir,  it  follows,  by 
(3),  that  {  increases.  Hence  ({-17)*  will  be  made  as  great  as  possible  by 
making  f  aa  great  as  possible. 
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Hencs  th«  mm  ol  the  squares  on  the  segments  of  the  chord  is  a  minimum 
when  it  is  bisected,  ajid  a  maximum  when  it  passes  through  the  centre  of 
the  circle. 

Example  S. 

A  and  B  are  two  points  on  the  diameter  of  a  circle,  PQ  a  chord  through 
B.     To  End  the  positions  of  FQ  for  which  the  area  APQ  is  a 


Let  0  be  the  centre  of  the  circle.  The  area  OPQ  bears  to  the  area  APQ 
the  constant  latio  OB:AB.  Hence  we  have  merely  to  find  the  turning 
values  of  tLo  area  OPQ. 

Let  OB-a,  and  let  x  denote  tho  perpendicular  from  O  on  PQ.  Then,  if 
u  denote  the  area  OPQ,  u=x^/[T'-a?). 

We  have  therefore  to  find  the  turning  values  of  «.  Since  u  ia  positive, 
this  is  the  same  thing  as  finding  the  turning  values  of  u'.     Now 

There  are  two  cases  to  consider.  First,  suppose  n>r/\/2.  Then,  since 
the  least  and  greatest  values  of  x  allowable  under  the  circumstances  are  0  and 
a,  we  have,  conlining  ounelves  to  half  a  revolution  of  the  choid  about  Ji, 
three  turning  values.  If  we  pnt  n—O  we  give  to  (3!>-t^/2)'  the  greatrat 
value  which  we  can  give  it  by  diminishing  x  below  r/V2.  Hence  x=a  gives 
a  minimum  valne  of  OPQ. 

If  WB  put  z^r/^ya,  we  give  (x'-r'/2)'  ita  least  posaihle  numerical  value. 
Hence  for  a=r/V2,  OPQ  U  a  maximum. 

If  we  put  x^a,  WB  give  {3?-7^/2)'  the  greatest  valne  which  we  can 
give  it  by  increasing  a;  bejond  r/^2.  Hence  to  x=a  coiTesponds  a  minimum 
vainsofOPQ. 

Next,  suppose  a<r/»y2.  In  this  case  we  cannot  make  x=  or  >rl-^% 
Hence,  corresponding  to  x^O,  we  have,  as  before,  OPQ  a  minimom.  But 
now  (it*  -  r'/V^)'  diminishes  eontinnaUy  as  a  increases  up  to  a.  Hence,  for 
x=a,  OPQ  Ifl  a  maximum. 

Semark. — This  example  has  been  chosen  to  illustrate  a  peculiarity  that 
very  often  arises  in  practical  questions  regarding  maxima  and  minima, 
namely,  that  al!  the  theoretically  possible  values  of  the  variable  may  not  V 
admissible  nnder  the  circumstances  of  the  problem. 

Example  6. 

Given  the  perimeter  of  a  right-angled  triangle,  to  show  that  tho  sum  of 
the  sides  containing  the  right  angle  ia  greatest  when  the  triangle  is  isosceles. 

Let  X  and  ^  denote  the  two  sides,  p  the  given  parimetei.  Then  the 
hypotenuse  iap-x-y;  and  we  have,  by  the  condition  of  the  problem. 

Hence  xs-p(x+y)= -^. 

This  again  may  be  written 
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Under  the  condition  (1)  we  have  to  make 


0  mike  f +  11  aminiinnm.     Now,  onder  the  condition 
(3),  t  +  «f  Ian  minimmn  nheat=T|.    BeDcex  +  y  is  am&ziiuiun  vheax=y. 

§  llj.  The  method  employed  in  §  10  for  findmg  the  tanuDg 
pointB  of  a  quadratic  function   is  merely  an  example  of  the 


Y 

L 

\ 

J 

X  ■ 

C 

A 

FIgd 

general  method  indicated  in  chap,  xr.,  §  13.     Consider  any 
fuQction  whatever,  say 

y=/W  (!)■ 

Let  A  be  a  maximum  turning  point  on  ita  graph,  whose 
abscissa  and  ordinate  are  x  and  y.  If  we  draw  a  parallel  to  OX 
a  little  below  A,  it  will  intersect  the  graph  in  a  certain  number 
of  points,  TUVW  say.  Two  of  these  will  be  in  the  neighbour- 
hood of  A,  left  and  right  of  AL.  If  we  move  the  parallel  up- 
wards until  it  pass  through  A,  the  two  points  U  and  V  will  run 
together  at  A,  and  their  two  absciass  will  become  equal.  It  we 
move  the  parallel  a  little  farther  upwards,  wc  lose  two  of  the 
real  intersections  altogether. 

Reaee  to  find  p  we  have  simply  to  en^ess  the  condttum  thai  the 
roots  of  the  equation 

m-y-a  (2) 
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be  equal,  and  then  eiamine  whether,  if  vie  marease  y  by  a  small 
am/mnt,  we  lose  tiw  real  Tools  or  not.  Ifvx  do  then  yiea  maximum 
value. 

If  it  appears  that  two  real  nxtte  are  tost,  not  by  increasing  but  by 
diminisking  y,  thm  y  is  a  mimmwn  value. 

Example  1. 

To  find  the  tuminjj  Tallies  of 

The  valuei  of  x  coTregpouding  to  a  given  ordinate  y  are  given  b; 
a?-93?  +  2ia!  +  {S-y)^0. 
If  D  denote  the  prodnct  of  the  squareg  of  the  diSerences  of  the  roots  of  this 
cubic,  then  all  its  roots  will  bo  real,  two  roots  will  be  equal  or  two  imaginary, 
according  as  D  is  podtiTe,  zero,  or  negative. 

Using  the  Taloe  of  D  calculated  in  g  6,  and  putting  pi=  -  9,  Pt=2t, 
tt  =  3-u,  we  find 

D=-27{if-19)(y-2S). 
Hence  y  =  I6,  y=2S  are  tuniingTatnes  of  y.     If  we  make  y  a  little  lees  than 
19,  D  is  negating  that  is,  two  real  roota  of  tbe  cubic  ar«  lost     Hence  19  ii  a 
minimum  value  of  y.     If  we  make  y  a  little  greater  than  23,  D  is  again 
negative  ;  hence  23  is  a  maximum  value  of  y. 

It  is  easy  to  oblnin 
the  corraapoudiiig  val- 
ues of*,  if  we  remember 
that  two  of  the  re 
the  cubic  become  equal 
when  there  is  a  taming 
valae.     In  fact,  if  the 


and  the  third  root  y,  we 

have,  by  g  1, 

2a  +  7  =  9,     a'+ilay=2i. 

which  ^ves 

a  =  2,OTa=4. 

It  will  be  found  that  a;=4  corresponds  to  the  minimum  valaey=lG;  and 
that  x=2  correaponda  t«  the  maximum  y=23. 
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Banark. — Tlie  above  metliod  U  obriondy  appUctble  to  an;  cabic  integral 
fanctiou  wliat«oever,  and  ira  see  that  such  a  function  has  in  geaenl  two 
turning  values,  vbich  ars  the  roota  of  a  certain  qoadntic  equaUon  easily  ob- 
tainable by  meaoa  of  the  function  D. 

If  the  roots  of  this  quadratic  be  real  and  nneqoal,  there  are  tvo  distmct 
turning  points,  one  a  mazituum,  the  other  a  minimQm. 

If  the  roots  bo  equal,  we  have  a  point  which  may  be  leguded  as  an 
amalgamatioD  of  a  maximum  point  with  a  minimum,  which  is  aometimeB 
called  a  nuiimDm-minimum  point. 

If  the  roota  be  imaginary,  the  function  has  no  real  tnrning  point. 

If  the  coefficient  of  x*  be  positive,  the  graphs  in  the  first  tvo  cases  have 
the  general  characten  shotra  in  Figs,  b  and  6  respectively. 

Example  2. 

To  discuss  the  turning  values  of 

y- (!)■ 

The  equatiou  for  the  values  of  x  corresponding  to  any  given  value  of  y  ia 
ic'-(y  +  8>c+lB  =  0. 
Let  D  be  the  fnnction  B*  -  4a<;  of  |  5,  whose  sign  discriminates  the  roots  of  a 
qoadntic     In  the  present  instance  we  have 

D=(tf  +  8)'-60=(y-(-8-V90)}{((-(-8  +  \/flO)}  (2). 

Hence  the  turning  values  of  jr  are 

(,=  -8- V(60).  and!/=-8  +  V(80). 
If  y  has  any  value  between 
theee,  D  is  negstive,  and  the 
roots  of  (1)  aie  imaginary. 
Hence  the  algebraically  less  of 
the  two,  namely,  -  8  -  V(80), 

algebraically  greater,  namely, 
-8-t-V(eO),aminimum. 

The  values  of  z  correspond- 
ing to  these  areatonce  obtained 
from  the  equation  X  =  (y -H  e)/2. 
They  are  «=  -  V(15)  and 
x=  +  V(1S)  respectively. 

The  reader  should  examine 
cafefnlly  the  graph  of  tbia 
function,  which  has  a  discou- 
tinoity  when  a!  =  0  (see  chap, 
corresponding  values : — 


Hence  the  graph  is  rapreBentod  by  Fig.  7. 
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To  diacDSS  genenlly  the  tnmiDg  vaiuea  of  the  functiaii 

The  equation  which  gives  the  values  of  z  coiresponding  to  any  gireu  vslus 

Let  D=(b-b-y)'-4(,a-a^y)(c-<fyX 

=  {b'*-ia-i!)y'  +  2l2a-c  +  2ai/  'W)y  +  (^  -tac], 
=As*  +  B!/  +  C3,  My. 

The  tunking  T*lnw  of  y  »re  therefore  given  by  ttiv  equation 

Ai/'+By  +  C  =  0  (8). 

I.  If  B^-4AC>0,  this  equation  will  have  real  uneqnftl  raots,  and  there 
will  be  two  real  tDming  values  of  y. 

If  A  be  positive,  then,  for  real  value*  of  i^  y  cannot  lie  between  the  roots 
of  the  equation  (3).  Hence  the  leas  loot  will  be  a  rn.timntn  and  the  greater 
a  minimum  value  of  y. 

If  A  be  negative,  then,  for  real  values  <itx,y  mmt  lie  between  the  roots  of 
(S).  Hence  the  less  root  will  be  a  minimtun  and  the  greater  a  uiazimDm 
valne  of  y. 

II.  If  B^  -  4AC  <  0,  the  equation  has  no  real  root,  and^  D  haa  always  the 
same  sign  as  A.  In  this  case  the  sign  oF  A  must  of  necessity  be  positive ; 
for,  if  it  were  not,  there  wonld  be  no  real  value  of  x  corresponding  to  any 
Taloe  of  y  whatever. 

Hence  there  is  a  real  value  of  x  comsponding  to  any  given  value  of  y 
whatever ;  and  y  has  no  turning  values. 

III.  If  B*-4AC  =  0,  we  may  apply  the  same  general  reasoning  as  in  case 
11,  The  present  case  has,  however,  a  special  peculiarity,  as  we  shall  see  im- 
mediately. 

The  criteria  for  diitiuguishing  these  three  cases  may  be  expressed  in  terms 
of  the  roots  a,  p  and  a',  ^  of  the  two  functions  lui'  +  bx  +  o  and  a'x'  +  b'x+c', 
and  in  this  form  they  are  very  useful. 

We  have 

B"  -  4AC  =  4(2ik' +  2a'c  -  M')»  -  4(4^  -  4<k:)  (i"*  -  laV), 


=  40%"- 


{(4-^^^)'-6-l)S-4)}. 


-4i.'«'"(!.'(i'  +  W-(.  +  «(.'+U')-(.-«(.'-?)l 

.16.'«>-.')(.-ntf-.')tf-«. 
Hence  it  appears  that  the  sign  of  B'-IAC  defwnde  merely  on  the  eignof 

Eii(«-.')(.-(i')(p-.')(#-n  («. 
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Since  a,  b,  c,  a',  *',  i!"  are  all  rail,  the  roots  of  arf  +  fee  +  e  and  of 
a'3?+lfx  +  d,  if  imagioaiy,  must  bo  coujogate  imagiuaiieB.  Hencs,  by 
reasoning  w  in  g  8,  we  see  that,  if  the  roots  of  a^-¥bx  +  c,  or  of  o'a?  +  i'z  +  ^, 
or  of  both,  be  imaginary,  £  ie  podtiTe. 

The  same  is  true  if  the  roots  of  either,  or  of  both,  of  these  fimctioiiB  be 

Consider,  next,  the  case  where  n,  p,  a',  ff  nro  all  real  and  all  nnequal. 

Since  the  sign  of  E  is  not  altered  if  we  interchange  both  a  with  a!  and  p 
with  J}',  or  both  a  with  p  and  a'  with  p!,  we  nuy,  without  losing  generality, 
Boppose  that  a  is  the  algebraically  least  of  the  four  a,  p,  a',  p",  SJid  that  a'  is 
algebraically  less  than  p'.  If  we  now  arrange  the  fonr  roots  in  ascending 
order  of  magnitude,  there  are  just  fonr  possible  cases,  namely,  it,'p,  a',  p"; 
a,  a'.p",  p;  a,  a',  ft  p".  In  the  first  case,  a -a',  a-^,  p-a',  p-p",  haTe 
all  negative  signs ;  in  the  second,  two  have  negative  signs,  and  two  positive ; 
in  the  third,  three  hare  negative  dgns  and  one  the  positiTe  sign.  It  is, 
therefore,  in  the  third  case  alone  that  E  has  the  negative  sign.  The  peculi- 
arity of  this  case  is  that  esch  pair  of  roots  is  separated  as  to  magnitude  by 
one  of  the  other  pair.     We  shall  describe  this  by  saying  that  the  roots  inUr- 

Lastly,  suppose  E  =  0.  In  this  case  one  at  least  of  the  four  factors,  a  -  a', 
p-pf,p-a',p-p',  must  vanish;  that  is  to  aay,  the  twofiinctionaiu^  +  ia+c 
and  a'3?  +  b'x  +  ^  most  have  at  least  one  root,  and  therefore  at  least  one  linear 
factor  in  common.* 

Hence,  in  this  case,  (1)  reduces  to 


say.     Hence  we  have 

a-a'  +  a'-a     a  .  oin'-a)  ,„, 

From  (S)  it  appears  that  y  has  a  discontinuity  when  z=a',  passing  from 
the  value  +<o  to  -">,  or  the  reverse,  as  x  pasaes  through  that  valne ;  but 
that,  for  all  other  values  of  x,  y  either  increases  or  decreases  continuously  as 
X  increases.  Hence  y  has  no  real  tuiuing  values  in  this  case,  unless  we 
choose  to  consider  the  value  y-a/a',  which  corresponds  to  x  —  ±'b,  as  a 
maximum-minimum  value. 

The  graph  in  this  case,  supposing  a/a',  a,  and  a'  -  a  to  be  both  positive,  is 
like  Fig.  8,  where  0A=o,  0A'=o',  OB=o/a'. 

To  sum  up— 

Case  L  ocean  when  the  roots  of  either  or  of  both  of  the  functions 
03^  -t-bx  +  c,  a'3?  +  fi'z  -t-  c'  are  ima^nary  or  eqoal,  and  when  all  the  roots 
are  real  but  not  interlaced. 

Case  II.  occurs  when  the  roots  of  both  quadratic  functions  are  real  and 
interlaced. 

'  lu  the  case  where  they  have  two  linear  factors  in  common,  y  reduces  to 
a  constant,  a  caso  too  simple  to  reqnire  any  discussion. 
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(oa;'  +  bx  +  c)/{a'3^  +  b'z  +  c"). 


[CBAF. 


Case  III.  occnra  whan  the  tvo  quadratic  functions  have  one  or  both  roots 
in  common.  In  thla  case  y  reduces  to  the  quotient  of  two  linear  functions, 
or  to  a  constant,  and  has  no  tnnTimnwi  or  minimiuu  ralue  properly  bo  called. 

In  the  above  discussion  we  have  assumed  that  neither  a  nor  a'  vanish  ;  in 
other  irordi,  that  neither  of  the  two  quadratic  fonctions  has  an  infinite  root. 
The  caseii  where  infinite  roots  occur  are,  however,  reallj  covered  by  the  above 


^ 

I 

>^ 

] 

Fij!.  S. 

statements,  as  may  be  seen  either  by  considering  them  as  limits,  or  by  wott- 
ing out  the  expression  for  B'  -  4AC  in  terma  of  the  finite  roots  in  the  particular 
instances  in  question. 

In  stating  the  above  conclusions  so  generally  as  this,  the  student  must 
remember  that  one  of  the  turning  valnes  may  either  became  infinite  or  corre- 
spond to  an  infinite  valne  of  x ;  otherwise  he  may  find  himself  at  a  loss  in 
certain  cases  to  account  for  the  apparent  disappearance  of  a  turning  value. 

A  great  variety  of  particular  cases  are  inclnded  under  the  general  case  of 
this  example.  If  we  put  a'—fi,  e'  =  0,  for  instance,  we  have  the  special  case 
of  example  2. 

As  onr  object  here  is  merely  to  iUustrate  methods,  it  will  be  sufBcient  to 
give  the  results  in  two  more  particular  cases. 

Example  4. 

To  trace  the  variation  of  the  function 


The  quadratic  for  x  in  terms  of  y  is 

{l-y)i'-(7-8j/>i  +  {6-16!/)=0. 

D=(7-ai,)»-4{i-y)(B-i5y)=4|i/-(i-ve)|  {!«-(;+ ve)}- 

Hence  7/2- V*  wid  V^  +  V^  are  maximum  and  minimum  values  of  yn 
spectively.     The  corresponding  values  of  x  are  given  by 
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and  are  » + 2^6  and  S  -  2 VS  wapectiTely.  We  obeeire  farther  that  y  is  du- 
continaoiu  when  z  =  3  sod  when  x=&;  that  vben  x=  -t-oi,  or  =  -  »,  ]r=l ; 
and  that  the  other  Talne  of  z  for  which  y=l  uz=e. 

We  have  thni  the  folloiring  table  of  comopondinf;  nhue : — 


+  1. 


+  3-0, 


+  8  +  0, 


+  6-9. 


«=+6-0,       +B  +  0, 

+ 

8,     +0, 

+  1S-8.       +«. 

V=     +».        -" 

0,     +1,     +  1D6,     +1. 

The   graph    hog    the 

1     t 

general  form  indicated  in 

1    f 

Fig.    e,    which    is    not 

W 

drawn  to  scale,  bnt  dis- 

> 

torted  in  order  to  bring 

ont    more     dearly     the 

B 

■v 

i 

^^-^           1         -< 

Example  6. 

0 

\ 

M 

r         N 

To  trace  the  variation 

\ 

II           . 

oftbefanctian 

1 

1        /-v-v-. 

!c'-fa+4 

,  V= 

i?-8x+16 

(l-y>«'-(6 

-8i/>B+(4-15j,)  =  0. 

Here  we  find 

D= 

{(y-!}'+2i. 

Henee  there  are  no  real  taming  values. 

The  graph  will  be  found  to  be 

as  in 

r* 

0. 

Y 

V 

v__ 

0 

^ 

\ 

f.JJO 

X 
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Example  6. 

To  find  the  taming  Talnes  i>t:=i?  +  if',  given  that  (iic'  +  ia!y  +  e!/'=l. 

We  have,  since  (u?+tey+e^=l, 

.=       *'±i/'       ^    j'  +  l 

where  J=a:/i/. 

We  have  now  to  find  tlie  taming  values  of  :  i^onsiderod  as  a  function  of  {. 

The  quadratic  for  {  is 

(<«-.l)S'+tef+{K-l)=0. 
Hancc  the  tumiog  values  of  2  axe  given  by 

that  is,  bj 

(6^-  4<w)j>+4(a  +  «):-  4  =  0. 

Ths  resalt  thus  arrived  at  coDstituten  an  aualjtical  solution  of  the  well- 
known  ptoblem  to  find  the  greatest  and  lenst  central  radii  (that  is,  thajjiniit 
ozss)  of  the  ellipsi"  wliose  enualioQ  is  (W?  +  iBa/  +  '*^=l- 

"HMntlft. — The  arijfice  used  in  this  example  will  obviously  enable  us  to 
find  the  taming  values  of  u=/'(iv  l/)i  when  ^z,  v)  =  c,  provided  /(z,  y)  and 
^x,  y)  be  homogeneous  fanctions  of  x  and  y  whose  degree  does  not  exceed 
the  second.  Indeed  It  has  a  general  application  to  all  cases  where /(x,  y)  and 
0(z,  If)  are  homogeneoas  functiouB ;  the  only  difficulty  ia  in  discriminating 
the  roots  of  the  resolting  equation. 

5  12.]  Examinatum  of  the  Increment. — There  is  yet  another 
method  which  ia  very  useful  in  discussing  the  variation  of 
integral  functions.  Suppose  we  give  x  any  amall  increment, 
/t,  then  the  corresponding  increment  of  the  function  /{x)  is 
fix  +  A)  -/(x).  If  this  ia  positive,  the  function  .increases  when  x  in- 
creases ;  if  it  is  negative,  the  function  decreases  when  x  increases. 
The  condition  that  z  =  a  correspond  to  a  maximum  value  of  J{x) 
is  therefore  that,  as  x  passes  though  the  value  a,  fix  +  h)  -  fix) 
shall  cease  to  be  positive  and  begin  to  be  negative,  and  for  a 
minimum  shall  cease  to  be  negative  and  begin  to  be  positiva 

The  practical  application  of  the  method  will  be  best  under- 
stood by  studying  the  following  example : — 

Example. 

To  find  the  tnrning  values  of 

y=z»-Bi=-t- 243:4-3. 

Let  I  denote  the  increment  of  y  cotresponding  to  a  very  small  increment, 
A,  ofx;  then 

=(3i'-1&c  +  24)4  +  (3j:-9JA'  +  A'. 
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Now,  ainca  for  our  ptisBiit  purpose  it  does  not  matter  how  email  h  may 
be,  \!e  may  miike  it  so  small  that  (Sx  -  9)A*-<-A'  is  as  amall  a  fraction  of 
(3x'-18x-)-24)ias  ne  please.  Eenc%  so  far  as  determiaing  the  sign  of  I  ia 
concerned,  we  may  write 

l  =  (3a?-18a:  +  24)A. 
Here  A  ia  supposed  positive,  hence  the  sign  of  I  depends  merely  on  the  sign 
of  Sz*-  18«-i-24.     Hence  I  will  change  sign  when,  and  only  when,  x  passes 
through  a  root  of  the  equation 

S3?-ldx  +  2i  =  0. 
Hence  the  turning  values  of  ^  correspond  to  z=2  and  z  =  4. 

Moreover,  we  have 

I  =  3(!«!-2)(*-4)A. 

Therefore,  when  a:  is  a  little  leas  than  2,  I  is  positive ;  and  when  z  is  a 
little  greater  than  2,  I  is  negative.  Hence  the  valne  of  y  corresponding  to 
2=2  ia  a  nuuimam. 

In  like  manner  we  may  show  that  the  valna  of  y  corresponding  to  x^i  is 


ExBRCisBH  XXXVIH. 

(1.)  Find  the  limits  within  nhichxmustlie  in  order  that  8(z*-a')-65ini 
mtj  be  negative. 

Trac«  the  graphs  of 

(2.)  s,=a?-fo  +  6.  (3.)  y=-S^  +  l2x--6. 

(4.)  !/=-*2»  +  2(te-2fi. 

Find  the  taming  valnes  of  the  following;   and  discriminate  between 

(6.)  a^  +  U-'-.  (6.)  ajx  +  ttHa-x). 

(7.)  V(l  +  ')  +  Vtl-=^)-  (8.)z-l  +  V(^+l). 

Trace  the  graphe  of  the  following  and  mark,  in  particular,  the  points 
whore  the  graph  cuts  the  axes,  and  the  points  where  y  has  a  turning  value. 
(9.)  y=(.x'  +  ix  +  \e)l{3?--!x  +  \i). 
(10.)  y={3?-1x  +  \2)H^  +  ix-y\Z). 
(11.)  y=(a:'  +  &c+16)/(sJ-6x  +  B). 
(12.)  i*  =  (iB'-lte+27)/(a'-8a+16}. 
(13.)  j(=(a*-te+15)/(^'-lto  +  27). 
(14.)  y=(«»-10!e+27)A«'-14a+52). 

(16.)  y=(j»-9x+14)/(aJ  +  a!:-15).  (16.)  y={:^-¥x-(i)H.3?~\). 

(17.)  y=(j^  +  6a  +  6)/(2«+3).  (18.)  y=l/(ar'+8x  +  6). 

(1».)  y={_23?  +  x-t)l{^3?  +  bx~\2). 

(20.)  Show  that  the  algebraically  greatcBt  and  least  values  of  (a^  +  2z- 2)/ 
(»?+3K+6)are  \/(I2/Il)and  -  V(12/ll);  and  find  the  corresponding  values 
of^ 

(21.)  Show  that  (az-t)(i«-e)/(te-a)(M-<i)  may  have  all  real  values, 
provided  (o'  -  6=)  (t^  -  d")  >  0. 

(22.)  Show  that  (aa?  +  &e +  «)/(«?  + fee  +  o)  ia  capable  of  all  values  if 
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^>[a  +  c)';  that  there  are  two  values  between  which  it  cannot  lie  if 
(o  +  e)*>6'>4ai! ;  and  that  there  arc  two  valnes  between  which  it  murt  lie 
itlfKiae  (Woletenbolme). 

(23).   l{Ta->}ib,tbenaiegrta.teat-n[-aeo{{ax  +  b)Hpx  +  r-^iia'/tp{Ta-pb). 

Find  tlie  taming  Talaes  of  the  following ;  and  discrimiiiate  maxima  and 
minima : — 

(24.)  (r-l)(j!-8)M  (25.)  (x-3)l{,x'+x-S). 

(86.)  Kax  +  b-f  +  ria-x  +  by  +  ria'x  +  ir^. 

(27.)  ax+by,  given  ai^  +  j'^e'.  (28.)  aV  +  ftV.  given  x  +  y=a. 

(2».)  xy,  given  oVx'  +  i»/y'=l.  (80.)  afy  +  x^+x^,  given  iy=o'. 

(31.)  (EE'  +  a&ey  +  ft^,  given  Aa'  +  2H«y  +  B!/"=I. 

(32.)  xyl-^{2?  +  jf').  (88.)  [ix-in&c-iUx-S). 

(84.)  ll^/x+ll^/y,  given  ie  +  y=c. 

(35. )  To  inscribe  in  a  given  square  the  square  of  minimum  area. 

(38.)  To  circumscribe  about  a  given  tqnare  the  Bqnare  of  maximum  area. 

(87. )  To  inscribe  in  a  triangle  the  rectangle  of  maximnm  area. 

(S8.)  F  and  Q  are  two  points  on  two  given  parallel  straight  lines.  PQ 
subtends  a  right  angle  at  a  fixed  point  O.  To  find  F  and  Q  so  that  the  area 
POQ  maj  be  a  minimum. 

(39. )  ABC  is  a  right-angled  triangle,  F  a  movable  point  on  its  hypotenuse. 
To  find  F  so  that  the  sum  of  the  squares  of  the  perpendiculars  trom  P  on  the 
two  sides  of  the  triangle  may  be  a  minimum. 

(40.)  To  circumscribe  about  a  circle  the  isoscelea  trapezium  of  mtntmum 

(41.)  Two  particles  start  trom  given  points  on  two  intersecting  straight 
lines,  and  move  with  uniform  velocities  u  and  -b  along  tbe  two  straight  lines. 
Show  how  to  find  the  instant  at  which  the  distance  between  the  ptrticlea  is 
least 

(42. )  OX,  OY  are  two  given  straight  lines ;  A,  B  fixed  points  an  OX ;  P  a 
movable  point  on  OV.     To  find  F  ao  that  AP'  +  BP*  shall  be  a  minimum. 

(43.)  To  find  tho  rectangle  of  greatest  area  inscribed  in  a  given  circle. 

(44.)  To  draw  ft  tangent  to  a  given  circle  which  ehall  form  wiQi  two  given 
perpendicular  tangenta  the  triangle  of  minimnm  area. 

(45.)  Oiven  the  apBrtore  and  thickness  of  a  biconvex  lens,  to  find  the  radii 
of  its  two  surfaces  when  its  volume  is  a  maxininm  cr  >  minimum. 

(46.)  A  box  is  made  ont  of  a  square  sheet  of  cardboard  by  cutting  four 
equal  squam  ont  of  the  corners  of  the  sheet,  and  then  turning  up  the  fisps. 
Show  how  to  construct  in  this  way  the  box  of  maximum  capacity. 

(47. )  Find  the  cylinder  of  greatest  volume  inscribed  in  a  given  sphere. 

(48.)  Find  the  cylinders  of  greatest  surface  and  of  greatest  volume  in- 
scribed in  a  given  right  circular  cone. 

(19. )  Find  the  cylinder  of  minimum  surface,  tho  volume  being  given, 

(50.)  Find  the  cylinder  of  maidmmn  volume,  the  snrface  being  given. 
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CHAPTER  XIX. 

Solution  of  AiiUimetioal  and  Gdometrical  Problems 
by  means  of  Equations. 

{  1.]  The  BolaUon  of  isolated  arithmetical  and  geometrical 
problems  by  meoiiB  of  conditional  equations  is  one  of  the  moat 
important  parts  of  a  mathematical  training.  This  speciee  of 
exercise  can  be  taken,  and  ought  to  be  taken,  before  the  stndent 
commences  the  study  of  algebra  in  the  most  general  sense.  It 
is  chieflj  in  the  applications  of  algebra  to  the  systematic  in- 
vestigation of  the  properties  of  space  that  the  full  power  of 
formal  algebra  is  seen.  All  that  we  need  do  here  is  to  illustrate 
one  or  two  points  which  the  reader  will  readily  understand  after 
what  has  been  explained  in  the  forgoing  chapters. 

§  3.]  The  two  special  points  that  require  consideration  in 
solving  problems  by  means  of  conditional  equations  are  the 
choice  of  variables,  and  the  dkcusmm  or  inierpretalvm  of  the  sohiUon. 

Witli  regard  to  the  choice  of  variables  it  should  be  remarked 
that,  while  the  selection  of  one  set  of  variables  in  preference  to 
another  will  never  alter  the  order  of  the  system  of  equations  on 
whose  solution  any  given  problem  depends,  yet,  aa  we  have 
already  had  occasion  to  see  in  foregoing  chapters,  a  judicious 
selection  may  very  greatly  diminish  the  complexity  of  the  system, 
and  thus  materially  aid  in  suggesting  special  artifices  for  its 
solution. 

With  regard  to  the  interpretation  of  the  solution,  it  is  im- 
portant to  notice  that  it  is  by  no  means  necessarily  true  that 
all  the  solutions,  or  even  that  any  of  the  solutions,  of  the  syst«m 
of  equations  to  which  any  problem  leads  are  solutions  of  the 
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problem.  Every  algebraical  solution  furnishes  numbers  which 
satisfy  certun  abstract  requirements ;  but  these  numbers  may  in 
tbemselvea  be  such  that  they  do  not  constitute  a  solution  of  the 
concrete  problem.  They  may,  for  example,  be  imaginary,  whereas 
real  numbers  are  required  by  the  conditions  of  the  concrete  case; 
they  may  be  negative,  whereas  positive  numbers  are  demanded ; 
or  (as  constantly  happens  in  arithmetical  problems  involving  dis- 
crete quantity)  they  may  be  fractional,  whereas  integral  solutions 
alone  are^^dmissible. 

In  every  concrete  case  an  examination  is  necessary  to  setUe 
the  admissibility  or  inadmissibility  of  the  algebrucal  solutions. 
All  that  we  can  be  sure  of,  a  jviori,  is  that,  if  the  concrete 
problem  have  any  solution,  it  will  be  found  among  the  algebraical 
solutions ;  and  that,  if  none  of  these  are  admissible,  there  is  no 
solution  of  the  concrete  problem  at  alL 

These  points  will  be  illustrated  by  the  following  examples. 
For  the  sake  of  such  as  may  not  already  have  had  a  sufficiency 
of  this  kind  of  mental  gymnastic,  we  append  to  the  present 
chapter  a  collection  of  esercises  for  the  most  part  of  no  great 
difSculty. 

Example  1. 

There  are  three  bottles.  A,  B,  0,  containing  mixtures  of  three  substances, 
P,  Q,  R,  in  the  following  proportiona  : — 

A,  aP  +  o'Q  +  n^; 

B,  bP  +  b'q  +  lfR; 

C,  (iP  +  c'Q+eTl. 

It  IB  iequij:ed  to  lind  what  proportions  of  a  mixture  moat  be  taken  from  A, 
B,  C,iii  order  that  its  conatitotion  Taiiyh«d?  +  d'Q  +  tl'R{'Sovton,Ariihmetiea 
UnteermdU). 

Let  X,  y,  s  be  the  proportions  in  questioD ;  then  the  constitution  of  the 
niiitore  is 

{>a  +  hy  +  ez)V  +  (a'x  +  Vy  +  c'zfy  +  {(fx  +  6"^  +  <?£)&. 
lleace  we  moat  have 

ax+by  +  f»=d,    a'ai+b'y  +  c'z=ie,     ^x-\-Vy-^<rz=cr. 
The  system  of  equations  to  nhich  we  are  thua  led  is  that  discasaed  in 
chap,  zvi.,  S  11,  ^th  the  sole  difference  that  the  aigne  of  il,  if,  iT  are  re^ 

If,  therefore,  ab'if -alfe'  +  be'c^-bd'a'  +  ea'l/'-a^'^O,  we  ahall  obtain  a 
nniqae  finite  aolntion.  ndma,  howerer,  the  ralaea  of  z,  y,  z  all  come  ont 
podtive,  there  will  be  no  proper  solution  of  the  concrete  problem.     It  is  in 
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fact  obvions,  a  priori,  that  tbore  are  restrictioiis  ;  for  It  it  cl«ar1f  imposdble, 
for  instance,  to  obtain,  bj  mixing  from  A,  B,  C,  any  mixtare  which  Bbalt 
cootoin  ana  of  the  anbatancM  in  «  proportion  graater  than  the  greatest  in  which 

Example  2. 

A  farmer  bought  a  oertAin  nnmber  of  oxen  (of  equal  value)  fot  £360.  He 
loit  6,  and  then  »old  the  remainder  at  an  advance  of  £6  a  head  on  the  original 
price.    He  gained  £S66  bjr  the  transaction ;  how  many  oxen  did  he  buy  t 

Let  z  be  the  number  bought ;  then  the  original  price  in  ponnds  ia  350/a^ 
The  selling  price  is  therefore  S60/x + 6.  Since  the  number  sold  was  x-S,  we 
most  therefore  hare 

(x-5)(^  +  b)-S50  =  88B. 
This  equation  is  eqniTslent  to 

which  has  the  two  roots  z=70  and  z=  -25/6.  The  latter  number  is  in- 
admissible, both  because  it  is  negative  and  becanse  it  is  fractional ;  hence  the 
only  solution  is  ii;=70. 

E<xample  3. 

A'OA  ia  a  limited  strught  line  anch  that  OA  =  OA'  =  a.  F  is  a  point  in 
OA,  or  in  OA  produced,  such  that  OP=p.  To  find  a  point  Q  in  A'A  such 
that  PQ'=AQ.QA'.  Discuss  the  different  positions  of  Qas;?  varies  &om  0 
to  its  greatest  admissible  value. 

Let  OQ=z,  z  denoting  a  i)03itive  or  negative  quantity,  according  as  Qis 
right  or  left  of  0.     ThenPQ=±(i-p),  A'Q=a  +  a:,  AQ=a-z;  andwebave 

cases  (a:_y)»=(„  +  j:)(„-^)=tti-j4  (i). 

Hence  iE»-jn!+l(p»-a')=0  (2). 

The  roots  of  (2)  arc  lp±\/{K-lp')- 

These  roots  will  be  real  if  ^<  2a' ;  that  is  to  say,  confining  ourselves  to 
positive  values  otp,  ifp<  V^* 

From  (1)  we  see  that  in  all  cases  where  x  is  real  it  must  ba  numerically 
less  than  a.     Hence  Q  always  lies  betweeu  A'  and  A 

\Vhen;T=0,  therootsof  (2)are  ±aV2,  that  is  to  say,  the  two  positions  of  y  itt  V^ 
Q  are  equidistant  from  0.  " 

So  longas;)is<:o,  i(;^-a')  will  be  ne^tive,  and  the  roots  of  (2)  will  be 
of  opposite  sign  ;  that  is  to  say,  the  two  positions  of  Q  will  lie  on  opposite 
sides  of  0.  Since  the  sum  of  the  two  roots  is  p(  =  OP),  if  Q,U,  be  the  two 
positions  of  Q,  the  relative  positions  of  the  points  will  be  as  in  Fig.  1,  where 
0(J,=PQ,. 

Flg.l. 
When  p=a,  Q,  moves  up  to  0,  and  Qi  up  to  A. 

If;i>a,  then  both  roots  aiie  positive,  and  the  points  will  be  as  in  Pig.  2, 
where  ^)Qj=(JiP. 
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I'         J     UUTTk 

Fig,!. 
If  OB  =  \/2a,  thai  B  is  the  limiting  poutioii  of  P  for  nhich  a  solatian  of 
the  problem  is  poadble.     When  P  movea  up  to  B,  Qi  and  Q,  coincide  »t  C 
(OC  being  iOB). 

Example  4. 

To  find  four  real  positive  nnmberB  in  continued  proportion  aucb  that  theit 
atim  ia  a  and  the  snm  of  their  Bqoareg  C 

Let  US  tahe  for  Tariables  the  Gret  of  the  four  unmberB,  eaj  x,  and  the 
commoa  value,  eay  y,  of  the  ratio  of  each  muuber  to  the  preceding.  Then 
the  four  uumbera  are  z,  xy,  zy',  zy*.     Hence,  by  our  data, 

th»ti»tosay,  3:(I  +  y){l  +  sr>)  =  o  (1), 

!<^l+y")(l  +  S'*)  =  »*  (2). 

From  (1)  we  derive  Al  +C)»(1  +!/')»=a'  (3). 

and  from  (2)  and  (8),  rejecting  the  fhetor  y*+l,  which  is  clearly  iirelevaot, 

a>(l+y«)=i>(I  +  S»)Cl+y)»  (4). 

The  equation  (4)  ia  a  reciprocal  biquadratic  in  y,  which  can  be  solved  by  the 
methods  of  chap,  xvii.,  §  8. 

For  every  value  of  y  (1)  gives  a  correoponding  value  of  x. 

The  student  will  have  no  difficulty  in  showing  that  there  will  be  two 
proper  solutions  of  the  problem,  provided  o  be  >  i.  Since,  however,  the  two 
values  of  J/  are  reciprotils,  and  dnce  3<l+y)(l  +  y')  =  iBy»(l+l/B)(l  +  l/!/*), 
these  two  solntiona  cousist  merely  of  the  same  set  of  four  numbers  read  for- 
wards and  backwards.  There  is,  therefore,  never  more  than  one  distinct 
BolatioD. 

Nowton,  in  bis  ArUhiaetica  Vnivertalis,  solves  this  problem  by  taking  as 
variables  the  Sam  of  the  two  mean  numbers,  and  the  common  value  of  the 
prodact  of  the  two  means  and  of  the  two  extremes.  He  expresses  the  four 
numbers  in  terms  of  these  and  of  a  and  b,  then  equates  the  product  of  the 
second  and  fourth  to  the  square  of  the  third,  and  the  product  of  the  first  and 
third  to  the  sqnare  of  the  second.  It  will  be  a  good  exercise  to  work  out  the 
problem  in  this  way. 

Example  6. 

In  a  circle  of  given  radius  a  to  inscribe  an  isosceles  triangle  the  sum  of 
the  squares  of  whose  sides  is  Si*. 

Let  X  he  the  length  of  one  of  the  two  equal  sides  of  the  triangle,  iy  the 
length  of  the  base. 

If  ABC  be  the  triangle,  and  if  AD,  the  diameter  thiough  A,  meet  BC  in 
E,  then,  since  ABD  is  a  right  angle,  we  have  AB==AD.  AE.     Hence 

a^=2«V(i«'-jfl  (1). 
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Again,  b;  the  conditioiu  of  the  pn>blem,  wo  have 

that  is,  ir>+2i/'  =  ff' 

From  (I)  and  (2)  we  derivB 

The  roots  of  (S)  u 


V^"V(-S)^ 


and  tlie  coireaponding  values  of  y  are  given  by  [2). 

The  neceswry  and  Bafficient  condition  that  the  values  of  x  and  of  ^  he  real 
iM  that  b<3al~^2.  When  this  conditioD  is  satisfied,  there  are  two  real  posi- 
tive values  of  z,  and  it  b>2a  there  are  two  correspooding  real  positive  values 

It  follows  from  the  above  that,  for  the  insciibod  iisosceles  triangle  the 
sum  of  the  sqoana  of  whose  sides  is  a  maximum,  b  — 3ii/\/2.  Corresponding 
to  this  we  have  z—  *^da,  Zy=  \/Za  ;  that  is  to  saj,  the  inscribed  triangle,  the 
sum  of  the  squares  of  whose  udss  is  a  niaximam,  is  eqnilatera},  as  is  well 

Example  6. 

Find  the  isosceles  triangle  of  given  perimeter  2p  inscribed  in  a  circle  of 
radius  a ;  show  that,  if  2j>  be  less  than  3\/3,  and  greater  that  2a,  there  are 
two  solutions  of  the  problem  ;  and  that  the  inscribed  triangle  of  maximum 
perimeter  is  equilateral. 

Taking  the  variables  as  in  last  example,  ve  find 

»?=2<iV(^-!/")  (1). 

x+s=p  (2). 

Honoo  a*-8aV+4^=0  W 

We  cannot  redoee  the  biquadratic  (3)  to  quadratics,  as  in  last  example  ; 
but  we  can  easily  show  that,  provided  p  be  less  than  a  certain  value,  it  has 
two  real  positive  roots. 

Let  ns  consider  the  fimction 

and  let  I  be  the  increment  of  y  corresponding  to  a  very  small  positire  incre- 
ment (*)  of  ar.     Then  we  find,  as  in  chap.  xviiL,  8  12,  that 

I  =  l(z3-2fl^)A  (6). 

Hence,  so  long  as  3^<2a^,  Its  negative;  and  when  3?>2a'p,  I  is  positive. 
Kence,  observing  that  y—  +  <b  when  x=  ±00 ,  we  see  that  the  minimum  value 
of  y  corresponds  to  x=  ^{2a^),  and  that  the  graph  of  (4)  consists  of  a  single 
festoon.  Hence  (3)  will  have  two  real  roots,  provided  the  minimmn  .point  be 
below  the  z-axifl  i  that  is,  provided  y  be  negative  when  x=  ^(2a^) ;  that  is, 
provided 
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be  negative ;  that  i«,  provided  2j)<3't/8a.  It  is  obvious  tbat  both  the  roots 
are  positive ;  for  vhen  z=0  we  have  tr  =  4a'ji',  which  is  positive  ;  hence  the 
graph  does  not  descend  below  the  axis  of  x  ontil  it  reaches  the  right-hand 
side  of  the  axis  of  y. 

From  the  above  Teasoniug  it  follows  that  the  greatest  admissible  perimeter 
is  3\/3a.  Whea  Sip  has  this  value,  the  minimum  point  of  the  graph  lies  on  the 
axis  of  X,  Budz=  :^[2a'p)=  ^(S^/3II')  =  ^/3a  correaponds  to  two  equal  roots 
of  (3).  The  corresponding  value  of  2y  is  given  by  2y=ip-^—Z-^^-i\J2a 
=  \/Sa  ;  in  other  words,  the  inscribed  isosceles  triangle  of  maximum  peri- 
meter is  equilateraL 

Another  interesting  way  of  showing  that  (3)  hss  two  equal  roots  is  to  dia. 
cute  tile  graphs  (referred  to  one  and  the  same  pair  of  axes)  of  the  functions 

y-r*,  »Xidy—Sa^-ia'jf. 
These  can  be  easily  constructed  ;  and  it  is  obviona  that  the  abscissa  of  their 
interseetioDB  ai«  the  real  loots  of  (3). 


EXElUUHBg  .\XX1X. 

(1.)  How  long  will  an  up  and  a  down  train  take  to  past  each  other,  each 
being  44  j^rds  long,  and  each  travelling  30  miles  an  hourtj 

(2.)  DiopbantUB  passed  in  infancy  the  sixth  part  of  his  life,  in  adolescence 
a  twelfth,  then  ho  married  and  in  this  state  he  passed  a  seventh  of  his  life 
and  five  years  more.  Then  he  had  a  son  whom  he  survived  four  yeara  and 
who  only  reached  the  half  of  his  father's  age.  How  old  was  Diophantns  when 
he  died  I 

(3.)  A  man  met  several  beggars  and  wished  to  give  2E  pence  to  each  ;  but, 
□n  con  nting  his  money,  he  found  that  he  had  10  pence  too  little  for  that;  and 
then  made  up  his  mind  to  give  each  20  pence.  After  doing  this  he  had  25 
pence  over.     What  had  he  at  firat,  and  how  many  beggaia  were  there  t 

( 4. )  Two  hills  on  the  same  person  are  sent  to  a  banker,  the  flrst  for  £S80 
payable  in  7  months,  the  second  for  £730  payable  in  4  months.  The  banker 
gives  £1300  for  the  two.     What  was  the  rate  of  banker's  discount  allowed! 

(5.  J  A  basin  containing  1200  cabic  metres  ofwaterisfed  by  three  fountains, 
and  can  be  emptied  by  a  discharging  pipe  in  4  hours.  The  bann  is  emptied 
and  the  three  fountains  set  on ;  how  long  doei  it  take  to  Ell  with  the  dis- 
charging pipe  openT — given  that  the  three  fountains  each  running  alone 
would  fill  the  basin  in  3.  6,  and  7  hoars  respecrively. 

(S.)  ir  1  subtract  from  the  double  of  my  present  age  the  treble  of  my 
age  S  years  ago,  the  result  is  my  present  age.     What  is  my  age  t 

(7.)  A  vessel  is  filled  with  a  mixture  of  spirit  and  water,  70%  of  which  is 
spirit  After  9  gallons  is  taken  out  and  the  vessel  filled  up  vritb  water,  there 
remains  E>8)%  of  spirit,  find  the  contents  of  the  vessel. 

(S.)  Find  the  time  between  8  and  9  o'clock  when  the  hoar  and  minute 
hands  of  a  clock  are  perpendicular. 

(9. )  A  and  B  move  on  two  paths  intersecting  at  0.     B  is  GOO  yards  short 
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of  0  whenAiaatO  ;  in  two  minutea  they  are  eqiiidisUDt  l^m  0,  anil  in  eight 
ininuteB  more  the;  are  again  eqaldistimt  from  0.     Find  the  speeds  of  A 

SDdB. 

(10.)  I  have  %  earn  to  bny  a  certain  number  of  nuts.  If  1  bay  at  the  rate 
of  40  a  penny,  1  shall  spend  6d.  too  much,  if  at  the  rate  of  50  a  penny, 
lOd.  too  little.     How  mnch  have  I  to  spend  I 

(II.)  If  two  nambere  be  increased  by  1  and  diminished  by  2  respectively, 
their  prodoct  is  diminished  by  i.  If  they  be  diminished  by  I  and  increased 
by  2  respectirely,  their  prodact  is  increased  by  IS.     Find  the  nombera. 

(12.)  A  is  faater  than  8  by  p  mOea  an  hour.  He  orertakea  B,  vho  bw 
a  Etart  of  h  miles,  after  a  run  of  q  miles.     Bequired  the  speeds  of  A  and  B. 

(13. )  To  divide  a  given  nnmber  a  into  two  parts  whose  sqnarea  shall  be 

(14  )^Fonr  apples  are  worth  as  mnch  as  five  plnms  ;  three  pears  as  moch  as 
seven  apples ;  eight  apricots  as  mneh  as  fifteen  pears ;  and  five  apples  sell  for 
twopence.  I  wish  to  buy  an  eqoal  number  of  each  of  the  foar  fruits,  and  to 
spend  an  exact  nnmber  of  pence ;  find  the  least  sum  I  can  spend. 

(IB.)  A  man  now  living  said  ha  was  x  years  of  age  in  the  year  3^.  What 
is  his  age  and  when  was  ha  bom  I 

Remark  on  the  nature  of  this  and  the  preceding  problem. 

(IS.)  OABCD  are  five  points  in  order  on  a  stTai(^t  lino.  If  OA  =  a, 
OB  =  A,  0C=^  OD=d,  find  the  diaUnce  of  P  from  O  in  order  that 
PA:PD=rB:PC. 

(17.)  A  man  can  walk  (ram  P  to  Q  and  back  in  a  certain  time  at  the  rate 
of  3^  miles  an  hour.  If  he  walks  3  miles  an  hour  to  and  4  miles  an  hour  back, 
he  takes  6  minutes  longer;  find  the  distance  PQ. 

(IS.)  A  stArta  to  walk  from  P  to  Q  half  an  hour  after  B ;  overtakes  B  mid- 
way between  P  and  Q  j  and  arrives  at  Q  at  2  p.m.  After  resting  7J  minutes, 
he  starts  hack  and  meets  B  in  10  minutes  more.  When  did  each  start 
fromP! 

(19.)  At  two  stations,  A  and  B,  on  a  line  of  raUway  the  prices  of  cools  are 
£p  pet  ton  and  £q  per  ton  respectively.  If  the  distance  between  A  and  B  be 
d,  and  the  rate  for  the  carriage  of  coal  be  £r  per  ton  per  mile,  find  the  distance 
from  A  of  a  station  on  the  line  at  which  it  is  inditTerent  to  a  consumor  whether 
ho  bnys  coals  Irom  A  or  from  B. 

(20.)  A  merchant  takes  every  year  £1000  out  of  his  income  for  personal 
expenses.  Neverthelesa  his  capital  increases  every  year  by  a  third  of  what 
remains  ;  and  at  the  end  of  three  years  it  is  doubled.  How  much  had  he  at 
fitstt 

(21.)  A  takes  m  times  as  long  to  do  a  piece  of  work  as  B  and  C  together ; 
6  n  times  as  long  as  C  and  A  together ;  C  x  times  as  long  as  A  and  B  together ; 
Findx;  and  show  that  1/(^  +  1) +  l/(m+l)  +  l(ti+ 1)  =  1. 

(22.)  Tho  total  increase  in  the  number  of  patienta  in  a  certain  hospital  in 
a  certain  year  over  the  number  in  the  preceding  year  was  2i%.  In  tha 
number  of  oat-patienta  thera  was  an  increase  of  4%  ;  but  in  the  number  of 
in-patients  a  decrease  of  11%.  Find  the  ratio  of  the  number  of  out  to  the 
number  of  in-patients. 
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(23.)  The  sum  of  tbo  ages  of  A  and  B  is  now  60  ;  10  yeais  ago  their  iges 
wet«  u  G  to  3.    Find  their  ages  non. 

(24.)  Divids  111  into  three  porta,  w>  that  one-third  of  the  flnt  part  is 
gnaXet  by  i  tbim  one-fourth  of  the  eecond,  and  less  by  6  than  one-fifth  of  the 
third. 

(2S. )  In  a  hundred  yards'  race  A  can  beat  B  by  ^"  ;  but  he  is  handicapped 
by  3  ynrda,  and  loses  by  1-^  yorde.     Find  the  times  of  A  and  B. 

(2S.)  A  and  B  run  a  mile,  and  A  beats  B  by  100  yards.  A  then  nms  with 
C,  and  beata  him  by  200  yards.  Finally,  B  rans  with  C  ;  by  haw  mnch  does 
he  beat  him ) 

(27.)  A  penon  rows  a  miles  down  a  river  and  bacjc  in  (  hours.  He  can 
row  b  miles  with  the  stream  in  the  same  time  as  c  miles  against.  Find  the 
times  of  going  and  retoming,  and  the  velocity  of  the  stream. 

(28.)  A  miitare  of  black  and  green  tea  sold  at  a  certain  price  brings  a 
profit  of  i%  on  the  cost  price.  The  teas  sold  separately  at  the  same  price 
would  bring  G%  and  3%  profit  respectively.  In  what  proportion  were  the 
two  mixed ! 

(29.)  If  a  rectangle  were  made  a  feet  longer  and  b  feet  narrower,  or  a'  feet 
longer  and  V  feet'  narrower,  its  area  would  in  each  case  be  nnaltered.     Find 

(30.)  Two  vesseb,  A  and  B,  each  contain  ]  oz.  of  a  mixture  of  spirit  and 
water.  If  l/mth  oz.  of  spirit  be  added  to  A  and  1/nth  oz.  of  spirit  to  B,  or  if 
1/nth  oz.  of  water  be  added  to  A  and  1/ntth  or.  of  water  to  B,  the  percentages 
of  spirit  in  A  and  B  in  each  case  become  equal.  What  percentage  of  spirit  is 
there  in  each  I 

(31.)  A  wine-merchant  mixes  wine  at  10s.  per  gallon  with  spirit  at  20s,  per 
gallon  and  with  water,  and  mokes  25%  profit  by  selling  the  mixture  at  lis.  8d. 
per  gallon.  If  he  had  added  twice  as  mach  spirit  and  twice  as  much  water,  he 
would  have  made  the  same  profit  by  selling  at  lis.  3d.  per  gallon.  How  much 
spirit  and  how  much  water  does  he  add  to  each  100  gallons  of  wine ! 

(32.)  Find  the  points  on  the  dial  of  a  watch  where  the  two  hands  cross. 

(33. )  Three  gamesters  agree  that  the  loser  shall  always  doable  the  capital 
of  the  two  others.  They  play  three  gamea,  and  each  Icaes  one.  At  the  end 
they  have  each  £a.     What  had  they  at  first  1 

(34.)  A  cistern  can  be  filled  in  6  hours  by  one  pipe,  and  in  8  bonra  by 
auotUcr.  It  was  filled  in  G  hours  by  the  two  running  partly  together  and 
partly  separately.  The  time  they  ran  together  was  two-thirds  of  the  time 
they  ran  separately.     How  long  did  each  run  ? 

(35.)  A  horse  is  sold  for  £2i,  and  the  uumbor  expressing  the  profit  per 
cent  expresses  also  the  cost  price.     Find  the  cost  price. 
i/  (3S.)  1  spent  £18  in  cigars.     If  I  had  got  one  box  more  for  the  money, 
each  box  would  have  been  5b.  cheaper.     How  many  boxes  did  I  buy  1      i 

(37.)  A  person  about  to  invest  in  3%  consola  observed  that,  if  the  price 
had  been  £6  leas,  he  would  have  received  i%  more  interest  on  his  money. 
Find  the  price  of  consols. 

(38. )  Out  of  a  cask  containing  360  quarts  of  pure  alcohol  a  quantity  is 
drawn  and  replaced  by  water.     Of  the  mixture  a  second  quantity,  84  qnarts 
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mora  than  the  first,  is  dnwu  and  replaced  by  mter.  The  cask  now  contains 
u  much  alcohol  >a  vater.     What  qoantitj  was  drawn  ont  at  fiist ! 

(39. )  Find  four  consecutive  integers  such  that  the  prodnot  of  two  of  them 
may  be  a  number  which  has  the  other  two  for  digits. 

(40. )  The  conaumption  of  an  important  commodity  ia  found  to  increase  aa 
the  squEre  of  the  decrease  of  its  price  below  a  certain  standard  price  (j>).  If 
the  coatoma'  duty  be  levied  at  a  gi*en  percentage  on  the  value  (a)  of  the 
commodity  before  the  duty  ia  paid,  show  that,  pronded  the  rate  be  below  a 
certain  limit,  there  are  two  other  rates  which  will  yield  the  aame  total 
rerenoe,  and  determine  the  rates  which  will  yield  the  greatest  and  least 


{41, )  A  number  has  two  digits,  the  som  of  the  aqnarei  of  which  is  ISO. 
If  the  order  of  the  digits  be  reversed  the  number  is  increased  by  18.  Find 
the  nnmber. 

(42.)  Three  nnmbers  are  in  arithmeticBl  progression.  The  square  of  the 
first,  together  with  the  product  of  the  second  and  third,  is  10  ;  and  the  square 
of  the  second,  together  with  the  product  of  the  Erst  and  third,  is  14. 

(48.)  To  find  four  nambeiE  in  arithmetical  progreseioQ  such  that  their  sam 
is  2a,  and  the  snm  of  their  squares  4i*. 

(44.)  I  invest  equal  sums  in  the  S%  and  in  the  3}%  consols.  My  income 
from  one  is  £a  more  than  my  income  from  the  other.  Selling  ont  after  each 
etock  has  risen  1%,  I  gain  £b  mora  from  the  one  than  I  do  from  the  other. 
If  I  had  invested  at  the  latter  rates  my  income  from  each  would  have  bean 
the  same.     How  much  did  I  invest  ? 

(46.)  The  sides  of  a  triangle  are  the  roots  of  if-a3?  +  bx-e  =  0.  Show 
that  its  area  is  i\/(a(4<ii~a'-8c)t. 

(46.)  The  hypotenuse  of  a  right-angled  triangle  ia  h,  and  the  radios  of  the 
inscribed  circle  r.  find  the  sides  of  the  triangle.  Find  the  greatest  admis- 
sible valoe  of  r  for  a  given  value  of  h. 

The  following  are  from  Newton's  ArilkmeCiea  Univenalia,  q.v.,  pp.  118, 

(47.)  Given  the  aides  of  a  triangle,  to  find  the  segments  of  any  mie  made 
by  the  foot  of  the  perpendicolat  from  the  opposite  vertex. 

(48.)  Given  the  perimeter  and  area  of  a  right-angled  triangle,' to  find  the 
hypotennae. 

(49. )  Given  the  [lerimeter  and  altitude  of  a  ri^t-angled  triangle,  to  find 
its  sides. 

(GO.)  The  same,  given  the  hypotennae  and  the  sum  of  the  altitude  and  the 
two  sides. 

(SI.)  Find  the  sides  of  a  triangle  which  is  such  that  the  three  sides,  a,  b,e, 
and  the  perpendicular  on  a  form  an  arithmetical  progression. 

(G2.)  The  same,  the  progression  being  geometric, 

(53.)  To  find  a  point  in  a  given  straight  line  such  that  the  difference  of 
its  diatanees  from  two  given  points  shall  be  a  given  length. 
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CHAPTER  XX. 

Arithmetic  and  Q«ometric  Progressions  and  the 
Series  allied  to  them. 

§  1.]  By  a  series  is  meant  ihe  sum  of  a  namier  of  terms  formed 
aaardi-ag  to  some  eomnwn  law. 

For  example,  if  f{n)  be  any  fanction  of  n  whatsoever,  the 
function 

/(i)+/(2)+/(3)  +  - . .  +y(r)  +  . . .  +/(»)       (i> 

is  e«lled  a  series. 

f(l)  is  called  the  first  temi ;  /(2)  the  seamd  term,  &c ;  and  /(r) 
is  called  the  rth,  or  general,  term. 

For  the  present  we  consider  only  series  which  have  a  finite 
number  n  of  terms. 

As  examples  of  this  new  kind  of  function,  letytn)  =  n,  then  we  Lave  the 

1  +  2  +  3+.  ..+n  (2); 

1et/(n)=l/{a+(n),  and  we  have  the  series 

letyin)=  ^nl{2  -  V«),  and  we  have  the  seriee 

yi     I     V2     I     V8     I  I      V«  ,,,. 

2-Vl    a-v^'^a-VB       '       2-v'n  '  '• 

It  is  obvious  that  when  the  nth  term  of  .&  series  is  given  we 
can  write  down  all  the  terms  by  simply  substituting  f or  w  1,  2, 
3  .  .  .  successively. 

Thus,  if  theiitAtennben*  +  2n,  the  series  is 

(l*  +  2-I)  +  (25+2-2)  +  {3'  +  2-3)  +  .  ..+(n'  +  2«), 
or  3+8+15+..  .+(B.'+2n). 
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It  is  not  true,  however,  that  when  the  first  few  terms  are 
given  we  can  in  general  find  the  nth  term,  if  nothing  is  told  us 
regarding  the  form  of  that  term.  This  is  sufSciently  obTions 
from  the  second  form  in  which  the  last  series  was  written ;  for 
in  the  earlier  terms  all  trace  of  the  law  of  formation  is  lost. 

If  we  have  some  general  description  of  the  nth  term,  it  maj 
in  certain  cases  be  possible  to  find  it  from  the  valaes  of  a  certain 
number  of  particular  terms.  If,  for  example,  we  were  told  that 
the  nth  term  is  an  integral  function  of  n  of  the  3nd  degree, 
then,  by  chap.  xviiL,  5  7,  we  could  determine  that  (unction  if  the 
values  of  three  terms  of  the  series  of  known  order  were  given. 

§  2.]  If  we  regard  the  series 

/(I) +/(2) +  ...+/(«) 
as  a  function  of  n,  and  call  it  ^n),  it  has  a  striking  peculiarity, 
shared  by  no  function  of  n  that  we  have  as  yet  fully  discussed, 
namely,  that  lh«  nuwher  of  terms  in  the  function  ^n)  depends  en  Hie 
value  of  its  varvMe.     For  example, 

♦(i).|i  *(8)-^Hp.  *<3)-j;ii+)^+|4 

and  so  on. 

It  happens  in  certun  cases  that  an  expression  can  be  found 

for  ^n.)  which  has  not  this  peculiarity ;  for  example,  we  shall 

show  presently  that 

,.     „.     „•                .     n(n  +  l)(2w+l) 
1'  +  2'  +  3'  + .  .  .  +  n  =  -i '^ '-. 

On  the  left  of  this  equation  the  nmnber  of  terms  is  n ;  on  the 
right  we  have  an  ordinary  integral  function  of  n,  the  number  of 
terms  in  which  is  independent  of  n. 

When,  asinthe  example  quoted,  a  dosed  ea^ession  can  be  found  for 
the  sum  of  a  series  involving  only  known  functions,  and  constructed  by 
a  fked  number  of  steps,  then  the  series  is  said  to  admit  of  summation  ; 
and  the  dosed  expression  in  question  is  spoken  of  as  the  sum,  par 
excellence,  of  the  series. 

The  property  of  having  a  sum  in  the  sense  just  explained  is 

an  exceptional  one ;  and  the  sum,  where  it  exists,  must  always 

be  found  by  some  artifice  depending  on  the  nature  of  the  series. 

What  tlie  student  should  endeavour  to  do  is  to  group  together, 

VOL.  I.  2  H 
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aod  be  sure'  that  he  can  recogniBQ,  all  the  Beriee  that  can  be 
aummed  by  any  given  artifice.  Thia  is  not  so  difficult  as  might 
be  supposed ;  for  the  number  of  different  artifices  is  by  no  means 
very  lai^ 

In  this  chapter  we  shall  discuss  two  very  important  cases, 
leaving  the  consideration  of  several  general  principles  and  of 
several  interesting  particular  cases  to  the  second  part  of  this 
work. 

SERIES  WHOSE  ftTH  TERM  IS  AN   INTSaRAL  FUNCnOK  OF  n. 

3  3.]  An  AriihmeHc  Series,  or  an  Arithmetic  Proffresaum,  as 
it  is  ofl^n  called,  is  a  series  in  which  each  term  exceeds  the  pre- 
ceding by  a  fixed  quantity,  called  the  common  difference.  ]jet 
a  be  the  first  term,  and  h  the  common  difference ;  then  the  terms 
are  a,  a  +  h,  a  -t-  26,  a  +  Zh,  <^.,  the  nth  term  being  obviously 
.+  (»-!)». 

Here  a  and  h  may  be  any  algebraical  quantities  whatsoever, 
the  word  "  exceed  "  in  the  definition  being  taken  in  the  algebraical 
sense. 

Since  the  nth  term  may  be  written  (a  —  6)  +  frn,  where  a-h 
and  b  are  constants,  we  see  that  the  nth  term  of  an  arithmetical 
series  is  an  integral  function  of  n  of  the  1st  degree.  Such  a 
series  is  therefore  the  simplest  of  the  general  class  to  be  con- 
sidered in  this  section. 

The  usual  method  of  summing  an  A .  F .  is  as  follows.  Let 
S  denote  the  snm  of  n  terms,  then 

S  =  a  +{a  +  b)  +(a  +  26)        + .  ,  .  +  {a  +  r:^\b). 

If  we  write  the  terms  in  the  reverse  order,  we  have 
2  =  (o  +  n^b)  +  (a  +  n^6)  +  {a  +  n^Zb)  + .  .  .  +  a. 
If  we  DOW  add,  taking  the  pairs  of  terms  in  the  same  vertical 
line  together,  we  find 

22  =  {2a  +  ^^1  J)  +  (2a  +  ^  J)  +  {2a  +  n-ih)  +  ...  +  (2a  +  ^ft). 
Hence,  since  there  are  n  terms, 

2  =  ^(2a  +  »r^l&)  (1). 

This  gives  2  in  terms  of  n,  a,  b. 
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If  we  denote  the  last  term  of  the  series  by  /,  we  have 
/  =  a  +  n  -  lb.     Hence 

J-«iii  (2). 

That  is  to  say,  the  sum  of  n  terms  of  an  A  .P.  is  n  limes  the 
average  of  th€  first  and  last  terms,  a  proposition  which  is  con- 
venient  in  practice. 
Example  1. 

Toaum  the  aritlimetical«eri«9  9  +  8  +  1-1-3-.  .  .  to  100  temu.     Hera 
a=5aiiil£=-2.    Henc« 

2=ija{2x5  +  (I0O-l)(-2)}, 
=  60(10-108), 
=  -  B400. 
Examples. 

To  End  tbe  mm  of  the  fint  n  odd  integera. 
The  nth  odd  iateger  ia  Sn  - 1.     Hence 

Z  =  l+8  +  5+  .  ,  .  +211-1, 


It  appean  therefore  that  the  mni  of  any  number  of  coDsecnttre  odd  integers, 
beginning  with  unit;,  is  the  square  of  their  nnmber.  Thia  propoaition  v*8 
known  to  the  Greek  geometers. 

Example  3. 

Sum  the8erieaZ  =  l-2  +  3-i  +  G  ...  ton  terms.  First  anppcwe n  to  be 
eveo,  =2m  aay.     Then  the  seriea  ia 

1  =  1-2  +  3-4+  .  .  .  +2m^-2)n, 
=  1+3+.  .  .  +2S^ 

-2-4-  .  .  .  -2nt. 
In  each  line  there  are  mterma.    The  first  line  has  fbritaanm  m*,  bjaiample  2. 
Theaecondgi7ea-fl(<2  +  2m)/2,  that  ia,  -oifm  +  l).     Henee 

Z  =  i»'-w(im  +  l)=  -m=  -s- 
Next  Buppoae  » to  be  odd,  =  2m  - 1,  aaj. 

Then  we  have  

2  =  1-2  +  8-4+.  .  .  +21B-1. 

To  End  the  sum  in  this  case,  all  tre  have  to  do  is  to  add  2nt  to  our  former 
result.     We  tbna  find 

2  =  2m-ni=n», 
_n  +  l 
2     ' 

'e  aimpl;  \  but  the  above  method  i.s 
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$  4.]  The  artifice  of  §  3  will  not  upply  to  the  case  where  the 
nth  term  of'a  series  is  an  integral  function  of  n  of  higher  degree 
than  the  first.  We  proceed  therefore  to  develop  a  more  general 
method. 

Let  the  nth  term  of  the  serieB  bo 

yX+Pil''" +;>■«'■■*  +  ■    ■   ■+Pr  (1). 

vhen  Pij,  p,,  p,,  .  .  .  jJr  *re  independent  of  tt. 

And  let  ub  denote  the  sums  of  the  first,  second,  third,  .  .  . 
rth  powers  of  the  first  n  integral  numbers  by  n^n  r^i>  n^n  ■  ■  - 
^Sr'i  so  that 

„Si  =  l+2+3+...  +  n, 
^,  =  1'  +  2'  +  3'  +  .  .  .  +  n', 
,^,  =  r+  2'+3'  +  .  .  .  +  «*, 
and  so  on. 

If  S  denote  the  sum  of  n  terms  of  the  series  whose  nth  term 
is  (1),  we  have, 

+J'.3''+;,3'-*+;i,3'- 


+ p„n^  +  PiV.'''^  +  p^~^  +  .  .  ■ +Pt- 
Hence,  adding  in  vertical  columns,  we  have 

2  =;<,„«, +i>inSr.i+i'i»Sr-.  +  -    -    .  +  WPr  (2). 

From  this  formula  we  see  that  we  could  sum  the  series  whose 
general  term  is  (1)  if  only  we  knew  the  sums  of  the  first,  second, 
third, ...  rth  powers  of  the  first  n  integers. 

These  sums  can  be  calculated  successively  by  a  uniform 
process,  as  we  shall  now  show. 

§  6.]  To  calculate  „s,. 

Tf  in  the  identity  (x+  1)'  -  ai"  =  2ir  +  1,  we  put  successively 
x  —  n,z  =  n-  1,...3!  =  2, 1=  1,  we  have  the  following  equations — 
(n+ !)'-«•  =  271  +1, 

n'_{B_l)'=2(n-l)+l, 

3'~2'  =  2.2  +1, 

2'-r  =  2.1  +1. 
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If  we  add  all  these  equations,  the  terms  on  the  left  mutually 
destroy  each  other,  with  the  exception  of  two,  which  give 
(n  -i- 1)'  -  1 ;  and  those  on  the  tight,  added  in  vertical  columns, 
give  2aS,  +  n.     Hence 

(ft+l)'-l  =  2,^,+n  (1). 

From  this  we  have 

2„s.  =  (n+l)"-(fi+l), 
=  (fi  +  IK 

..,.=^  (2); 

a  result  whicli  we  might  have  obtained  by  the  method  of  §  3, 
f  or  1  +  2  + .  .  .  +  n  is  an  A .  P. 

Cor.  The  turn  of  the  first  powers  of  ths  first  n  integers  is  an 
ifdegral  function  of  n  of  the  seiotid  degree. 
$  6.]  To  ealmlaU  ^,. 

In  the  identity  (a;+ l)*-!K'=3a!'  + 3a!  + 1,  put  successively 
x  =  n,  x  =  n-l,  .  .  .  x  =  2,  «=  1,  and  we  have 

(»+l)'-ji'=3«'  +3n         +1, 

n'-(n-l)'  =  S[n  -1)'  +3(n-l)  +  l, 


-2"  =  3.2*  +3.2         +1, 

-1*  =  3.1'  +3.1         +1. 


Hence,  adding  all  these  equations,  we  have 

(b  +  1)'  -  1  =  3„^  +  3^1  +  «  (1). 

Using  in  (1)  the  value  already  found  for  ^,,  we  have 

3^  =  (n+l)*-f«(«+l)-(»+l), 


Cor.  The  sum  of  the  squares  of  the  first  n  integert  is  an  integral 
fwncUoa  of  n  of  the  third  degree. 
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§  7.]  To  caicviate  „«,. 

In  the  identity  (x  +  1)*  -  z' =  i3^  +  63:^  +  ix  +  I,  put  succes- 
sively x  =  n,x  =  n-l,.  .  .  x  =  2,  x=\ ;  add  the  n  equationa  so 
obtained,  and  we  find,  as  before, 

(M  +  1)*  -  1  =  i^,  +  6,A  +  *»».  +  «. 
or  <n+l)'-(n+l)  =  4,A  +  6^.  +  V,  W- 

Using  the  values  of  „s,  and  ^,  already  found,  we  have 

4,A  =  n(«+lK«'  +  3n  +  3)-n(n+l)(2n+l.)-2n<n  +  l), 
=  n<«  +  1)  («'  +  3n  +  3  -  2n  -  1  -  2), 
=  «•(«+ I)'. 
Hence 

Cor.  1.  n^t  is  an  inUffrtd  function  of  n  of  the  fourth  degru. 

Cor.  2.  The  sum  of  the  cubes  of  the  first  n  integers  is  the  square 
of  (he  sam  of  their  first  powers 

§  8.]  Exactly  as  in  §  7  we  can  show  that 

(n  +  1)*  -(»+!)  =  6,^.  +  10„s.  +  10,^.  +  M  <1) ; 

and  ft^m  this  equation,  knowing  „s,,  „s„  ,Ai  we  can  calculate 
^,.     The  result  is 

_«(n+l)(6V  +  9n'  +  «-l) 
"**~  30 

§  9.]  This  process  may  be  continued  indefinitely,  and  the 
functions  „Ei,  ^, .  .  .  „Sr-i  ■  •  ■  calculated  one  after  the  other. 

Suppose,  in  fact,  that  „5i,  ,fi„  .  .  .  n^r-i  had  all  been  cal- 
culated.    Then,  just  as  in  §§  6-8,  we  deduce  the  equation 
{n+l)'+i-{n+l)  =  ,.,.C,^-h,+,C.„8,.,  +  ...  +  ,+,C,„J.    (1), 
where  r+iC„  r+i^i,  &c,  are  the  binomial  coefficients  of  the  r  +  1th 
order. 

The  equation  (1)  enables  us  to  calculate  „«,■ 

Cor.  1.  ^is  an  iniegral  fitnetim  of  n  of  the  r  +  Ith  degree,  so 
thai  we  may  write 

„Sr  =  5,n''"'"'  +  2in''+3,»i''"^  +  .  .  ,+gr+„ 
and  it  is  obvious  from  (1)  Aoj 


<2)- 


byGooglc 


:.]  SUM  OF  ANY  INTEQRAl  SERIES. 

I  1 

Cor.  2.  kS,  u  divMle  by  n(n  +  1),  so  that  ice  may  write 


'^'{rTT'*"^'"''"''^^'"''"'"^-  ■  ■+^'-'}' 


for  this  18  trae  when  r=l,  r=2,  r=3,  r  =  4;  hence  it  must  be 
true  for  r  =  5,  for  we  have 

{v,  +  1)'  -(»+!)  =  .C,„s.  +  ,0,^.  +  ,C,«s.  +  .C,„3,  +  ,C,„s„ 
and  (n  +  1)'  -  (n  +  1)  ia  divisible  by  n(n  +  1) ;  and  so  on. 

$  10.]  We  can  now  eum  any  aeries  whose  nth  term  is  re- 
ducible to  an  integral  function  of  n.  By  §  4  and  §  9,  Cor.  1, 
we  see  that  the  sum  of  n  terms  of  amy  series  whose  ntA  term  is  an 
inte^al  fundwn  of  n  of  the  rth  degree  U  an  integral  function  ofnof 
(Ae  r  +  1(A  degree.  We  may,  therefore,  if  we  choose,  in  summing 
any  such  series,  assume  the  sum  to  be  An''+'  -h  Bn'  -<• .  .  .  +  K ; 
and  detenoine  the  coefficients  A,  B,  .  .  .  K,  by  giving  particular 
values  to  n.  If  S,,  S,, .  .  .  ^+,,  be  the  sums  of  1,  2,  ...  r  +  2 
terms  of  the  series,  then  it  is  obvious,  by  Lagrange's  theorem, 
chap,  xviii.  §  7,  that  the  sum  is 

,     '(.-IM.-S) 1  (-1)        ...(i-r-2)' 

The  following  are  a  few  examples : — 


To  Bum  the  seriea  I 

=o+ 

a  +  6)  +  (a  +  2i)+. 

The  nth  term  U 

(o -*)  +  «*. 

The  n  -  1th  term  is 

(a-i)  +  (n-l)i. 

The  2nd  term  ia 

(o-6)  +  2i. 

The  let  term  is 

{a-6)  +  ]fc 

Hence 

2  = 

(a-fth+Vi. 

(.-^^.-^^-'V"' 

^(aa  +  fTai). 

OS  mi  found  in  g  8. 
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472  EXAMPLES. 

Enunple2.  2=l'  +  B'+fi»+  tontenna. 

Tha  nth  term  is  (,2n-l^-M~ in  +  1. 
Hence  Z=     4n'         -in         +1 

+  I(«-1)'-4C«-1)  +  1 


Elumple  S. 

Z  =  2.S.«-)-S.4.6-f-l.G.6+.  .  .  toxtei 

ThonthteniiiB{»4-l){n  +  2)(»  +  3)=n'  +  B»'  +  IliH-6. 

=  !(«•  + lOn*  +  36»' +  60»). 


A  wedge-shaped  pile  of  shot  standi  on  a  rectangular  base.  Tfaei«  an  m 
and  n  shot  respectirelj  in  the  two  sides  of  tha  lowest  rectengolar  layer,  m  - 1 
and  n  - 1  in  the  two  eidsB  of  the  next  rectangular  layer,  and  eo  on,  the  upper- 
moBt  lajer  being  a  singls  line  of  shot  find  the  whale  number  of  ehot  in  the 
pile,  m  being  greater  than  n. 

The  nDMber  in  the  lowest  layer  is  mn  ;  in  the  next  (nt  - 1)  (n  - 1) ;  in  the 
next  (ni-S)(«-2),  and  so  on ;  the  nnmber  in  the  last  layer  is  (m-x-l) 
(n-n-1),  thatia,  (tn-n  +  l). 

Hence  we  have  to  anm  the  series 

z-«n+(«-i)(>.-i)+(».-2)(«-2)+.  .  .+(i»-»"^{«-i::T).| 

in  which  there  are  n  terms. 

The  rth  term  of  the  series  is  (m-r-l)(«-7^),   that  is,  (m+l-r) 

(n+l-r),  that  is,  (m  +  lKl»  +  l)-(m+n  +  B)r  +  r*. 
Hence  we  may  write  the  series  as  follows : — 

2=      {i7H-l)(n  +  l)  -(m  +  n  +  2)»  +»• 

+  (m  +  l)(n  +  l)   -(m+n  +  2)(«-l)    +(»-l)» 

+  (in  +  l)(«  +  l)   -(m-t-«+a)2  +2' 

+  (m-t-l)(n+l)   -(m  +  «  +  2)l  +1', 

=      «(m-H)(n  +  l)-(«n-n  +  2),^.  +^ 

=  (m-t-lM''  +  l)-i<'^  +  «  +  2W™  +  l)  +  i^«  +  l)(2«-(-l), 
=  Kn  +  DtS^-H  +  l). 
Remark.  — In  worlung  examples  by  this  method  the  stndent  most  b«  care- 
ful to  see  that  the  series  is  complete  ;  in  other  word^  that  there  are  exactly 
n  terms,  all  /ormed  oeeorMng  to  the  aanu  lam.  If  any  terms  are  wanting,  or 
if  there  are  redundant  terms,  allowance  must  be  made  bjr  adding  or  subtract- 
ing terms,  as  the  case  may  be. 
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GEOUETBIC  SERIES. 


SERIES  WHOSE  nTH   TERM    IS   THE    PRODUCT  OF   AN    TNTEORAI. 
FUNCTION  OF  n  AND  A  SIUPLB  EXPONENTIAL  FUNCTION  OF  n, 

§  1 1.]  The  typical  form  of  the  nth  term  in  the  class  of  series 
now  to  be  considered  is] 

where  p^p,  .  .  .  j)„  r  are  all  independent  of  n,  and  t  is  any 
positive  integer. 

The  simplest  caae  is  that  in  which  the  integral  function  re- 
duces to  a  constant  The  nth  term  is  then  of  the  form  p/",  or 
sayjj^r  ,r""*,  that  is,  aT"~\  where  a=p^ia  a  constant. 

The  ratio  of  the  nth  to  the  n  -  1th  term  in  this  special  case 
is  ar"/ar""^  =  r,  that  is  to  say,  is  constant 

A  series  in  vikieh  the  ratio  of  each  term  to  the  praxding  is  con- 
slani  is  called  a  geometric  series  or  geometric  prop-essiov, ;  and  the 
coasiant  ratio  in  question  is  coiled  the  common  ratio. 

If  the  first  term  be  a  and  the  common  ratio  r,  the  second 
term  is  ar ;  the  third  (iw)r,  that  is,  ar" ;  the  fourth  (aj')r,  that  ia, 
or*;  and  so  on.  The  nth  term  is  ar^~\  A  geometric  series 
is  therefore  neither  more  nor  less  general  than  that  particular 
case  of  the  general  class  of  series  now  under  discussion  which 
introduced  it  to  our  notice. 

§  12.]  To  sum  a  geometrical  series. 

Let  2  =  a  +  ar  +  ar'  +  ,  .  .+or"-'  (1). 

Multiply  both  sides  of  (I)  by  1  -  r  and  we  have 
{l-T)2  =  a  +  ar  +  ar*  +  .  .  .  +  aT^-^ 

—  or -or*-.  .  .-ar*"^-or", 
=  a  -  or"  (2). 

Hence  ^  =  «\^  <^'- 

Since  the  number  of  operations  on  the  right-hand  side  of  (3) 
is  indepeudent  of  n,  we  have  thus  obtained  the  sum  of  the 
series  (1). 

Cor.  If  /  be  the  last  term  of  the  series,  then  /  =  ar"~*  and 
or*  =  ri.     Hence  (3)  may  be  written 
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Enmple  1. 

Z=l+!+J+.  ■  ■  tolOUrnu. 

tiiMW»e«  =  i,r=4.     Hence      . 

Exunplea 

2  =  1-2  +  4-8  +  18  .  .  .  tontw 
Here  0=1,  r= -2.    Hence 

^^ 

,     l-(-2^  i-(-i).2- 

'■l-(-2)               S 
=  i[l-2-),  ifnboBven, 

„         ,                     =1(1  +  2-),  if«beodd. 
Eiamplea 

a;-y       x-y       x-y                     x-y     ' 

.  .  to« 

=ji^(»?  +  x'  +  .   .  .+^l)-^{yi+y.  +  .  .  , 

.+r*'). 

=  ^-{l+a:+.  .   .+3--l}-^-^(l  +  y  +  .  .  .+jr-'). 
Now                     l+a!+.  .  .•t-iff^^  =  {l~xr)l{1-x). 

d                   i+y+. .  .+»->=[i-3r)Ai-y). 

2- «^\:r>  .,!«\:r' ■ 

g  13.]  We  next  proceed  to  consider  tke  cast  when  the  inleffral 
function  which  mtdHplies  r*  is  of  the  Isl  degree. 

The  general  term  in  thia  case  ia 

(ffl  +  fr»)r''  (1), 

where  a  and  h  are  constanta. 

It  will  be  observad  that  a  term  of  this  form  wonld  result  if 
we  multiplied  together  the  nth  term  of  anj  arithmetic  series  by 
the  nth  term  of  any  geometric  series.  For  thia  reason  a  aeries 
whose  nth  term  has  the  form  (1)  ia  often  called  an  arWmdicih 
geomeiric  series. 

The  series  may  be  sommed  by  an  extension  of  the  artifice 
employed  to  aum  a  G.P. 

Let 
^  =  {a  +  bAy  +{a  +  b.2y  +  (a  +  b.zy  +  .  .  .+(ffl  +  i.n>». 
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XI.]  ARITHMETICO-GEOMETEIC  SERIES.  475 

Multiply  by  1  -  r,  and  we  have 
(l-r)2 
=  (a+b.iy  +  (a+b.2y  +  (a  +  b.3y  +  ...  +  {a  +  bny" 

-{a  +  hAy--{a-*b.2y-...-(a  +  hir^y 

=  {a  +  b.l)  +  \l^-i-bt*  +  .  .  .+ir»|  -{a  +  bny'+^  (1). 

Looking  merely  at  the  temu  within  the  two  vertical  lines, 
we  see  that  these  constitute  a.  geometric  series.  Hence,  if  we 
multiply  by  1  -  r  a  second  time,  there  will  be  no  series  left  on 
the  right-hand  side;  and  we  shall  in  effect  have  found  the 
required  expression  for  Z  We  have,  in  fact, 
(l-r)'2 

=  (1 -!•)(»  + 6) +  &'  +  »>'  +  ...+ k" 

-Jr"-...-Sr"-tr»+' 

-(l-i-)(a  +  S»)r"+', 

-  (1  -  r)(o  +  J)  +  Jr-  -  Jf"«  -  (1  -  r)(«  +  h)f"+', 

-  (a  + 1)  -  (o  +  J)i-  +  Sr"  -  (a  +  iTTUy+i  +  (o  +  hi)r"+'  (2). 
Hence 

_     (o  +  5) -(«  + jy  +  h"  -  (a +  ;rnj)r-« +  («  +  *«>"+■       ,,, 

^' (1^ <'>• 

§  14.]  If  the  reader  has  not  already  perceived  that  the 
artifice  of  multiplying  repeatedly  by  1  -  r  will  sum  any  series  of 
the  general  form  indicated  in  §  11,  probably  the  following  argu- 
ment will  convince  him  that  such  is  the  case. 

Let  f,(n)  denote  an  integral  function  of  n  of  the  sth  degree ; 
then  the  degree  of  /■(«)  -/i(n  -  1)  is  the  s  -  1th,  since  the  two 
terms  in  n*  destroy  each  other.  Hence  we  may  denote  f^n) 
-//«-!)  by/,.,(w).  SimUarly,/...(n) -/„,(»  ~1)  will  bean 
integral  function  of  n  of  the  s  -  2th  degree,  and  may  be  denoted 
by  f,-Jn),  and  so  on. 

Consider  now  the  series 

^-Miy^U2yt...*Mny  (i). 

Multiply  by  1  -  r,  and  we  have 
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476  INTEGBO-GEOHKrBlC  SERIES.  [cup. 

(l-r)S 

=/.(iK+   my*  M^y- +/.<«)>' 

-   /fiy-  wy----M''-iy -M'y. 

-/.(ly  + 1/.-(2) -'  t/.-CSK  + . .  •  +/..,(»>-|  -/.(»)'-     (2). 
The  aeries  between  the  vertical  linea  in  (2)  is  now  aimpler 
than  ^hat  in  (1) ;  since  the  integral  function  which  multiplies  r" 
is  now  of  the  s  -  1th  degree  only. 

If  we  multiply  once  more  by  1  -  r  we  shall  find  on  the  right 
certain  terms  at  the  beginning  and  end,  together  with  a  series 
whose  nth  term  is  now /,_,(n)r". 

Each  time  we  multiply  by  1  -  r  we  reduce  the  degree  of  the 
multiplier  of  r"  by  unity.  Hence  by  multiplying  by  (1  -»")*+^ 
we  shall  extirpate  the  series  on  the  nght-hand  side  alb^ether, 
and  ^ere  will  remain  only  a  fixed  number  of  terms. 

It  /dlows  that  any  series  whose  nih  terms  consist  of  an  intepral 
function  of  n  of  iht  sth  decree  multiplied  by  t^  can  h€  summed  by 
simply  midliplying  6y  (1  -  r)'+'. 

This  simple  proposition  contains  the  whole  theory  of  the  sum- 
mation of  the  class  of  series  now  under  discussion. 
EiMnplol.  Z  =  1V  +  2V  +  3V»  +  .  .  .+nV'. 

Here  the  degree  of  the  maltiplier  of  r"  u  2.     Hence,  in  older  to  effect  the 
sammatioD,  we  must  multiply  by  (1  -  r)*.     We  thus  find 
(l-rj-S 
=  1V+    2M+    8V+     4M+...+  »V 

-8,lV-S.2V-8.SV-...-S(n-l)V-         Sn*r-H 

+  S.l'r»  +  5.a'r'-...+3(M-2)V-t-8(»-l)VHi+      8«V*+« 
-     lV-...-(w-8^j--{n-2)V^~(»-.l)»7-t* 


=  r+T«- 

(»  +  l)>r-M  +  {2n'  +  a«-l)»-+«- 

-««.-«. 

Hence 

Z  = 

r  +  r'-{n  +  l)V^i  +  (2n'  +  2»- 

-!>-«- «V-M 

(1-^)" 

'Exam 

pU2.         3:=l-2r+8r^-*r*  +  .  .  .-2nj«— '. 

Mnlttply  by  (l+r)>.  Kid  we  bwe 

(X  +  r)^' 

=  l-2r+      8H-     *r'  +  .  .  .- 

2™r»^> 

+  2r-2.2i*  +  2.8r*-.  .  .+2(2n-l)f*^>-     a.anr*- 

+        T^-     27*+..   .-1 

;2«-2)f*-'  +  (2»- 

-1)^- 

=l-(2n+I>i*'-2«»**+^. 

Hence 

l-(2n  +  l)r*'-2nr'-« 
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xx.]  COtrVERGENCT  OF  GEOMETRIC  SERIES.  177 

If  1TO  pnt  r=l,  ne  dedace 

1-2  +  3-4  .  .  .-2n=-n, 
which  agrees  with  S  S,  eiampto  3,  above. 

CONVERGENCTT  AND   DIVERGENCY  OF  THE  ABOVE  SERIES. 

§  15.]  We  have  seen  that  the  sum  of  m  terniB  of  a  aerieB 
whose  nth  term  is  an  integral  function  of  n  is  ao  integral  function 
of  n;  and  we  have  seen  that  every  integral  function  hecomes 
infinite  for  an  infinite  value  of  its  variable.  Hence  the  Bum  of  n 
terms  of  any  series  whoae  nth  term  is  an  integral  function  of 
n  may  be  made  to  exceed  (numerically)  any  quantity,  however 
great,  bji  sufficiently  increasing  n. 

This  is  expressed  by  saying  that  every  such  aeries  is 
divergefd. 

§  16.]  Consider  the  geometric  series 

2  =  a  +  (ir  +  af'  +  ...+  ar^'K 
If  f  =  1,  the  Beries  becomes 

S  =  a  +  o  +  a,.  .-i-a'-na. 
Hence,  by  sufficiently  increasing  n,  we  may  eause  ^  to  surpass 
any  value,  however  great. 

Ifr  be  numerically  greater  than  l,thBBameistrue,forwehave 

Now,  since  r>  1,  we  can,  by  sufficiently  increasing  n,  make  r", 
and  therefore  ar"/(r  -  1),  as  great  as  we  please.  Hence,  by  suffi- 
ciently increasing  n,  we  can  cause  2  to  surpass  any  value,  bow- 
ever  great 

In  these  two  cases  the  geormlnc  series  is  said  to  be  divergent. 

If  r  be  numerically  less  than  1,  we  can,  by  sufficiently  increas- 
ing n,  make  r"  as  small  as  we  please,  and  therefore  ar"/{l  -  r)  as 
small  aB  we  pleasa  Hence,  b;  sufficiently  increasing  n,  we  can 
cause  2  to  differ  from  a/(l  -  r)  as  little  as  we  please.  This  is 
often  expressed  by  saying  that  taken  r  is  numerically  less  than  I, 
the  sum  to  infiniiy  of  the  series  o  +  or  +  ar"  + . . .  «  aj{l  -  r). 
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478  EXAMPLE  OF  INFINITE  GEOMETRIC  aERIE3.  [CKAP. 

/n  this  case  the  series  ts  said  to  be  convergent,  and  to  converge  to 
the  valw  al{l  -  t). 

There  is  yet  another  case  worthy  of  notice. 
If  r=  -  1,  the  aeries  becomes 

2  =  a-a  +  fl-a  +  ..  . 
Hence  the  sum  of  an  odd  number  of  its  terms  is  always  a,  and 
the  sum  of  an  even  number  of  them  always  0.     The  sum,  there- 
fore, does  not  become  infinite  when  an  infinite  number  of  terms 
are  taken ;  but  neither  does  it  converge  to  one  definite  value.    A 
series  having  this  property  is  Bametimes  said  to  oscUtale. 
Exampla  1. 
Find  the  limit  of  the  earn  of  an  infinite  numher  of  temu  of  the  series 

For  n  terms  we  have 

*   1-4  2- 

Hence,  when  n  is  made  infinitely  grea^ 
Z  =  l. 
This  CBBB  maj  be  illnatrated  geometrically  as  foUows : — 

Let  AB  be  a  tine  of  unit  length. 


I         III       Bisect  AB  in  P.;  bisect  P,B in  P„ 
P,     P.PjB      -  ■  .-'--.' 


P,B  in  P, ;  and  so  on  indefinitely. 
It  is  obvious  that  by  a  sufficient 
UQmbeT  of  these  operations  we  can  come  nearer  to  B  tbsii  any  assigned  dis- 
tance, however  smalL  In  other  words,  if  we  take  a  sufficient  number  of 
terms  of  the  series 

APi-l-PiP,+P^,+P,P<+ .  .  ., 

we  shall  hare  a  result  differing  from  AB,  that  is,  from  unity,  as  little  as  we 
This  is  simply  a  geometrical  way  of  saying  that 


To  evaluate  the  recnrring  decimal  -34. 
Let 

_  8J       34        34 
100     100'''"lOO'     ■ ' 
Then  £  is  obviously  a  geometric  series,  whose  ci 
than  1.    Hence 


S--3*  =  Tnii  + 


Z  =  ,^ 
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PROBLEMS  ON  ARirUMETIC  PROGRESSION. 


PROPEHTIES  OF  QUANTITIES  WHICH  ARE  IN  ARITHMETIC, 

QEOUBTRIC,  OR  HARUONIC  PROGRESSION. 
S  17.]  If  a  be  the  first  tenu,  b  the  common  diiference,  n  the 
number  of  terms,  and  ^  the  sum  of  an  arithmetic  progresBion, 
we  have 

S.?(2a  +  i^J)  (1). 

This  equation  enables  us  to  determine  any  one  of  the  four  qnan- 
tities,  2,  a,  b,  n,  when  the  other  three  are  given.  The  equation 
is  an  integral  equation  of  the  first  degree  in  all  cases,  except 
when  n  is  the  unknown  quantity,  in  which  case  the  equation  is  a 
quadratic.  This  last  case  presents  some  points  of  interest,  which 
we  may  illustrate  by  a  couple  of  examples. 

Example  1. 

OiveD  2  =  36,  a  =  16,  b=-S,  to  find  n.     We  hare  bj  ths  formiila  (1) 

36=|l30-(»-l)3}. 
Henoa  n»- Ilj>  +  2i  =  0, 

The  roota  of  this  equation  ace  n  =  3  and  w=8.  It  may  seem  strange  that 
there  should  be  two  different  numbers  of  terms  for  which  the  nun  is  the  same. 
The  mystery  is  exphiined  by  the  fact  (hat  the  commoa  difference  is  negative. 
The  series  is,  in  fsut, 

16  +  12  +  91  +8  +  3  +  0-3-81   -B-,..; 
and,  inasmuch  as  the  sum  of  the  port  between  the  vertical  Hues  is  zero,  the 
gam  of  8  terms  of  the  series  is  the  same  as  the  sum  of  3  terms. 

Example  S. 

2  =  14,     a  =  3,     i=2. 
The  equation  for  n  in  this  case  ie 

n*  +  2n=U. 
Hence  n= -l±V(16)=  +  2-87  ,  ,  .,  or-i-87.  .  . 

The  second  of  the  roota,  being  negative,  has  no  immediate  reference  to  our 
problem.  The  first  root  is  admissible  so  far  as  its  sign  is  concerned,  but  it  is 
open  to  objection  because  it  is  fractional,  for,  from  the  nature  of  the  cast^  n 
mnst  be  integral.  It  may  be  conjectured,  therefore,  that  we  have  set  onr- 
Bclves  an  iuipossible  problem.  Analytically  considered,  the  fanctloa  n'  +  2» 
varias  continuously,  and  there  is  in  the  abstract  no  difficulty  in  giving  to  it 
any  value  wliatsoGver.  The  sum  of  an  arithmetic  series,  on  the  other  band, 
Tories  per  salium;  and  it  so  happens  tbat  H  is  not  one  of  the  values  that  X 
cMi  assume  when  o  =  3  and  b=2.     There  are,  however,  two  values  which  £ 
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can  anome  between  which  11  lies ;  and  we  should  expect  that  the  integera 
next  lower  and  next  higher  than  2 '87  would  coirwipond  to  theaa  values  of  Z. 
So,  in  fact,  itia,  for,  when  n  =  2  S-8,  and  when  n  =  3  Z  =  15. 

§  1 8.]  Ad  arithmetic  progression  is  detemmied  when  its  first 
tenn  and  common  difference  are  given ;  that  is  to  say,  trhen 
these  are  given  we  can  write  down  as  many  terms  of  the  pro- 
gressiou  as  we  pleasa  An  arithmetic  progression  is  therefore 
what  mathematicians  call  a  twofold  tnatiifoldntss ;  that  is,  it  is 
determined  hy  any  two  independent  data. 

Bearing  this  in  mind,  we  can  write  the  most  general  arith- 
metic progressions  of  3,  4,  &,  &c.  terms  as  follows : — 
a  -  A     «,     a  +  A 
a-3A      a-A      a+ft      a + 3A 
a  -  2j8,      a  -  A      s      «  +  A      a  +  2j8, 
&Ct 

where  a  and  ^  are  any  quantities  whatsoever.  It  will  be 
observed  that  in  the  cases  where  we  have  an  odd  number  of 
terms  the  common  difference  is  A  '^  ^^  cases  where  we  have 
an  even  number  2^  These  formulee  are  Bometimes  useful  in 
establishing  equations  of  condition  between  quantities  in  A.F. 
Giample  1. 

Given  that  the  yth  term  of  an  A.P.  is  P,  and  that  the  gth  tenn  is  Q,  to 
God  the  A.  P.  Let  a  tie  the  first  term  BDd  h  the  common  difibrence ;  then 
the  J>th  and  ifth  terma  are  a+;>-  \h  and  a  +  {-  li  lespectirel;.     Hence 

a+.pMS=P,     a  +  j^6  =  Q. 
These  are  two  eqoationa  of  the  Grat  degree  to  determiue  a  and  h. 
Wo  find 

*  =  (P-Q)/CP-!),     a=i(p-l)Q-{«-l)Pl/(r-j). 
Example  2. 
Ma,  t,c  be  in  A. P.,  show  that 

ai(i  +  ()  +  t!((  +  a)+<»(a  +  6)  =  |c<.  +  5+e)'. 
We  may  pat  o=b-(S,     i=a,     e=a-\-p. 

The  equation  to  be  eatabliahed  is  now 

l<.-/S)»(2a+p)  +  a'.2a  +  (a+^)i^2o-(J)  =  ?(3a»), 

=  6<i'. 
Since  a  and  ^  are  independent  of  one  another,  this  equatjon  mnst  be  an 
identitj.     The  laft-hand  side  reduces  to 
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2a{(4-(S)»  +  («  +  /S)"J+/Jf(«-^)"-(«+^)'}+a«», 

=  611'. 
BeDce  tile  reqaired  reeoLt  is  esUblished. 

§  19.]  If  three  quantitiea,  a,  b,  e,  he  in  A.P.,  ve  hare 
b-a  =  c-b\>j  definition.     Hence 

»-(.  +  ,)/2. 

In  this  case  b  is  spoken  of  as  the  arittm^Hc  m«an  between  a 
and  c.  The  arithmetic  mean  between  two  quantities  is  therefore 
merelj'  what  is  popularly  called  their  average. 

If  a  and  c  be  any  lioo  qaanHties  whatsoever,  and  A^,  A^  . . .  A^ 
n  others,  such  that  a,  A^,  A^  .  .  .  An,  cform  an  A. P.,  then  A^,  A^ 
.  .  .  A^  are  said  to  be  n  arithmetic  means  inserted  bet-ween  a  aftd  c. 

There  is  no  difficulty  in  finding  A„  A,  .  .  .  A„  when  a  and 
c  are  given.  For,  if  6  be  the  common  difierence  of  the  A.F., 
a,  A„  At, .  .  .  An,  c,  then 

A,  =  o  +  ft,     A,  =  a  +  36, . .  .  A„  =  a  +  ii6, 
and  c  =  a-vn-v  lb. 

From  the  last  of  these  we  deduce  b  =  {e-  a)/(n  +1).  Hence 
we  have 

A,  =  a  +  ^^ ,    A,  =  a  +  2^^  >  &c- 
'  71+  1        ^  »+ 1 

2f.B. — £g  the  arithmetk  mean  or  avaage  cf  n  quantities  a^,  a,, 
.  ,  .  a^is  meant  {a^-i-a,-\- .  .  .  +  fl„)/n. 

In  the  particular  case  where  two  quantities  only  are  in 
question,  the  arithmetic  mean  in  this  sense    agrees   with   the 
definitions  given  above ;  but  in  other  cases  the  meaiiings  of  the 
phrases  hsve  nothing  in  common. 
Example  1. 

Insert  30  eritlimetic  means  between  6  and  90 ;  und  find  the  arithmetic 
mean  of  these  means- 
Let  6  be  the  common  difference  of  the  A.  P.  6,  A,,  A^  .  .  .  A^,  90. 
Then 

S  =  (B0-6)/(30  +  I)=  86/31. 
Hence  the  means  are 


thuli, 
VOL.  L 


240      325      410    , 
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mi.,.  i±i^.^±i..l{,.i+i}, 

A,  +  A, 


=(B  +  80)/2  =  95/2. 
Semark. — It  is  tras  geDerally  that  the  srithmetic  mean  of  the  n  arith- 
metic means  twtween  a  uid  c  ia  the  arithmetic  maali  between  a  and  c 
Exampli 


(-l?---S)/'. 

(B  +  80)/2  =  95/2. 
lat  the  srithmetic  mea 
irithmetic  maali  betwee 
J£xample  2, 

The  arithmetic  mean  of  the  squarea  of  n  qoantitiea  in  A.  P.  exceeds  the 
Bqnare  of  their  arithmetic  mean  by  a  qoantitj  which  dopends  only  npoD  n 
ami  npon  their  commoD  diffeiencs. 
Let  the  n  quantities  ba 

a+b,     a  +  2b,  .  .  .  a  +  nh. 
Then  bj  gg  B  and  S. 

(o+i)'-t-(o-l-2i)'+..  ■  +(a-fn&)' 

=a>  +  <»J(M  +  l)  +  ^2n'  +  3«+l). 

=  o*  +  <ii(n  + 1) +^»*  +  2«+ 1). 
Hence  A.M.  of  squares -square  of  A.M.  =  -7^—6*, 

which  proves  the  propoaition. 

§  20.]  If  S  be  the  Bum  of  n  terms  of  a  geometric  progresaion 
whose  first  term  and  common  ratio  are  a  and  r  respectively^, 
we  have 

-1 


2  =  aV^  (1). 


When  any  three  of  the  four,  S,  a,  r,  n,  are  given,  this  equation 
dflterminea  the  fourth.  When  either  2  or  a  is  the  unknown 
quantity,  we  have  to  solve  an  equation  of  the  first  degree.  When 
r  is  the  unknown  quantity,  we  have  to  solve  an  integral  equation 
of  the  nth  degree,  which,  if  n  exceeds  2,  will  in  general  be 
effected  by  graphical  or  other  approrimative  methods.  If  n  be 
the  unknown  quantity,  we  have  to  solve  an  exponential  equation 
of  the  form  i^  =  s,  where  r  and  t  are  known.     This  may  be 
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accomplished  at  once  by  means  of  a  table  of  logarithms,  as  we 
shall  aee  in  the  next  chapter. 

$  21.]  Like  an  A.F.,  a  G.P.  is  a  twofold  manifddness,  and 
may  be  determined  by  means  of  its  first  term  and  common  ratio, 
or  by  any  other  two  independent  data. 

In  establishing  any  equation  between  quantities  in  G.P.,  it 
is  usual  to  express  all  the  quantities  involved  in  terms  of  the 
first  term  and  common  ratio.  Since  these  two  are  independent, 
the  equation  in  question  must  then  become  an  identity. 

Example  1. 

The  pt\  term  of  a  G.P.  is  F,  and  the  ^h  term  is  Q ;  Sod  the  fint  term 


Let  a  be  the  first  term,  r  the  common  ratio,     llkui  we  haTe,  hj  onr  data, 
or»'-'  =  P,     or*-'=Q. 
From  these,  by  diviuon,  we  deduce 

T^-'=P/Q,  whence  r=(P/Q)^'^-«>. 
Using  thia  valne  of  r  in  the  finrt  equation,  we  find 

a_pj(p;Q.(P-J)toi-«)_pP-tMP-4)Q<l-pM!l-P)_ 
Hence  we  have 

a^pCl-sMp-iaQO-pMs-P)^     ^_p»/[p-a)Ql/(!-p). 

Example  2. 

Ifa,  t,  e,  (2  be  four  qDantities  in  G.P.,  prove  that 

4{o"4-6>  +  <J+<P)-(a  +  t  +  e  +  d)'  =  (a-*?  +  (<!-<i)»  +  2(a-d)'. 
If  the  coDtman  ntio  be  denoted  hy  r,  we  may  put  b=Ta,  0=1^0,  ((=r'a. 
The  eqnation  to  be  established  then  becomes 

4o»(l  +  t*  +  T*+»')-a»(l  +  r  +  H  +  7*)'=o«{l-r)>  +  oV(l-r)H2a>(l-t')», 
that  18, 
4(l  +  r'+r*+r«)-(l  +  2r  +  37«+4T*+8r'  +  2T'  +  j*) 

sl-2r+r'  +  H-2i'  +  i*  +  2-4r'  +  2»*, 
which  is  obTiooely  true. 

§  22.]  When  three  ^antitUs,  a,  i,  c,  are  in  O.P^  b  u  called  the 
geometric  mean  between  a  and  c. 

We  have,  by  definition,  cjb  =  bja.  Hence  J*  =  oc  Hence,  if 
we  suppose  a,  &,  c  to  be  aU  positive  real  quantities,  6  =  +  -^{ac). 
That  is  to  say,  the  geometric  mean  between  two  real  posUive  quanHHes 
M  the  positive  value  of  the  sgmire  root  of  their  product. 

If  a  md  c  be  two  given  poeiHve  quaniUies,  and  0,,  ff ^  ,  .  .  G„ 
nquantiiies,suchth(Ua,G,,G^...€f„,cformaGJ'.,ihenG„0^...  G„ 
ttw  stad  to  ben  geometric  means  inserted  between  a  and  c 
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Let  r  be  tiie  common  ratio  of  the  supposed  progression. 
Then  we  have  G,  =  ar,  G,  =  ar*, . .  .  Gn  =  iw",  e  =  0?*+^  From 
the  last  of  these  equations  we  deduce  r  =  {c/a)"t''+'',  the  real 
positive  value  of  the  root  being,  of  course,  taken.  Since  r  is  thus 
determined,  we  can  find  the  value  of  all  the  geometric  means. 

The  geomeirie  mean  of  n  positive  real  quanliiies  u  the  positive 
valve  of  the  n&  root  0/  their  product.     This  definition  ^ees  with 
the  former  definition  when  there  are  two  quantities  only. 
Example. 

The  geometric  msan  of  the  n  geometric  means  between  a  and  e  is  the 
geometric  mean  between  a  and  c. 

Let  the  n  geometric  means  in  qoestion  be  ar,  ar°,  .  .  .  or",  ao  that 
c=ar"+'.     Then 

(ar.a^  .  .  .  07-)""  =  (<i-r'+'+  ■  ■  ■+")"", 
=  (o"?-(" +»")"■, 
-arC+U", 

which  proTes  the  propontioo. 

§  23.]  A  series  of  ^latUilies  which  are  such  that  their  redprtxcUs 

f</m  tm  arithmetic  profession  are  said  to  be  in  harTnonic  proffression. 

From  this  definition  we  can  deduce  the  following,  which  is 

sometimes  given  as  the  defining  property. 

If  a,  b,  e  be  three  consecutive  terms  of  a  harmonie  progresaon, 

then 

al,.{a-b)Hh-,)  (1). 

For,  by  definition,  l/o,  1/b,  1/c  are  in  A.P.,  therefore 

III     1 

J     a'c'b' 

«-J     J-e 
Hence  — i—  =  -, —  ■ 

ab         be 

a-b    ab    a 


Hence 


b-c     be 


which  proves  the  property  in  question. 

§  24.]  j4  harmonic  progresmm,  like  the  arithmetic  progres- 
sion, from  which  it  may  he  derived,  ia  a  twofold  moMfoldness. 
The  following  is  therefore  a  perfectly  general  form  for  a  harmonic 
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series,  l/(a  +  ft),  l/(a  +  2&),  l/(<t  +  36),  .  .  .  l/(a  +  n6),  .  .  . 
for  it  contains  two  independent  constants  a  and  ( ;  and  the  re- 
ciprocals of  the  terms  an  in  A. P. 

The  following  forms  (see  g  16)  are  perfectljr  general  for 
hannonic  pn^ressiona  consisting  of  3,  4,  5,  .  .  .  terms : — 

lA—W.   1/",   i/<"*«; 

I/(a-3|8),     l/(a_ffl,     l/(.  +  /3),     l/(a  +  3ffi; 
I/(a-2«,     l/(a-/5),     I/.,     l/(.  +  ^),     l/(.+  2/3); 

&C. 

The  formulte  may  be  nsed  like  those  in  §  18. 

§  26,]  Jf  a,  h,  c  be  in  H.P.,  b  ia  caJied  the  harmonic  mean 
between  a  and  c  We  have,  by  definition,  1/c- l/S  =  l/6- 1/a, 
Hence  2/6  =  1/a  +  l/c,  and  J  =  2(w/(a  +  c). 

Jjf  a,  ff|,  H,,  .  .  .  Hn,  cform  a  harmonic  progression,  H^,  ff,, 
.  .  .  HnOre  said  to  ben  harnumic  means  inserted  bdvxen  a  and  c 

Since  1/a,  1/H,,  1/H„  .  .  .  1/H„  1/c  in  this  case  form  an 
A. P.,  whose  common  difference  is  d,  aay,  we  have 

d  =  (!/«- !/.)/(« +!).(«-.)/(»+ IK 

Hence 
1/H.  =  1/a  +  (a-  c)/(»  +  l)ac    1/H,  =  1/a  +  2(a  -  <:)/(»  +  l)ac&c.; 
and     H,  =  (n  +  1  >«/(«  +  ne),     H,  =  (»+  i)ac/{2a  +  n^c),  &c. 

If  a  quantity  E  be  such  that  its  reeipnxal  is  the  ariihmetie  mean 
of  the  rtaprotxds  of  n  given  ^taiUUies,  H  is  said  to  be  the  hannonic 
mean  of  then  quanHiies. 

It  ia  easy  to  see,  from  the  corresponding  proposition  regard- 
ing arithmetic  means,  that  the  harmonie  mean  of  then  harmonic 
means  between  a  md  c  is  the  harmonic  mean  of  a  and  e. 

§  26.]  The  geomeirxc  mea/n  bdweea  two  real  positive  quantities  a 
and  c  is  the  geometric  mean  between  the  ari^meOc  and  the  harmonic 
meam  between  a  and  c ;  and  the  tmthmetie,  geometric,  and  harmonic 
means  age  in  descending  order  of  magnitude. 

Let  A,  G,  H  be  the  arithmetic,  geometric,  and  harmonic 
means  between  a  and  i^  then 

=  (a  +  e)/2,     G  =  +  V(ae),     H  =  2ac/(a  -i-  c). 


Hence 
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which  proves  the  first  part  of  the  proposition. 

Again        A-G  =  ^^~^iac)  =  ^{Ja-Jc)'. 

r,     „        //    V      Sac       '/(ac).    ,         , ., 
G-H=  J(a£)~-—  =  —^{Ja-  Vc)'. 

Now,  since  a  wd  c  are  both  positive,  <Ja  and  s/c  are  both  real, 
therefore  (Ja-  >/cf  ia  an  essentially  positive  quantity ;  also 
tj{ac)  and  a  +  c  are  both  positive.  Hence  both  A  -  G  and  G  -  H 
are  poaitire. 

Therefore  A>G>H. 

The  proposition  of  this  paragraph  (which  was  known  to  the 

Greek  geometers)  is  merely  a  particular  case  of  a  moi«  general 

proposition,  which  will  be  proved  in  the  second  part  of  this  work. 

§  27.]   Notwithstanding  the  comparative  simplicity  of  the 

law  of  its  formation,  the  harmonic  series  does  not  belong  to  the  eate- 

.  ...^^ry  "/  seri^  that  can  be  summed.     Various  expressions  can  be 

'^  r  fi    Li^    found  to  represent  the  sum  to  n  terms,  but  all  of  them  partake 

*^\t      A  (1    of  the  nature  of  a  series  in  this  respect,  that  the  number  of  steps 

'*r'V         in  their  synthesis  is  a  function  of  n. 

It  will  be  a  good  exercise  in  algebraic  logic  to  prove  that 
the  sum  of  a  harmonic  series  to  n  terms  cannot  be  represented 
by  any  rational  algebraical  function  of  n.  The  demonstration 
will  be  found  to  require  nothing  beyond  the  elementary  prin- 
ciples of  algebnuc  form  I^d  down  in  the  earlier  chapters  of  this 
work. 


Sam  the  foUowiug  aritliinetical  prognadoos : — 

(1.)  6  +  B  +  18+.  ,  .  to  16  terms.  (2.)  8  +  S1  +  4+.  .  .  to  30  terms. 

(S.)  18+18+11  +  .  .  .  to  21  terms,      (i.)  )+i+.  .  .  to  16  terms. 

(6.)  -+ +.  .  .  tow tenns. 

(8.)  (o-«)>+(<^+n')+{«+«)"+ .  .  .  ton  terms. 

(8.)  Tha  20th  term  of  kd  A. P.  ia  100,  and  the  sum  of  80  tenns  u  GOO  ; 
find  the  snm  of  1000  tornia  of  the  pngresnon. 
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(9.)  Thefirat  termofan  A.P.  iaS,  the  number  of  ita  terms  ia  IS,  and  the 
Bom  a  SBO  ;  find  the  common  difference. 

(10.)  How  man;  of  the  Dttaral  Qumbers,  beginning  with  tmity,  amount 
toGOOGOO! 

(11.)  Show  that  an  infinite  number  of  A. P. 'a  oan  be  found  which  have 
the  propertj  that  the  mm  of  the  fint  2«>  terms  ia  equal  to  the  sum  of  the 
next  m  terma,  m  being  a  given  integer.  Find  that  particular  A. P.  having 
the  above  property  whose  firat  term  ia  unity. 

(12.)  An  author  wiahed  to  bny  ap  the  whole  1000  copies  of  a  work  which 
he  had  pabliahed.  For  the  fint  copy  he  paid  la.  But  the  demand  raised 
the  price,  and  for  each  Bncceaaive  copy  he  had  to  pay  Id.  more,  until  the 
whole  had  been  bought  np.    What  did  it  cost  him  ( 

(18.)  100  stones  ate  placed  on  the  groand  at  intervals  of  G  yards  apart. 
A  niDner  hsa  to  start  from  a  basket  G  yards  from  the  first  stone,  pick  ap  the 
stones,  and  bring  them  back  to  the  basket  one  by  one.  How  many  yards 
has  he  to  run  altogether ! 

(14.)  AB  is  t,  straight  line  100  yards  long.  At  A  snd  B  are  erected  per- 
pendiculars, AL,  BH,  whoae  lengths  are  i  yards  and  43  yards  teepectively.  At 
intervals  of  a  yard  along  AB  perpendiculars  are  erected  to  meet  the  line  LH. 
Find  the  sum  of  the  lengths  of  all  these  perpendiculars,  inclading  AL  and  BM. 

(1G.)  Two  travellers  start  together  on  the  same  road.  One  of  them 
travsU  unifonnly  10  miles  a  day.  The  other  travels  S  miles  the  first  day, 
and  iccressea  his  pace  by  half  a  mile  a  Jay  each  ancceeding  day.  After  how 
many  days  will  the  latter  overtake  the  former! 

(16.)  Two  men  set  out  from  the  two  ends  of  a  ivad  which  is  I  miles  long. 
The  fiiat  travels  a  miles  the  first  day,  a  +  b  the  next,  a-)-2fi  the  next,  and  so 
on.  The  second  travels  at  anch  a  rate  that  the  sum  of  the  number  of  mUes 
travelled  by  him  and  the  nnmber  travelled  by  the  first  is  always  the  same  for 
any  one  day,  namely  e.     After  how  many  days  will  they  meet  I 

(17.)  Insert  15  arithmetic  means  between  3  and  80. 

(18.)  Insert  10  arithmetic  means  between  -Sand +3. 

(IB.)  A  certain  even  number  of  arithmetic  means  are  inserted  between  BO 
•nd  10,  and  it  is  found  that  the  ratio  of  the  sum  of  the  first  half  of  these 
means  to  the  second  half  is  187  :  157.     Find  the  nnmber  of  means  inserted. 

(20.)  Find  the  number  of  terms  of  the  A. P.  1  +  8  +  16+  ..  .  the  sum  of 
which  approaches  most  closely  to  ISGO. 

(21.)  If  the  common  difference  of  an  A. P.  be  donble  the  fint  term,  the 
snm  of  m  terms :  the  sum  of  n  terms  =  m' :  n'. 

(22.)  Find  four  nnmbers  in  A. P.  such  that  the  sum  of  the  squares  of  the 
means  shall  be  106,  and  the  snm  of  the  sqoares  of  the  extremes  170. 

(23.)  If  four  quantities  be  in  A. P.,  show  that  the  sum  of  the  squares  of 
the  extremes  is  greater  than  the  snm  of  the  squares  of  the  means,  and  that 
the  product  of  the  extremes  is  less  than  the  product  of  the  means. 

(21.)  Find  tiie  sum  of  it  terms  of  the  series  whose  rth  term  is  }(3r+l). 

(25.)  Find  the  sum  of  the  series  obtained  by  taking  the  1st,  rth,  2rth, 
Srth,  &c  terms  of  the  A. P.  whose  first  term  and  common  difference  are  a 
and  b  leapectively. 
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(2S.)  If  llie  mun  of  n  temu  or  b  series  be  slwaya  n(n+2),  show  th&t  the 
aerie*  U  an  A .  P. ;  and  find  its  first  term  and  common  difference. 

(27.)  Show  b;  general  reasoning  regarding  the  form  of  the  Bom  of  an 
A. P.  that  if  the  anm  of  f  terms  be  P,  and  the  sum  of  q  Usrtaa  Q,  then  the 
Bumof  R  term*  is  P™(*-s)/p(p-?)+Q''(''-p)M!-p)- 

(28.)  Any  even  square,  (2n)',  is  the  sum  of  n  tenns  of  one  arithmetic 
series  of  integers  ;  and  any  odd  aqnare,  (2n  +  l)',  ie  the  sum  of  n  tetiUB  of 
another  arithmetic  series  increased  by  1. 

(2B. )  Find  n  c^nsecutire  odd  numbers  whose  sum  shall  be  n^. 

Show  that  any  integral  cnbe  is  the  difference  of  two  integral  squares. 

(30.)  Find  the  nth  term  and  the  sum  of  the  aeriea 
1-3  +  0-10  +  15-21+  .  .   , 

(31.)  Sum  the  series  3  +  6  +  .   .  . +3n. 

(S2.)  If  1^  ^  .  .  .  (,  be  the  sums  of  p  arithmetical  progressiOBs,  each 
having  n  t«nnB,  the  first  terma  of  which  are  1,  2,  ...  ^  and  the  common 
differences  1,  8,  .  .  .  2j)~l  respectively,  show  that  «[+(]+.  .  .  +j^  is 
equal  to  the  sum  of  the  first  np  integral  numbers. 

(33.)  The  series  of  integral  numbers  is  divided  into  groups  ss  follows : — 
1,  t  2,  S,  I  4,  5,  S,  I  7,  8,  S,  10,  I  .  .  .  show  that  the  sum  of  the  ttth  group 
is  Ht'  +  n). 

If  the  series  of  odd  integers  be  divided  in  the  same  way,  find  the  sum  of 
the  nth  group. 

Snm  the  following  series : — 

(84.)  i'  +  7»  +  .  .  .+{3n  +  l)>.  (35.)  Z,(«'-l)(»-l). 

(86.)S.{j7+s(n-l)|{y+5(«-2}i. 

(37.)  l'-2'  +  3*-.  .  .  +  (2n-l)»-(2tt)'. 

(88.)<i'+(a+J)»  +  .  .  .■\-(a-^n-\bf. 

<a8.)  (l'-l)  +  (2»-2)  +  (3»-8)  +  .  .   .  tonterms. 

(«.)  1.2'  +  2.3»  +  3.4'  +  .  .  .  tonterma. 

(41.)  l+2.8'  +  8.fi'  +  4.7»+6.9'  +  .  .  .  to  n  terms. 

(12.)  1.3. 7  +  8.5. 9  +  5. 7. 11  +  .  .  .  to  n  terms. 

(48.)  l'  +  (l'  +  2*)  +  (l'  +  2»  +  3')  +  .  .  .  tonterms. 

(44. )  A  pyramid  of  shot  stands  on  an  equilateral  triangular  base  having 
SO  shot  in  each  aide.     How  many  shot  are  there  in  the  pyramid ! 

(45. )  A  pyramid  of  shot  stands  on  a  square  base  having  m  shot  in  each 
Bide.    How  many  shot  in  the  pyramid  t 

(48.)  A  symmetrical  wedge.8haped  pile  of  shot  ends  in  a  line  of  m  shot 
and  consists  of  I  layers.    How  many  shot  in  the  pile ) 

(47.)  IfA=l'+2'+.  .  .+«',  then,S,=pi,B"+'+p,Ji''  +  .  .  . +)>,4.„  where 
p^,  Pu  ■   •  ■  can  be  calculated  by  means  of  the  equations 
M-»Cipo=  1, 
rt-lC,P0  +  rC,p,=rC,. 
H.lC)po  +  pC^+f-lClPl=rC„ 

JC,  denoting,  ss  usual,  the  rth  binomial  coefficient  of  the  nth  rank. 
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(48.)  ShowtliBt 
A=n<«+l)(»-l)(n-2)  .  .  .  (»-r){ 


+  l)(«-r)i- 


(r-l)r('»-'-  +  l)l!'--2r(r-2)(r-l)(n-r  +  2)2!r-S! 

"  ■  1.2(n-l)r-ll/' 
wbere  r  '■  stands  for  1 . 2. 8  .  .  .  r. 

(*fl.)  If  P,  denote  the  enm  of  the  products  r  at  «  time  ot  1,  2,  S.  .  .  .  m, 
and  S,  denote  l''  +  2'  +  .  .  .  +  *-,  «how  tiat  rP,=SiP,-i -3,P^  +  S,P,^-.  .  , 
Hence  calculate  P,  and  P^  

(50. )  If  fix)  be  an  integral  Auction  of  z  of  the  r  -  1th  degree,  show  that 
A'')-AA'-'i)  +  >GtA''-^)  .  .  ■  (-)'A*~r)  =  0<  A,  rC,  being  binomial 


EXBEOISBB  XLI. 
3am  the  following  geometric  progresaione  : — 

(1.)  8  +  18+64+.  .  .  to  12  terms.       (2.)  6-18  +  64-. ..  to 
(3.)  -3838  .  .  .  totttenns.  (4.)  l-j+p--  •  ■  t< 

(5.)  6~4  +  .  .  .  tolOtermi. 
'^■*V3Ti  +  V8T2-^-  ■■  toaoterma. 
(7.)  l  +  g  +  ^  +  .   .  .  tonterme.  (8.)  1-^  +  ^--  ■  ■  »< 

(9.)  l-X-i-X*-l*+.  .  .  tOM.Kl.       (10.)  V2  +  -L+...  ,   t 
(„)^v^  +  ^N^+  to- 

^    '  V8+1    Va+fl      ■  ■ 

(12.)^^-^+...to«. 

Som,  by  means  of  the  formula  for  a  0.  P. ,  the  following : — 

(IS.)  l  +  x-!^-a?  +  !i*+7fi-3*-3^  +  .  .  .  to=o,  a<l. 

,„,,._„.(^-g).(g-g),...,..._ 

(16.)  l  +  (*+y}  +  (*>  +  xff  +  !^)  +  (!^+i>y  +  V  +  V')  +  .  .  ■  to«t 

(la.)    38+ -333+ -3333  +  .  .  .  to  n  terms. 

Sum  tb«  aeriea  whose  nth  terms  are  as  follows  : — 

(17.)  2-3-*-".  (18.)(i<!"  +  «)(*--n). 

(19.)  (z--i)(y-i).  (20.)  (p.-5-)(j^  +  3.). 

(21.)  2«(3'^>  +  8"-"  +  .  .  .  +  1).  (22.)  (-l)"a»". 

(23.)  Sum  to  nteima  the  series  (r-+l/r")»+(»*«+l/r-*->)»+.  , 

(24.)  Snmtoji  terms  (l  +  l/r)'  +  (l  +  l/7*)'  +  .  .  . 
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(25.)  3howthat(a  +  ft)"-J"=ai»-'  +  oS"-»(o+6)  +  .  .  .+a{a  +  b)—K 
(26.)  If  3i  denote  the  mm  of  the  Erat  n  tenoe  of  a  G.  P.,  S,  the  anm  of  the 
next  n  teims,  and  10  on,  earn  the  series  S,-(-S,-t-.  .  .  +  S» 
(a?.)  Show  that  i/{-b3J)=-S. 

Stud  the  following  series  to  n  terms,  and,  where  admissible,  to  inflnity : — 
(28.)  l~Sx+33?-i;fi+.  .  .  (29.)  1-J  +  I-J  +  .  .  . 

(82.)  l'+2»r+8W  +  .   .  . 

(33.)  s  + j3-*-ji ■*■=*''" 70 '*"7f''"'  ■  ■  to  00,  where  the  nnmerators  recuc 
with  the  period  1,  %  S. 

(34.)  -  +  3+3->-p+3'^3  +  -  ■  •  to 3h  terms,  where  the  nnmeratora  recur 
with  the  period  a,h,  c 

(85.)  A  Berrant  agrees  to  serve  his  master  for  twelve  months,  his  wages  to 
be  one  farthing  for  the  firet  month,  a  penny  for  the  second,  fonrpence  for  the 
third,  and  bo  on.    What  did  he  receive  for  the  year's  service  1 
I  (8S. )  A  precipitate,  at  the  bottom  of  a  beaker  of  volnme  V  always  retains 

abont  it  a  volume  n  of  liqnid.     It  was  originally  precipitated  in  an  alkaline 
!    solution ;  find  what  percentsge  of  this  solution  remains  about  it  after  it  has 
been  washed  n  times  by  filling  the  beaker  with  distilled  water  and  emptying 
it.     Neglect  the  volume  of  the  precipitate  itself. 

(87. )  The  middle  points  of  the  sides  of  a  triangle  of  area  A]  form  the 
vertices  of  a  second  triangle  of  area  A, ;  &om  A,  a  third  trian^e  of  area  A,  is 
derived  in  the  same  way ;  and  eo  on,  od  infinitum.  Find  the  sum  of  the 
areas  of  all  the  triangles  thus  formed. 

1(38. )  OX,  OY  are  two  gi»en  straight  linos.  From  a  point  in  OX  a  perpen- 
dicular is  drawn  to  OY  ;  &om  the  foot  of  that  perpendicular  a  perpendjcnlar 
on  OX  ;  and  so  on,  ad  infiaUum.  If  the  lengths  of  the  first  and  second  per- 
'  pendicnlar  be  a  and  b  respectively,  find  the  sum  of  the  lengths  of  all  the  per- 
pendicalars  ;  and  also  the  snm  of  the  areas  of  all  the  right-angled  triangles  in 
the  fignre  whose  vertices  lie  on  OY  and  whose  bases  lie  on  OX. 

(89.)  The  population  of  a  certain  town  is  P  at  a  certain  epoch.  Annually 
it  loses  d  per  cent  by  deaths,  and  gains  b  per  cent  by  births,  and  annually  a 
fixed  number  E  emigrate.    Find  the  population  after  the  lapse  of  n  years. 

Z,  a,r,  n,  I,  having  the  meanings  assigned  to  them  in  S  12,  solve  the 
following  problems : — 

(40,)  Express  2  in  terms  of  a,  n,  1 ;  and  also  in  terms  of  r,  n,  I. 
(41.)  S  =  4400,  0  =  11,  n=4.findr. 
(42.)  2=180,  r  =  8,  n  =  6,  find  a. 
(48.)  £=95,  a  =  20,  h  =  S,  findr. 
(14.)  Z=1SG,  a=5,  n  =  8,findr. 
(46.)  2=805,       0  =  5.       r=8,  findn. 

(46. )  If  the  second  term  of  a  O.P.  be  40,  and  the  fourth  term  1000,  find  the 
sum  of  10  terms. 
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(47.)  Inwrt  one  geometric  mean  between  \/SI\/2  mi  S-^Sj2-^2. 

(48.)  Insert  three  geometric  means  between  S7/S  and  2/3. 

(49.)  Insert  four  geometric  me&ns  between  S  and  64. 

(60.)  Find  the  geometric  mean  of  *,  48,  and  405. 

(Gl.)  The  geometric  mean  betneen  two  nnmbere  in  12,  Mid  the  arithmetic 
mean  la  25}  :  find  the  numbers. 

(52. )  Three  nnmbere  are  in  G.P.,  the  snm  of  the  fint  two  is  ii,  and  of  the 
last  two  896 :  find  them. 

{63. )  Find  what  common  qnantitj  most  be  added  to  a,  i,  « to  bring  them 
into  G.P. 

(64.)  To  each  of  the  first  two  of  the  fonr  numbers  3,  86,  190,  980i»added 
X,  and  to  each  of  the  last  two  ^.     The  nombers  then  form  a  G.P. :  find  x 

(66.)  Giren  thesam  toinfinitjof  a  convergent  G.P.,  and  alio  the  sara  to 
infinity  of  the  sqaares  of  its  terms,  find  the  first  term  and  the  common  ratio. 

(68.)  US=a,+a,+.  .  .+a,  be  a  G,P.,  then  8'=l/<i,+l/a,+.  .  .  +  l/a, 
is  a  O.P.,  and  3IS'  =  it,ar 

(67.)  If  four  quantities  be  in  O.P.,  the  sum  of  the  squares  of  the  extremes 
is  greater  than  the  snm  of  the  squares  of  the  means. 

(69. )  Sam  2»  terms  of  a  series  in  which  ererj  even  term  is  a  times  the 
term  before  it,  and  every  odd  term  c  tiroes  the  term  before  it,  the  first  term 
being  1. 

(5».)  If  3!=o  +  a/r  +  a/H  +  .  .  .  ad«, 

y=*-  ft/r+i/r^  +  .  .   .  ad», 
i,=e+cjf'-^ejf*+.  .  .  ad«. 
then  xylz=able. 

(to.)  Find  thesmnof  all  the  products  three  and  three  of  the  terms  of  an 
infinite  G,  P. ,  and  if  this  be  one-third  the  sum  of  the  cubes  of  the  terms,  ahow 
thatr=i, 

EXZBCIBEB   XLII. 
(1.)  Insert  two  harmonic  means  between  1  and  3,  and  6  between  6  and  S. 
(2.)  Find  the  harmonic  mean  of  1  and  10,  and  also  the  harmonic  mean  of 
1,  a,  3,  4.  6. 

(8.)  Show  that  4,  S,  12,  are  in  H.P.,  and  continue  the  progreariou  both 

(4.)  Find  the  H.P.  whoee  3rd  term  is  6  and  whose  6th  term  is  9. 

(6.)  Find  the  H.P.  whose pth  term  is  P  and  whose  jth  term  is  Q. 

(6.)  Show  that  the  harmonic  mean  between  the  arithmetic  and  geometric 
means  of  o  and  6  is  2(a  +  6)/{{o/6)*  +  {6/a)*t'. 

(7.)  Font  numbers  are  proportionals ;  ^ow  that,  if  the  fint  three  are  in 
G.P,  the  lost  three  are  in  G.P. 

(8.)  Three  nnmben  are  in  G.P. ;  if  each  be  increased  by  IS,  they  are  in 
H.P.  ;  find  them. 

(9.)  Between  two  quantities  a  harmonic  mean  is  inserted;  and  between 
each  a^'acent  pair  of  the  three  thus  obtained  is  inserted  a  geometric  mean. 
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It  IB  now  fonnd  that  the  three  inaertsd  meanB  are  in  A-  P. :  show  that  the  ratio 
of  the  two  quantitios  is  7  -  4VS  ■  !■ 

(10.)  The  sidea  of  a  right-angled  triangle  are  in  A.P.  :  show  that  they  are 
proportional  to  3,  i,  G. 

(11.)  a,  »,  c  are  in  A.P.,  and  a,  b,  d  in  H.P.:  show  that  c/d  = 
l-^a-hflab. 

(12.)  If  z  be  any  term  id  an  A.P.  whose  two  first  tanne  are  a,  b,  y  the 
term  of  the  same  oider  in  a  H.  P.  commencing  with  the  aame  two  terms,  then 
t,z-a)l(y-x)  =  hl{y-h). 

(18.)  If  a",  6",  c"  be  in  A.P.,  then  l/(6  +  e),  l/{e  +  o),  l/(a+S)  are  in  A.P. 

(II.)  If  P  be  the  product  of  n  qnantities  in  G.P.,  8  their  sum,  and  S'  the 
sum  of  their  reciprocals,  then  P'=(S/S')". 

(IE.)  If  a,  ft,  e  be  the  ^h,  jth,  and  rth  terms  both  of  an  A.P.  and  of  a 
Q.P.,  then  a»-"ft=-'W-'=l, 

(16.)  IfP,  Q,  It  be  the  17th,  ^h,  rth  terms  of  a  H. P.,  then  Z{PQ(j)-g)} 
=  0,  and  {2{s'^r')/P>}'='{2{j-rt/P'}  {Zjr((-r)/F«}. 

(17.)  If  the  sam  of  ?» terms  of  an  A.P.  be  eqwd  to  the  sun  of  the  next  n, 
and  also  to  the  sum  of  the  next  p,  then  (m -<- n)  (l/»  -  1/ji)  =  (n  .f-^)  (l/m  -  1/n). 

(18.)  If  the  Bqosred  differences  of  ji,  ;,  r  be  in  A.P.,  then  the  differences 
taken  in  cyclical  order  are  in  H.P. 

(19.)  If  o  +  i  +  n,  a'  +  i'  +  e',  n'-ff+i^  be  in  G.P.,  prove  that  the  common 
ratio  is  JZa  -  Sabe/iibe. 

(20.)  If  a,  y,  s  be  in  A.?.,  ax,  by,  a  in  Q.P.,  and  a,  6,  c  in  H.P.,  then 
H.M.  ofii,e:G.M.  of  a,  c=H.H.  of  ^  z  :  G.H.  of  x,  :. 

(21.)  If  o'  +  y-t*,  i»+t»-a*  «>+o»-6'  be  in  O.P.,  then  a'l<?+^je, 
}flj^^i?lV,  d'llf+Vli?  are  in  A.P. 

(22.)  If  a,  i,  «,  dbeinO.P.,  thena4eii(2-y=(la)>,  and 

V(a*  +  6')-i-V(&'  +  c')  +  V(^+rf')_f 
(„i+6i)-i  +  (ii  +  ^)-i  +  (c'  +  rf")-l -a-'"  *'^'^'°^  +  '^'- 
(23.)  The    Bom    of    the   «   geometric    means    between    a   and    k    is 
(a"C+Ui-iiy'l"+")/(i'""+"-a'AiitiJ). 

(24.)  If  A„  A„  ...  A,,  be  the  n  arithmetio  means,  and  H„  H„  .  .  . 
Ha,  the  n  harmonic  means,  between  a  and  c,  som  to  n  terms  the  series  whose 
rth  term  is  (A,  -<i)(Hr-o)/H,. 

(25.)  If  a,,  a,,  ...  0,  be  in  Q.P.,  then 
(o,  +  o,+a,)'  +  (a,+<i,  +  a^)=+.  .  .  +(a,.,  +  a..,+a«)> 

=  ("i'  +  Oi"3+VK'>i*""'-Oi'""*)/('>i'-"t*K*'"* 
(28.)  If  a,,  6,  be  the  arithmetic  and  geometric  means  respeotiMlj  between 
Or-i  and  br-i,  show  that 

a._,=  JoHt±(a,'-fi„=)l!", 
i,_j={a,lTW-*-^}''- 
(27.)  If  Oj,  n,,  .  .  .  a.  be  real,  and  if 
(ai»+a,*+.  .  .  ■i-o,.]»)(a,'  +  '^*+-  ■  ■  +o,')=(aiaj  +  a^+.  .  ,  +a«_ia,)', 
then  O],  a,,  .  .  .  a,  are  in  G.P. 
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CHAPTER  XXI. 
Logarithms. 

$  1.]  It  is  necessary  for  the  purposes  of  this  chapter  to  define 
and  discuss  more  closely  than  we  have  yet  done  the  properties 
of  the  exponential  filnctibn  a?.  For  the  present  we  shall  sup- 
pose that  a  is  a  positive  real  quantity  greater  than  1.  'VMiat- 
ever  positive  value,  commensurable  or  incommeuBurable,  we  give 
to  z,  we  can  always  find  two  commensurable  values,  m/n  and 
(m  +  l)/n  (where  m  and  n  are  positive  integers),  between  which 
X  lies,  and  which  differ  from  one  another  as  little  a^  we  please, 
see  chap,  xiii.,  §  15.  In  defining  a'  for  positive  values  of  x,  we 
suppose  X  replaced  by  one  (say  tnjiC)  of  these  two  values,  which 
we  nmy  suppose  chosen  so  close  together  that,  for  the  purpose  in 
hand,  it  is  indifferent  which  we  use.  We  thus  have  merely 
to  consider  o""";  and  the  understanding  ia  that,  as  in  the 
chapter  on  fractional  indices,  we  regard  only  the  real  positive 
value  of  the  nth  root ;  so  that  o^/"  may  be  read  indifferently  as 
(  v'a)",  or  as  ^o". 

For  negative  values  of  %  we  define  o^*  by  the  equation 
a*  =  Xji'",  in  accordance  with  the  laws  of  negative  indices. 

§  2.]  We  shall  now  show  that  a',  defined  as  above,  is  a  eoniinu- 
ousfanelvm  of  x  susceptible  of  all  positive  values  between  0  and  +  oo  . 

1st  Let  y  be  any  positive  quantity  greater  than  1',  and  let 
n  be  any  positive  integer.  Since  a>\,  a^i">l ;  but,  by  suffi- 
ciently increasing  n,  we  may  make  a^l"  exceed  1  by  as  little  as 
we  please.  Also,  when  n  is  given,  we  can,  by  sufficiently  in- 
creasing m,  make  a™/"  as  great  as  we  please.*  Hence,  whatever 
*  See  chap,  xi.,  S  14. 
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may  be  the  value  of  y,  we  can  so  choose  n  that  c^'^<y ;  and  then 
y  will  lie  between  two  consecutive  integral  powers  of  a'/"j  Bay 
(jm/n^y^fl(m+i)/»  jjq^  ^q  difference  between  these  two  values  of 
a'  is  «"/"(«•/"-!);  and  this,  by  sufficiently  increasing  n,  we 
may  make  as  small  as  we  please.  Hence,  given  any  positive 
quantity  y>\,  we  can  find  a  value  of  z  such  that  a'  shall  be  aa 
nearly  equal  to  y  as  we  please. 

2nd.  Let  y  be  positive  and  <1;  then  1/y  is  positive  and 
greater  than  1.  Hence  we  can  find  a  value  of  x,  say  x',  such  that 
a^  =  \jy  as  nearly  as  we  please.     Hence  a'"  =  y. 

We  may  make  y  pass  continuously  through  all  possible  values 
from  0  to  +  CO .  Hence  a'  is  susceptible  of  all  possible  values 
from  0  to  +  00 .  It  is  obviously  a  continuous  function,  since 
the  difference  of  two  values  corresponding  to  x-m/n  and 
x  =  {m+  l)/n  is  a"'»(o""-  I),  which  can  be  made  as  small  as 
we  please  by  sufficiently  increasing  n. 

Cot.  We  have  Uie  following  set  of  corresponding  values — 
x=  -<x>,      -,     -I,     0,      +,     1,      +m; 
y  =  a*  =  0,     <1,      1/a,     1,     >1,     a,      +  oo . 


"« '■ 

Y 

/ 
/ 

/ 

^e. 

A^ 

0 

In  Fig.  1  the  fall-drawn  curve  is  the  graph  of  the  function 
y=  10*;  the  dotted  curve  is  the  graph  of  y=  100*. 

It  will  be  observed  that  the  two  curves  cross  the  aziB  of  y 
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at  the  same  point  B,  whose  ordinate  is  + 1 ;  and  that  for  one 
and  the  same  value  of  y  the  abscissa  of  the  one  curve  is  double 

that  of  the  other, 

$  3.]  The  reasoning  by  which  we  showed  that  the  equation 
y  =  a",  certain  restrictions  being  understood,  determines  y  as  a 
continuous  function  of  ir,  ahows  that  the  same  equation,  under 
the  same  restrictions,  determines  x  as  a  continuous  function  of  y. 
This  point  will  perhaps  be  made  clearer  by  graphical  considera- 
tions. If  we  obtain  the  graph  of  y  as  a  function  of  z  from  the 
equation  y  =  a',  the  curve  so  obtained  enables  us  to  calculate  x 
when  y  is  given ;  that  ia  to  say,  is  the  graph  of  z  regarded  as  a 
function  of  y.  Thus,  if  we  look  at  the  matter  from  a  graphical 
point  of  view,  we  see  that  the  continuity  of  the  graph  means  the 
continuity  of  y  as  a  function  of  z,  and  also  the  continuity  of  a;  as 
a  function  of  y. 

When  we  determine  x  as  a  function  of  y  by  means  of  the 
equation  y  =  a',  we  obviously  introduce  a  new  kind  of  transcen- 
dental fuQctioQ  into  algebra,  and  some  additional  nomenclature 
becomes  necessary  to  enable  ns  to  speak  of  it  with  brevity  and 
clearness. 

The  constant  quantity  a  is  called  the  base. 

y  is  called  the  exp<ywniiai  of  x  to  base  a  (and  is  sometimes 
written  expax).* 

X  is  called  the  logarithm  of  y  to  base  a,  and  is  usually  written 
logoy. 

The  two  equations 

y  =  a»  (1), 

=5  =  loguy  (2), 

are  thus  merely  different  ways  of  writing  the  same  Ainctiooal 
relation.  It  follows,  therefore,  that  all  the  properties  of  out  new 
logarUhmie  function  must  be  deriv(^le  from  the  properties  of  our  old  ex- 
pmeniiai  function,  tiuU  is  to  say,  from  the  laws  of  indices. 

*  This  notatiaii  is  little  used  in  elementary  teit-lxioks,  bat  it  is  con- 
venient when  in  place  of  x  wa  have  some  complicated  function  of  x.  Thua 
expa(l  +a;+a?)  ia  oaaier  to  print  than  o'+'+*'. 


byGooglc 


496  FDNDAMEKTAL  PROPEETUS  OP  LOGARITHMS.  [cbaj-. 

The  student  should  also  notice  that  it  followB  from  (1)  and 
(2)  that  the  equatum 

y  =  a^y  (3) 

it  an  ideniUy. 

§  4.]  If  the  same  base  a  be  understood  throughout,  we  have 
the  following  leading  properties  of  the  logarithmic  function : — 

I.  The  logarithm  o/  a  product  of  pomtive  numbers  is  the  mm  of 
the  logarithms  of  the  sepa^aie  factors. 

II.  The  logarithm  of  the  quotient  of  heo  po3iiive  nvmiers  is  the 
excess  of  the  logarithm  of  the  dividend  over  the  logarithm  of  the 
diuisor. 

IIL  The  logarithm  of  any  pouter  (positive  or  negative,  integral 
or  fracHtmal)  of  a  positive  number  is  equal  to  the  logarithm  of  the 
number  mulliplied  by  the  power. 

Lc*-  ?ii  yn  ■  •  '  ¥»  ^  '^  positive  numbers,  Xi,  Xj,  .  .  .  x„  l^eir 
respective  logarithms  to  base  a,  bo  that 

«.  =  log-tf..    ^  =  log-yi.  -  ■  ■  a^  =  i»>g«y«- 
By  th«  definition  of  a  logarithm  we  have 

y,  =tf^,    y,  =  o^  . . .  yn  =  <*"*■ 

Hence       y,y, . ,  .  y„  =  o^tf^  .  .  .  a'-  =  (rt+"i+  *  ■  "  +*", 
by  the  Uws  of  indices. 
Hence,  by  the  definition  of  a  logarithm, 

a!,  +  z,  +  ..  -  +  iE„  =  loga(yy, .  .  .  y„), 
that  is,      log^i  +  log^,  + . .  .  +  logri^„  =  log,(y,y. . . .  y„). 
We  have  thus  established  I. 

Again,  y,/y,  =  a'^/a'^  =  a"i  -^i, 

by  the  laws  of  indices. 
Hence,  by  ih.K  definition  of  a  logarithm, 

a;,-^  =  log,(y,/y), 
that  ia,  logay,  -  It^ay,  =  loga(y,/y,), 

which  is  the  analytical  expression  of  II. 
Again,  y,'  =  (a*!)'  =  a"i, 

by  the  laws  of  indices. 
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Hence,  by  the  definition  of  a  logarithm, 

"i  =  logajf,',  • 

that  is,  rfogay.  =  logay,', 

whieh  is  the  analytical  ezpreasion  of  IIL 

Example  1. 

log  21=log  (7  X  3)  =  log  7  +  log  3. 

As  tho  equation  is  trae  for  any  base,  provided  all  the  logarithma  have  the 
.  laiue  base,  it  is  needless  to  indicate  the  base  by  writing  the  suffix. 

Example  Z 

log  (113/29)=lc.g  113  -log  2». 
Example  3. 

log  (540/539)  =  log  (2*.3»  B/7'.ll), 
=  21og2  +  3IagS  +  log5-21og7-logll. 
Example  i. 

log.i/(49)/^(21)^loe(7"'/3""7""), 
=  ilog7-tlog3-nog'. 
=  Hlog7-|log3. 


COMPUTATION  AND  TABULATION   OF  LOQAHITHMS. 

§  5.]  If  the  base  of  a  system  of  logarithms  be  greater  than 
unity,  we  have  seen  that  the  logarithm  of  any  positive  mimier 
greater  than  wiiiy  is  positive;  and  the  logarithm  of  any  postHve 
number  less  than  unity  is  negative. 

The  logarithm  of  unity  iiself  is  always  zero,  whatever  the  base 
may  be. 

The  logarithm  of  the  base  itself  is  of  course  unity,  since  a  =  a\ 

The  logarithm  of  any  power  of  the  base,  say  u',  is  r ;  and,  in 
particuiar,  the  logarithm  of  the  reciprocal  of  the  base  u  —  1. 

The  logariihm  of  +  <c  is  +  oo ,  and  the  logarithm  of  0  is  -  qo  . 

It  is  further  obvious  that  the  logarithm  of  a  negative  number 
could  not  (with  our  present  understanding)  be  any  real  quantity. 
With  such,  however,  we  are  not  at  present  concerned. 

The  logarithm  of  any  number  which  is  not  an  integral  power 
of  the  base  will  be  some  fractional  number,  positive  or  negative, 
aa  the  case  may  be.  For  reasons  that  will  appear  presently,  it  ii 
usual  so  to  arrange  a  logarithm  that  it  consists  of  a  positive 

TOL.  L  2  s 
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fractional  part  less  than  unity,  and  an  integral  part  positive,  or 
negative^  as  the  case  may  be. 

Tlie  positive  fractional  part  is  called  the  manOssa. 
Tlie  integral  part  is  called  the  ckaracterislic. 
For  example,  the  logarithm  of  045  to  base  10  is  the  negative 
number  -1'3458235.     In   accordance  with  the  above  under- 
Btanding,  we  should  write 

Iog„-045=  -1-3458235=  -  2  +  (l  -  "3458235), 
=  -2  + -6541765. 

For  the  sake  of  compactness,  and  at  the  same  time  to  prevent 
confusion,  this  is  usually  written 

log,„-045  =  2-6541765. 
In  this  case  then  the  characteristic  is  2  (that  ia,  -  2),  and  the 
.  mantissa  is  '6541765. 

g  6.]  To  find  the  logarithm  of  a  given  number  y  to  a  given 
base  a  is  the  same  problem  as  to  solve  the  equation 

a*  =  yi 
where  a  and  y  are  given  and  x  is  the  unknown  quantity. 

There  ore  various  ways  in  which  this  may  be  done ;  and  it 
will  be  instructive  to  describe  here  some  of  the  more  elementary, 
although  at  the  same  time  more  laborious,  approximative  metliods 
that  might  be  used. 

In  the  first  place,  it  is  always  easy  to  find  the  characteristic 
or  integral  part  of  the  logarithm  of  nny  given  number  y.  We 
have  simply  to  find  by  trial  two  amseaitive  intepal  powers  of  the 
base  between  which  the  given  number  y  lies.  The  algebraically  less  of 
these  two  u  the  characteristic 

Example  I. 

To  find  the  characteristic  of  log,  451. 


We  hftve  the  foliowing  values  lor  consecu 

ive  integral  powers  of  8 1— 

Tower 

1 

2 

3 

4 

5 

e 

Value 

S 

S 

27 

.. 

243 

1-29 
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aeaceS'<45I<3*.     Hence  log^^Sl  li«fl  bettreen  6  and  6. 

log,  451  =  6  +  B  proper  fraction. 
Hence  char,  log^  4S1 = G. 

Example  2. 

Find  the  chnncteriBtic  of  log, -0451.  '  We  have 


Powere  of  Base 

0 

-1 

-2 

-8 

Taluea 

1 

■833  ■■  ■ 

■111  ■  ■  ■ 

■037  ■  ■  • 

HBnoa2-»<'0451<2-*;  thatfatosay, 

tog, '0461=:  -3  +  a  proper  fractioo. 
Hence  char.  log,  0451  =  8. 

When  the  base  of  the  system  of  logarithms  is  the  radix  of 
the  scale  of  mimerical  notation,  the  characteristic  can  always  be 
obtflined  by  merely  counting  the  digits. 

For  example,  if  the  radix  and  base  be  each  10,  then 

If  the  number  have  an  integrai  part,  the  ehaTOderistk  of  iU 
logariihm  is  +  {om  less  than  the  number  of  digiis  in  the  iniegral 
part). 

If  the  number  have  no  integral  part,  the  chariKierislic  is  -  (one 
more  than  the  number  of  zeros  that  fdlow  the  decimal  poitU). 

The  proof  of  these  rules  conaiata  Bimply  in  the  fact  that,  if  a 
number  lie  between  10"  and  10*"'"',  the  number  of  digits  by 
which  it  is  expressed  ia  n  +  1 ;  and,  if  a  number  lie  between 
jQ-(»+i(  jmij  iQ-»  tiie  number  of  zeros  after  the  decimal  poiut 


For  eiample,  351  lies  between  10^  and  10".  Hence  cliar.  log,,  351 =2=8  - 1, 
accordiog  to  the  rule. 

Again,  '0351  lies  between  ■Ol  and  '1,  that  is,  between  10-*  and  10-'. 
Hence  cbur. log,, -0351=  -2=  -(1  +  1),  whkh  agrees  irith  the  rule. 

This  rule  suggests  at  once  that,  if  10  be  adopted  as  the  base  of 
our  system  of  logarithms,  then  the  characteristic  of  a  logarithm  depends 
merelt/  on  the  position  of  the  decimal  point ;  and  the  ma/nlissa  is  in- 
dependent of  the  position  of  the  decimal  point,  lait  depends  merely  on 
the  succession  of  digits. 
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We  may  formally  prove  this  important  proposition  as  fol- 
lows : — 

Let  N  be  any  number  formed  by  a  given  auccession  of  digits, 
c  the  characteristic,  and  m  the  mantissa  of  its  logarithm.  Then 
any  other  number  which  has  the  same  succession  of  digits  as  N, 
but  has  the  decimal  point  placed  differently,  will  have  the  form 
lO'ff,  where  t  is  an  integer  positive  or  negative  as  the  case  may  he. 
But  log„10'N  =  log„l  0*  +  log,^,  by  §  4,  =  i  +  log.oN  =  (» +  c)  +  m. 
Now,  since  by  hypothesis  m  ia  a  positive  proper  fraction,  and  c 
and  i  are  integers,  the  mantissa  of  log,olO'\N^  is  m,  and  the 
characteristic  is  t  -i- 1;.  In  other  worda,  the  characteristic  alone 
is  altered  by  shifting  the  decimal  point. 

§  7.]  The  process  used  in  5  6  for  finding  the  characteristic  of 
a  logarithm  can  be  extended  into  a  method  for  finding  the  man- 
tissa digit  by  digit. 

Example. 

To  calculate  log,gl'217  to  threa  places  ordecimaU. 

The  cbaracteriatic  ia  obTiooaly  0.  Let  the  tliree  first  digita  of  the  maotiasa 
ba  a^i.     Tlien  we  have 

4-2]7=10'-*',  hence  (4'217)»=10-»'. 
We  mast  now  calculate  the  10th  pon'er  of  4  '217.     In  so  Aamg,  however, 
thera  ia  no  uecd  to  Snd  all  the  significant  Ggurea,  a  few  of  the  highoat  will 
auOice.     We  thus  find 

1778400  =  10'i'. 

Wb  now  Bee  that  x  ia  the  characteristic  of  log,,  1778J00.  Hence  a:  =  6. 
Dividing  by  lO",  auJ  raising  both  eidas  of  the  resulting  equation  to  the  10th 
power,  wo  find 

(1-778)"=10»-;  hence  aiS7  =  I0". 
HcDCe  y=2.     Dividing  by  10',  and  raising  to  the  10th  power,  we  now  find 

{a-iajWclO*;  hence  89280=  10-. 
Hence  z—i  very  nearly. 

We  couclade,  therefore,  that 

log„4-2I7='826  nearly. 
This  method  of  computing  logarithms  is  far  too  laborious  to 
be  of  any  practical  use,  even  if  it  were  made  complete  by  the 
addition  of  a  test  to  ascertain  what  effect  the  figures  neglected 
in  the  calculation  of  the  10th  powers  produce  on  a  given  decimal 
place  of  the  logarithm;  it  has,  however,  a  certain  theoretical 
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interest  on  account  of  its  direct  connection  with  the  definition  of 
a  logarithm. 

By  a  eomewhat  similar  process  a  logarithm  can  be  expressed 
as  a  continued  fraction. 

§  8.]  //  a  series  of  numbers  be  in  geometric  progression,  tlteir 
logarithms  are  in  arithmetic progiession. 

Let  the  numbers  in  question  be  y„  y„  y^,  . .  .  y„  Let  the 
logarithm  of  the  first  be  a,  and  the  logarithm  of  the  common 
ratio  of  the  G.P.  y„  y,,  y„  .  .  .  y^  be  (9.  Then  we  have  the  fol- 
lowing aeries  of  corresponding  values — 

y.,  y,.    y>,  ■  -  ■  y» 


from  which  the  truth  of  the  proposition  is  manifest 

As  a  matter  of  history,  it  was  this  idea  of  comparing  two 
series  of  numbers,  one  in  geometric,  the  other  in  arithmetic  pro- 
gresfiion,  that  led  to  the  invention  of  logarithms ;  and  it  was  on 
this  comparison  that  most  of  the  early  methods  of  computing 
them  were  founded. 

The  following  may  be  taken  as  an  example.  Let  us  suppose 
that  we  know  the  logarithms  x,  and  x,  of  two  given  numbers,  y, 
and  y, ;  then  we  can  find  the  logarithms  of  aa  many  numbers 
lying  between  y,  and  y,  as  we  please.     We  have 

y,  =  a^,     y,  =  a^. 
Let  us  insert  a  geometric  mean,  y,,  between  y,  and  y^  then 

y,  =  {y,y,)*  =  af'i+'n)'*  =  o^,  say, 
where  z,  is  the  arithmetic  mean  between  z,  and  x,.     We  have 
now  the  following  system : — 

Logarithm     x,     z,    z,, 

Number        yi     y,     y,. 

Next  insert  geometric  means  between  y^,  y,  and  y^,  y,.      The 

logarithms  of  the  corresponding  numbers  will  be  the  arithmetic 

means  between  x„  z,  and  x,,  x,.     We  thus  have  the  system — 

Logarithms     x^,    x,,     x^,     x,,     z,; 

Numbers        y,,     y„     y„     y„     y,. 
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deriye  the  BysWm — 


Proceeding  in  like  n 

Logarithms     x,,     x,,    x,,    x^,    x^,    x,,    z,,     x,,     a,; 

Numbers        y„     y„     y„     y„     y„     y„    y,,    y„     y, ; 
and  BO  on.     Each  step  in  this  calculation  requires  merely  a  multi- 
plication, the  extraction  of  a  square  root,  an  addition  accompanied 
by  division  by  2,  and  each  step  furnishes  ua  with  a  new  number 
and  the  corresponding  logarithm. 

Since  Xy,  x^, .  .  .  x^  form  an  A.P.,  the  logarithms  are  spaced 
out  equally,  but  the  same  is  not  true  of  the  corresponding  num- 
bers, which  are  in  G.P.  It  is  therefore  a  table  of  antil(^arithms* 
that  we  should  calculate  most  readily  by  this  method.  It  will 
be  observed,  however,  that  by  inserting  a  sufBcient  number  of 
means  we  can  make  the  successive  numbers  differ  from  each  other 
as  little  as  we  please  j  and  by  means  of  the  method  of  interpola- 
tion by  first  difTerences,  explained  in  the  last  section  of  this 
chapter,  we  could  space  out  the  numbers  equally,  and  thus  con- 
vert our  table  of  antilogarithms  into  a  table  of  logarithms  of  the 
ordinary  kind. 

ABunDnierii:alexaiDpleiTBma7pnta=10,!/,  =  !,;/,  =  10;  thenzi  =  0,^=1  ■ 
Proceeding  as  above  indicated,  ne  should  arrive  at  the  fullowiDg  table  : — 


Numbi^r. 

Number. 

Log&nUim. 

1-0000 

0-0000 

4-2170 

0-6250 

13336 

0-1250 

6-6236 

0-7500 

1-7788 

0-2500 

7-4990 

0-8750 

2-37U 

0-3750 

lO-OOOO 

1-0000 

3  1622 

0-6000 

§  9.]  In  computing  logarithms,  by  whatever  method,  it  is 
obvious  that  it  is  not  necessary  to  calculate  independently  the 
logarithms  of  composite  integers  after  we  have  found  to  a  sufB- 
cient degree  of  accuracy  the  logarithms  of  all  primes  up  to  a 
certain  magnitude.  Thus,  for  example,  log4851  =  log3'.7'll 
=  2  log3  +  2  log?  +  logll.  Hence  log4861  can  be  found  when 
the  logarithms  of  3,  7,  and  1 1  are  known. 


*  B/  the  aDtilagaiithm  of  enj  numb«r  V 
H  ia  the  logarithm. 


i  meant  the  nnmber  of  whioh 
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Again,  having  corapuUd  a  system  of  loganihms  to  any  one  base 

a,  vx  can  wUlumi  dijfiadty  deduce  therefrom  a  st/siem  to  any  other  base 

b.  All  we  have  to  do  is  to  mulHply  aU  the  logarithms  of  the  former 
system  by  tite  numier  it=  IjlogJ). 

For,  if  z  =  logjy,  then  y  =  i". 

Hence  log^y  =  logaft*, 

=  X  loga^i  by  §  i- 
Hence  log^y  =  x  =  \og,af\ogji  (1). 

The  number  /t  is  often  called  the  modtdia  of  the  system 
whose  base  is  b  with  respect  to  the  system  whose  base  is  a. 

Cor.  1.  If  in  the  equation  (1)  we  put  y  =  b,vfe  get  the  fol- 
lowing equation,  which  conld  easily  be  deduced  more  directly 
from  the  definition  of  a  logarithm — 

log60  =  l/loga6, 

or  logaS  logjtt  =  1  (2). 

Cor  2.  The  equation  y  =  6*  may  he  written 
y  =  a"°*'*  or  y  =  a'^>>'. 

Hence  the  graph  of  the  exponential  6*  can  be  deduced  from  the 
graph  of  the  exponeniial  a"  by  sJiortetiing  or  lengthening  all  ike  abscissa 
of  the  loiter  in  the  same  ratio  1  :  log^. 

This  is  the  general  theorem  corresponding  to  a  remark  in  §  3. 

We  may  also  express  this  result  as  follows : — 

Given  any  Iwo  exponential  graphs  A  and  B,  then  eUher  A  is  the 
orthogonal  projection  of  B,  or  B  is  the  orthogonai  pr^edion  of  A,  on  a 
plane  passing  through  the  axis  of  y. 

USE  OF  LOGARITHMS  JN  ARITHMBnCAL  CALCULATIONS, 
§  10.]  We  have  seen  that,  if  we  use  the  ordinary  decimal 
notation,  the  system  of  logarithms  to  base  10  possess  the  im- 
portant advantages  that  the  characteristic  can  he  determined  by 
inspection,  and  that  the  mantissa  is  independent  of  the  position 
of  the  decimal  point  On  account  of  these  advantages  this 
system  is  used  in  practical  calculatione  to  the  exclusion  of  all 
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484  3998  3 

4432  4 
0B45  E 
7268  7 
8690  8 
486  0112  0 

less  1 

2954  3 
4375  4 
C795  6 
7214  7 
B633  8 

486  0052  0 
1470  1 
388S  3 
4S05  4 
5722  G 
7188  7 
8554  8 
9969  0 

4871S84  1 


6917 
SS26 

9735 
4891141 
2G62 
S959 
nS66 
6773 
S179 
9585 


660T 

SOlO 

9412 

4910814 


3  6767 

)  7180 

L  8692 

S  Woi 

S  1416 

J  2827 

r  42SS 

r  6648 

7068 

8467 

9876 

12S6 

2692 

4100 

6607 

6914 

S320 

9726 

1131 

2635 

8940 

6343 

8747 

8150 

9662 

0954 

2366 

3767 


3283  3426  35SS 

4707  4849  4BDI 

6130  6272  6*14 

7653  7695  7837 

8975  9117  9259 

039S  0539  06B1 

1818  I960  2102 

3239  33S1  3523 

4669  4801  4943 

6079  6321  6363 

7498  7640  7782 

8917  9059  9201 

0336  0477  0619 

1895  2037 

3313  3455 

468S  4730  4873 


3222  8364 
4495  4636  4778 
690S  6060  6191 
7462  7604 
887B  9016 
iSnS  03S7  5*23 

15B7  1693  1839 
2968  3109  3251 
4379  4520  4661 
S789  5930  6071 
7199  7840  7481 
8608  8749 


142B  1566  1707 
2833  2974  3116 
4341  4381  4522 
6648  5788  5929 
7064  719B  7335 
8460  8601  8741 
9866  (5MB  OtTT 
1271  1413  1562 
2676  2816  2957 
4080  4320  4361 
5484  5624  5765 
6887  7027  7168 
8290  8430  8571 
9693  9833  9973 
1094  1336  1376 
2496  2636  2776 
8897  4037  4177 


8710  S8H3 
6134  5276 
6557  6699 
7979  8121 
9401  9543 
0833  0965 
2244  2386 
3665  3807 
6086  5337 
6605  6647 
7924  8966 
9343  9484 
0761  0903 
2179  2321 
3696  3738 
6013  6166 
6430  6571 
7846  7937 
9261  9403 
MU  081S 
2091  3332 
850B  S647 
4919  6060 
6332  6473 
7745  7886 
9157  9399 
0659  07T5 
1981  2122 
3392  3533 
4803  4943 
6213  6353 
7623  7763 
9031  9172 

40  0580 
1848  1989 
3256  3396 
4663  4804 
6070  6210 
7476  7617 
8883  9028 
0157  5?25 

1693  1833 
3097  3238 
4501  4643 
5905  6046 
7308  7448 

8711  88BI 
0TT3  0353 
1515  1656 
2916  S057 
4317  4467 


8995  4137  4380 
6418  6561  6703 
6841  6984  7126 
8264  8406  8648 
9GSG  9828  9970 
1107  1249  1391 
2528  2670  2812 
39*9  4091  4233 
5369  6511  5653 
67S8  6930  7072 
8208  8350  8491 
9626  9768  9910 
1045  1186  1328 
2463  2604  2746 
3880  4031  4163 
5397  5438  6580 
6713  6855  6996 
8139  8270  8412 
954*  9686  9827 
0959  1101  1542 
2374  2515  3667 
S788  3929  4071 
5203  5343  648* 
6G15  6766  6897 
8037  8169  8310 
9**0  9581  9723 
0555  0993  II3? 
2263  3*04  2545 
8674  3815  3956 
6084  6225  5366 
6494  6635  6776 
7904  80*5  8185 
9313  9*64  9694 
0721  08B5  T003 
2129  2270  3411 
3637  3678  8818 
4944  6085  6226 
6351  6492  6632 
7757  7898  8038 
9163  930*  94*4 
555»  5709  oSso 
1973  211*  335* 
8378  3618  8659 
4782  4922  6063 
6186  6326  6466 
7689  7729  7869 
8991  9132  9272 
MH  MSJ  087T 
1796  1935  2076 
8197  3337  3*77 
4597  4738  4878 
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In  printing  a  table  of  logarithms  to  base  10  it  is  quite  un- 
necessary even  if  it  were  practicable  to  print  characteristica. 
The  mnntiasie  alone  are  given,  corresponding  to  a  succession  of 
five  di^ts,  ranging  usually  from  10000  to  99999.* 

A  glance  at  p.  504,  which  is  a  facsimile  of  a  page  of  the 
logarithmic  table  in  Chambers's  Mathenuilical  Tables,  will  show 
the  arrangement  of  such  a  table.  To  take  out  the  logarithm  of 
30715  from  the  table,  we  run  down  the  column  headed  No. 
until  we  come  to  3071 ;  the  first  three  figures  of  the  mantissa 
are  487  (standing  over  the  blank  in  the  first  half  column);  the 
last  four  are  found  by  running  along  the  line  till  we  reach  the 
column  headed  5,  they  are  3505.  The  characteristic  is  seen  by 
inspection  to  be  4.     Hence  log  30715  =  4'4873505. 

To  find  the  number  corresponding  to  any  given  logarithm 
we  have  of  course  simply  to  reverse  the  process. 

To  find  the  logarithm  of  ■030716,  we  have  to  proceed  exactly 
as  before,  only  a  different  characteristic,  namely  2,  must  be  pre- 
fixed to  the  mantissa.     We  thus  find  log  "030715  =  2'4873505. 

If  we  wish  to  find  the  logarithm  of  a  number,  say  3'083279, 
where  we  have  more  digits  than  are  given  in  the  table,  then  we 
must  take  the  nearest  number  whose  logarithm  can  be  found  by 
means  of  the  table,  that  is  to  say,  3-0833.  We  thus  find  log 
30833  =  0-4890158t  nearly.  Greater  accuracy  can  be  at- 
tained by  using  the  column  headed  Diff.,  as  will  be  explained 
presently. 

Conversely,  if  a  logarithm  be  given  which  is  not  exactly  co- 
incident with  one  given  in  the  table,  wo  take  the  one  in  the 
table  that  is  nearest  to  it,  and  take  the  corresponding  number  as 
an  approximation  to  the  number  required  Greater  accuracy 
can  be  obtained  by  using  the  difference  column.  Thus  the 
number  whose  logarithm  is  1*4872191  has  for  its  first  five  sig- 

*  For  some  purposes  an  eiteDsion  of  the  table  \a  required,  uid  such  ei- 
tcnsions  sre  su]ip1ied  in  various  ways,  vbich  need  not  bo  describeii  here.  For 
rapiditj  of  referencs  in  catcuUtions  tbut  requirs  no  great  exnctneas  a  short 
table  for  a  succession  of  3  digits,  ranging  from  100  to  099,  is  also  uiuall; 
given. 

+  The  bar  over  OISS  indicates  that  these  digits  follow  4S9,  and  not  498. 
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nificant  digits  30705  ;  but,  if  we  wish  the  beat  approximation 
with  five  digits,  we  ought  to  take  30706.  Since  the  charact«r- 
iatic  is  1,  the  actual  number  in  question  has  two  integral  digita. 
Hence  the  required  number  is  30'706,  the  error  being  certainly 
leas  than  '005. 

I  11.]  The  principle  which  underlies  the  application  of 
logarithms  to  arithmetical  calculation  is  the  very  simple  one 
that,  since  to  any  number  there  corrtsponds  one,  and  only  one 
loganikm,  a  number  can  he  identified  by  means  of  its  logarithm. 

It  is  this  principle  which  settles  how  many  digits  of  the  man- 
tissa of  a  logarithm  it  is  necessary  to  use  in  calculations  which 
require  a  given  degree  of  accuracy. 

Suppose,  for  example,  that  it  is  necessary  to  be  accurate 
down  to  the  fifth  significant  figure ;  and  let  us  inquire  whether 
a  table  of  logarithms  in  which  the  mantissce  are  given  to  four 
places  would  be  sufficient.  In  such  a  table  we  sliould  find  log 
30701  =0  4871,  log  3-0702  =  0-4871  ;  the  table  U  therefore 
not  sufficiently  extended  to  distinguish  numbers  to  the  degree 
of  accuracy  required.  Five  places  in  the  mantissa  would,  in  the 
present  instance,  be  sufficient  for  the  purpose;  for  log  30701 
=  0-48715,  log  S0702  =  0-4871G.  Towards  the  end  of  the 
table,  however,  five  places  would  scarcely  be  sufficient ;  for  log 
9-4910  =  0-97731  and  log  94911  =  0-97731. 

§  12,]  The  great  advantage  of  using  in  any  calculation 
logarithms  instead  of  the  actual  numbers  is  that  we  can,  in 
accordance  with  the  rules  of  §  4,  replace  every  multiplication  by 
an  addition,  every  division  by  a  subtraction,  and  every  operation 
of  raising  to  a  power  or  extracting  a  root  by  a  multiplication  or 
division. 

The  following  examples  will  illustrate  some  of  the  leading 
cases.  We  suppose  that  the  student  has  a  table  of  the  loga- 
rithms of  all  numbers  from  10000  to  100000,  giving  mantisste 
to  seven  places. 

Example  1. 

Calculate  the  value  of  1-6843  x  -00132 -i- -8692. 

If  A  =  l-6843x  -00132-i- -8692, 

log  A  =  log  1 -6843 -I- log -00132  -  log -3092, 
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logl-eSIS  =   -S2S4IS4 

log -00133  =  3 -1206739 

3-3469933 

log  -3892  =1  ■5872617 

log  A  =  3-77B7316. 

HsDM  A=   '00S02I9. 

Ofagerre  that  the  nogativs  characterUtia  most  be  d«tlt  witli  scdwling  to 
algebraic  rulea. 
Etanipla  2. 

To  extract  tbe  cube  root  of  '01S843. 
Let  A  =  (-01B8«)'/»  then 

log  A  =  )  log '016343, 
=  i(2-2264194). 
=  i(3  +  l-2264194), 
=  \  -4088066. 
A=-25a33. 
Example  3. 

Calculate  the  mine  of  A=(3a8)'/'/(43»)'/'. 
LogA  =  {  log  363 -g  log  433. 

I  )og  368  =  J{2 -5858478) =6-9869782 
t  log  439  ^  i(2  6424645)  =  1  ■468"3E8 
logA  =  4-6189424 
A=    33033. 
Example  4. 

Find  hovf  many  digits  there  are  in  A  =  (1'0I)'""°. 
log  A  =  10000logl-0I, 
=  10000  K  -0043214, 
=  43-214. 
Hence  the  number  of  digits  in  A  u  41. 
Example  5. 

To  hoItb  the  exponential  equation  l-2'=I'l  by  meani  of  logatithmi. 
We  ha»e  log  I-2'=log  I'l. 

Therebre  zlogl'2  =  log  I'l. 

H.,.0.  „;°lL!=?i!2?2I 

log  1-2      0791012 
Hence  logx^log  '0413927 -log -0791812, 

=^17183059 
ThersTore  x=   '52278, 

Jtemari.  —It  is  obrious  that  we  can  solve  any  such  equation  M  i»^~»«t=6, 
where  j),  f ,  a,  fi  arc  all  given.    For,  taking  logarithms  of  both  aides,  we  have 

{x'-px+q)\oga  =  logb. 
We  cui  now  obtaiD  the  vtlne  of  t  by  Bolving  a  qnadiatic  aqnatiail. 
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INTERPOLATION  BY  FIRST  DIFFERENCES. 

§  13.]  The  method  by  which  it  is  usual  to  find  (or  "itUefpo- 
late ")  the  value  of  the  logarithm  of  a  number  wiiich  docs  not 
happen  to  occur  in  the  table  is  one  which  is  applicable  to  any 
function  whose  values  have  been  tabulated  for  a  series  of  equi- 
different  values  of  its  independent  variable  (or  "  argumeni  "). 

The  general  subject  of  interpolation  belongs  to  the  calculus 
of  finite  differences,  but  the  special  case  where  first  differences 
alone  are  used  can  be  explained  in  an  elementary  way  by  means 
of  graphical  considerations. 

We  have  already  seen  that  the  increment  of  an  integral 
function  of  x  of  the  let  degree,  y  =  Aa;  +  B  say,  is  proportional 
to  the  increment  of  its  argument ;  or,  what  comes  to  the  same 
thing,  if  we  give  to  the  argument  x  a  series  of  equidifferent 
values,  a,  a  +  A,  o  +  2A,  a  +  3A,  &c.,  the  function  y  will  assume  a 
series  of  equidiflferent  values  Ao  +  B,  Aa  +  B  +  AA,  Aa  +  B  +  2AA, 
Aa  +  E  +  3A/i,  &c. 

If,  therefore,  we  were  to  tabulate  the  values  of  Aa;  +  B  for  a 
series  of  equidifferent  values  of  x,  the  differences  between  suc- 
cessive values  of  y  {"tabular  differences")  would  be  constant,  no 
matter  to  how  many  places  we  calculated  y. 

Conversely,  a  function  of  x  which  has  this  property,  that  the 
differences  between  the  successive  values  of  y  corresponding  to 
equidifferent  values  of  x  are  absolutely  constant,  must  be  an  in- 
tegral function  of  x  of  the  first  degree. 

If,  however,  we  take  the  difference,  h,  of  the  argument  small 
enough,  and  do  not  insist  on  accuracy  in  the  value  of  y  beyond 
a  certEun  significant  figure,  then,  for  a  limited  extent  of  the  table 
of  any  function,  it  will  be  found  that  the  tabular  differences  are 
constant 

Beferring,  for  example,  to  p.  604,  it  will  be  seen  that  the 
difference  of  two  consecutive  logarithms  is  constant,  and  equal 
to  -0000141,  from  log  306C0  up  to  log  30899,  or  that  there  ia 
merely  an  accidental  difference  of  a  unit  in  the  last  place ;  tliat 
is  to  say,  the  difference  remains  constant  for  about  240  entries. 


byGoogIc 


LIMITS  OF  THE  METHOD. 


A  similar  phenomenon  will  be  seen  in  the  following  extract 
from  Barlow's  tables,  provided  we  do  not  go  beyond  the  7th 
aigaificant  figure. 


Kumber. 

Cube  Root. 

Diir. 

2301 

13-2019740 

19122 

2302 

13-2038862 

19117 

2303 

13-2057979 

ISlll 

2304 

13-2077090 

19103 

2305 

I3-209SI95 

Let  us  now  look  at  the  matter  graphically.  Let  ACSDQB 
be  a  portion  of  tiie  graph  of  the  function  y  -f{x)  \  and  let  us 
suppose  that  up  to  the-nth  significant  figure  the  differences  of  y 
are  constant  for  equidifferent 
values  of  x,  lying  between 
OE  and  OH.  This  means 
that  in  calculating  (up  to  the  • 
nth  significant  figure)  values 
of  y  corresponding  to  values 
of  X  between  OE  and  OH  we 
may  replace  the  graph  by  the 
straight  line  AB.  Thua,  for 
example,  if  x  =  CM,  then 
/(OM)  =  MQ ;  and  PM  is  the 
value  calculated  by  means  of  the  straight  line  AB.  Our 
statement  then  is  that  PM  -  QM,  that  is  PQ,  is  less  than  a  unit 
in  the  n  significant  place. 

If  this  be  so,  then,  a  forUori,  it  will  be  so  if  we  rephice  a 
portion  of  the  graph,  say  CD,  lying  between  A  and  B  by  a 
straight  line  joining  G  and  D. 

In  other  words,  if  up  to  the  titk  place  the  increment  of  the  func- 
tion for  equidifferettl  wtluea  of  x  be  constant,  betioeen  certain  limits, 
then,  to  that  deifree  of  accuracy  at  least,  the  incremeni  of  the  function 
udil  be  proportional  to  the  inerement  of  the  arguntenl  for  all  valves 
mthin  those  limits. 

I  14.]  Let  us  now  state  the  conclusion  of  last  article  under 
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an  analytical  form,  all  the  limiutiona  before  mentioned  as  to 
conatancy  of  tabular  (or  first  difference)  being  Bupposed  fulfilled. 
Let  A  be  the  difference  of  the  tu-gumenta  as  they  are  entered 
in  the  table,  D  the  tabular  difference  /{a  +  A)  -/(a),  o  +  A'  a  value 
of  the  argument,  which  does  not  occur  in  the  table,  but  which 
lies  between  the  values  a  and  a  +  A,  which  do  occur,  so  that  A'<  A. 
Then,  by  last  paragraph, 

/(a  +  A')-/(a)_(a-^A')-fl 
/(<»  +  A)-/{a)      (o  +  A)-fl' 

Hence  /(a  +  A')-/W     h' 

D  A  ^^^■ 

Since  in  (1)  f{a),  D,  A  are  all  known,  it  gives  ua  a  relation 
between  A'  and /{a  +  k').  When,  therefore,  one  or  other  of  these 
is  given,  we  can  calculate  the  other.     We  have  in  fact 

(3), 

From  (2)  we  find  a  value  of  the  function  corresponding  to 
a  given  intermediate  value  of  the  ailment  From  (3)  we  find 
an  intermediate  value  of  the  argument  corresponding  to  a  given 
intermediate  value  of  the  function. 

The  equations  (2)  and  (3)  are  sometimea  called  the  BuU  of 
Froporlumal  Parts. 

Example  1. 

To  Gnd  by  means  of  lirat  differences  Hie  valiu  of  ^^(2303  'tt)  m  KCtrntelr 
as  Barlow's  table  will  allow. 

B;  the  mle  of  proportioDal  parts,  ws  have 

^■■(2303-«)=  ^(2303-00)  +  ^-001Sl), 
=  13-20580  +  -00088 
=  13-20666, 
wliich  will  be  found  correct  dove  to  the  last  figure. 

The  only  labour  in  the  above  calculation  consists  in  working 
out  the  fraction  45/100  of  the  ta,bular  difference.     In  tables  of 
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logarithms  even  this  labour  is  spared  the  calculator ;  for  under 
each  difference  there  is  a  email  table  of  proportional  parts,  giving 
the  values  of  1/10,  2/10,  3/10,  4/10,  5/10,  6/10,  7/10,  8/10. 
9/10  of  the  difference  in  question  (see  the  last  column  on  p.  fl04). 
It  will  be  observed  that,  if  we  strilce  the  last  figure  off  each  of 
the  proportional  parts  (increasing  the  last  of  those  left  if  the 
one  removed  exceeds  5),  we  have  a  table  of  the  various  hua- 
dredths,  and  so  on.  Hence  we  can  use  the  table  twice  over  (in 
some  cases  it  might  he  oftener),  as  in  the  following  example : — 

Example  2. 

TofiQd1og30-S1315. 

We  may  arrange  the  concaponding  contribntiom  at  foUom : — 
8081300     1-4387340 
40  66 

G  7 

logSO -81345  =  1-4887403 
Example  3. 

To  find  the  namber  whoee  lofcanthm  ia  1 -48717S3. 
r-4371783 

1-4871687     -3070200 
96 


>ntElogl-4S7ne3= -307(1288 

Here  wa  set  dovn  imilcr  the  given  logarithm  the  next  lowest  in  tlie  table, 
and  opposite  to  it  the  coi'responding  nnintier  -30702. 

Next,  ve  write  domi  '0000096,  the  difTereace  of  these  two  logarithms,  and 
look  Tor  tbe  greatest  number  in  the  table  of  proportional  parts  which  doea 
not  exceed  96— this  is  85.  Wo  set  down  8C,  and  opposite  to  it  the  correapouJ- 
ing  figure  B. 

Lastly,  we  subtract  85  from  SB.  the  result  being  -OOOOOII.  We  then 
imagine  a  figure  struck  otf  every  number  in  the  table  of  proportionnl  parts, 
look  for  the  remaining  one  which  stands  nearest  to  11,  and  «et  down  tlie 
figure,  namely  8,  corresponding  to  it,  aa  the  last  digit  of  tbe  number  we  are 

EXKRCISES   XLIII. 

{1.)  Find  the  characteristics  of  log„38e83,  Iog„B»,  logi^-",  log-OOOeS. 

(2.)  Find  tlie  characteristics  of  log,1067,  log, '0133,  logv'i  3,  logv^il/S. 

(3,)  Findlog^^'2. 

(4. )  Calculate  logj36-432  to  tvo  places  of  dedmal*. 
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(6,)  *163x7-83B.  (0.)  "SMS  x -0016-^ -0579. 

(7.)  (S-OOesriS/.  (8.)   ^(5W63715). 

(8.)  COIBflS)".  (10.)  (-ooisefl)!. 

■      (11.)  {1S('318)V18|A.  (12.)  {(l-035)'-]!/{l-035-l). 

(13.)  The  popuktion  of  a  country  increases  each  year  by  '13%  ot  its  amount 
at  the  begin'oing  of  the  year.  By  how  much  %  will  it  have  increased  alto. 
getlicr  aTter  250  years. 

(14.)  If  tlie  number  of  births  and  deaths  per  annum  b«  3'G  and  1'2  % 
refpectively  of  tho  population  at  the  beginning  of  each  year,  after  how  many 
yeora  will  the  population  be  trebled. 

(IS.)  Calculate  tho  value  of  !y(32«-"  +  55>-^. 

(18.)  Calculate  the  value  of  l  +  i  +  e'  +  .  .  .  +  (»,  where  (  =  271828. 

(17.)  Find  a  mean  progiortional  between  3-17934  and  3-937636. 

(18.)  Insert  time  mean  proportionals  between  S5'342  and  SS'SS. 

(19.)  The  1st  and  13th  terma  of  a  geometric  progression  are  3  and  65  re- 
spectively ;  find  tho  common  ratio. 

(20.)  The  4tli  and  7th  terms  of  a  geometric  progression  are  31  and  G2  re- 
apectivelj :  find  the  5th  term. 

(21.)  How  many  terms  of  the  series  ^  +  ^,-i-^  +  .  .  .  must  b«  taken  in 

order  that  its  sum  may  differ  from  unity  by  less  than  a  millionth  t 

(22. )  Given  logi^B  =  -69897,  find  the  number  of  digits  in  (\/5f. 

(23.)  Given  log 2673  =  3 -427,  and  1or3267  =  3-514I5,  fiud  log  11. 

(24, )  Find  the  first  four  significant  figures  and  the  uamber  of  digits  in 
1.2.3.4  ...  20. 

(25. )  How  many  terms  of  3',  3',  3*,  .  .  .  must  I  take  in  order  that  tte 
product  may  just  exceed  100000 1 

(28.)  Given  log^6  =  l-367S,  find  z. 

(27,)  Given  Iog^l  =  2,  find  x. 

Solve  the  following  equations : — 

(28.)  21'  =  20.  (29.)  2'16"=B.  (30.)  2*'=Ex2-. 

(31.)  e-^Gy,     7'=3y.  (32.)  S--3-=6. 

(33.)  2»^'«  =  6,     *>'=2Vt*.  (84.)  3»6»^=7'-'ll»-'. 

(35.)  (o  +  ft)^(a*-2a'i»  +  i*)»-'=(o-i)»'. 

(36.)  z^=y**,    y«»=ie*. 

(37.)  Find  by  means  of  a  table  of  common  logaritlims  Iog,lfl.34G,  where 
e=271828. 

(38.)  Showthatx=a"^»'j  and  that  ic=o'^'"°^"^"*'^- 

(89.)  Show  that  ■ 

loB.(lQg.N)    log,(iog>N)^log„VOog.»)    loja^^jlogi/i) 
V(IogJ')  V(log^)  Vllog^)  Vllofo")    * 

(40.)  Show  that  the  logarithm  of  any  number  to  base  a"  ia  a  mean  pro> 
portional  between  its  logarithmi  to  the  ttaacs  a  and  a^. 
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(41.)  If  P,Q,  Bbe  the  ^h,  7th,  rth  terms  of  a  geoniBtiic  progression,  show 
thati:(g'-r)logP=0. 

(42.)  If  ABC  be  in  harmonic  progresiioD,  show  that  log(A  +  0 
+  log(A  +  C-2B)  =  21og(A-C). 

(43.)  Ifo,ft,  (boinG.P.,  «howthat2;iog.(6/e)!-'  =  0. 

(it.)  If  a,i,  c  bein  G.P.,  and  \ogta,  logtc,  log„ftin  A.P.,  then  the  common 
difference  of  the  latter  is  S/2. 

(45.)  Ifa'  +  A'^i^,  then1og»f.ia  +  logE_((i  =  21ogi.(,^lagr_«a. 

logz  log!/  logz     '  '^  ^ 

(47.)  If  x,=\og^x„  i4=logr,''i.  ■  ■  -  iK-  =  lt>gi^a:._i,  a!i=log6^,ai., 
thGniC,a^  .  .  .  se^=l. 

Huloriad  A'oie.-^The  hoaour  of  devising  the  use  of  loguithmi  at  \  meanB  of 
abbreriatiiig  uithmetlc&l  calculatians,  and  of  pabHshiiig  the  first  logaTitbmic 
table,  belongs  to  John  Napier  (1&S0-1617)  of  Uerchiston  (in  Napier's  di;  near, 
in  onr  day  in,  Edinburgh).  This  iuTention  was  not  the  result  of  a  casual  ingpiia- 
tioD,  for  KB  leam  from  Napier's  Babdalogia  (1S17),  hi  which  he  describes  three 
other  methods  for  facilitating  arithmetical  calculations,  among  them  his  calculat- 
ing rods,  which,  under  the  name  ot  "Napier's  Bones,"  were  for  long  nearly  as 
fiuDOns  as  his  logarithms,  that  he  had  devoted  a  great  part  of  his  life  to  the  coa- 
nderatioD  of  methods  for  increasmg  the  power  end  diminishing  the  labour  of 
arithmetical  colculatiao.  Napier  published  his  invention  in  a  treatise  entitled, 
"  Uiriflci  Logarithmonim  Canonis  Descriptio,  qusque  uaus,  in  utiaque  Trigo- 
nomebia  nt  etiom  in  omni  Logistica  Matbeoiatica,  Amplissimi,  fscUlimi,  et 
expeditissimi  eiplicatlo.  Anthore  ac  Inrentore  losune  Nepero,  Barone  Merchis- 
tonli,  fee,  Scoto,  Ediaburgi  (1614)."  In  this  work  he  explains  the  use  of 
logarithms  ;  and  gives  a  table  ot  logarittimlc  sines  to  7  tigorea  for  every  minate 
of  the  quadrant  In  the  Oanon  Mirificiu  the  bass  used  was  neither  10  dot  what 
is  now  called  Napier's  base  (see  the  chapter  on  logarithmic  series  in  the  second 
part  of  this  work).  Napier  himself  appears  to  have  been  aware  of  the  advantages 
of  10  sa  a  base  ;  and  to  have  projected  the  calculation  of  tables  on  the  improved 
plan  ;  bnt  his  infinn  health  prevented  him  frem  carrying  out  this  idea  ;  and  hie 
death  three  yean  after  the  pnblication  of  the  Canon  tfirifiena  prevented  him  from 
even  publishing  a  description  of  his  methods  for  calculating  logarithms.  This 
work,  entitled,  Mirifici  logarithmonaa  Canmit  Ctmitrvdio,  Ac,  Was  edited  by 
one  of  Napier's  sons,  assisted  by  Henry  Biiggs. 

To  Henry  Brigga  (1566-16S0),  professor  of  geometry  at  Gresham  College, 
and  afterwards  SaviUon  professor  at  Oifoid,  belongs  the  place  of  hooaur.neit  to 
Napier  in  the  development  of  logarithms.  He  recc^nised  at  Once  the  merit  and 
eeized  the  spirit  of  Napier's  invention.  The  idea  of  the  superior  advantages 
of  a  decimal  base  occurred  to  him  independently ;  and  ha  viaited  Nspler  in 
Scotland  in  order  to  consult  with  him  regarding  a  scheme  for  the  ealcnlation 
of  a  logarithmic  table  of  ordinary  nnmbeis  on  the  improved  plsn.  Finding 
Napier  in  possession  of  the  same  idea  in  a  slightly  better  form,  he  adopted  his 
snggestlons,  and  the  result  of  the  visit  was  that  Briggs  undertook  the  work  which 
Napier's  declining  health  had  interrnpted.  Briggs  published  the  first  thousand 
of  his  logarithms  in  1617  ;  and,  in  his  Anthmetioa  Logariihmica,  gave  to  14 
places  ot  decimals  tfae  Ic^withms  of  all  integers  from  1  to  20,000,  and  from 
80,000  to  100,000.  In  the  preface  to  the  last -mentioned  work  he  explains  the 
methods  used  for  calcnlaling  the  logarithiiLS  themselves,  and  the  rules  for  nsing 
them  in  arithmetical  calculation. 
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Wliile  Brijj^  vu  engagad  in  OUIng  np  the  gftp  left  in  his  taUe,  tlie  work  of 
olcnlsting  logarithms  ma  taken  np  in  Holland  b;  Adrian  Vlacq,  t,  bookseller  of 
Gonda.  He  caJcnlated  the  70,000  logaiithma  vhJeh  were  waatiog  in  Briggi' 
table  ;  and  pabUabed,  in  1S2S,  a  table  containing  tlie  lognrithnu  to  10  plscea  of 
decimals  of  all  namb«»  from  1  to  100,000.  The  vofk  oS  Briggs  and  Vlacq  baa 
been  tlie  ba«is  of  all  the  tables  pnblialiei]  since  their  da;  (vitb  the  eiception  of 
the  tallies  of  Sang,  1871);  bo  that  it  tormB  for  Its  Bnthon  a  monument  both  last- 
ing and  great 

In  order  follj  to  appreciate  the  brilliancy  of  Napier's  inventdon  and  the  maiit 
of  the  vork  of  Briggs  and  Vlacq,  the  reader  must  hear  in  mind  that  eren  the 
exponential  Dotation  and  the  Idea  of  an  ezponentisl  ftinction,  not  to  speak  of  the 
inverse  ezponestisl  fimotioo,  did  not  form  a  part  of  the  stock-in-trade  of  mathe- 
maticiana  till  long  afterwardfi.  The  tandBmimtal  idea  of  the  correspondence  of 
two  serlea  of  nnmben,  one  in  arithmetjc,  Uie  other  is  geometric  progreesion,  which 
is  so  easily  represented  by  means  of  indices,  was  explained  by  Napier  tiirough 
the  coDceptioD  of  two  points  moving  on  separate  Btroight  linea,  the  one  with 
noiform,  the  other  with  accelerated  Tdoclty,  If  the  reader,  with  all  his  acquired 
modem  knowledge  of  the  resnlts  to  be  arrived  at,  will  attempt  to  obtdo  for  him- 
self in  this  way  a  demonstration  of  the  fundamental  rolea  of  logarlQimic  calcula- 
tion, he  will  riM  from  the  eierclse  with  an  adequate  eODception  of  the  penetrating 
genius  of  the  inventor  of  logarithms. 

For  the  tiill  det^ls  of  this  interesting  part  of  mathematical  history,  and 
in  particular  tor  a  atatemeiit  of  the  claims  of  Jost  Bilrgi,  a  Swiss  contemporary 
of  Napier's,  to  credit  as  an  independent  inveotor  of  logarithms,  we  refer  the 
student  to  the  admirable  articles,  Logarithnu  and  IfapUr,  by  J.  W.  L.  Q-Iaisher 
■    ■■     "       ■       -    -  -         .((Bthed.). 
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CHAPTER  XXIL 

Theory  of  Interest  and  Annuities  Oertain. 

§  1.  Since  the  mathematical  theory  of  interest  and  annuities 
affords  the  best  illustration  of  the  principles  ve  have  been  dis- 
cussing in  the  last  two  chapters,  we  devote  the  present  chapter 
to  a  few  of  the  more  elementary  propositions  of  this  important 
practical  subject  What  we  shall  give  will  be  sufficient  to  enable 
the  reader  to  form  a  general  idea  of  the  principles  involved. 
Those  whose  business  requires  a  detailed  knowledge  of  the 
matter  must  consult  special  text-books,  such  aa  the  Text-Book  of 
the  InaHtuie  of  Advaries,  part  I.,  by  Sutton.* 

SmPLK  AND  COMPOUND  INTEREST. 
§  2.]  When  a  sum  of  money  ia  lent  for  a  time,  the  borrower 
pays  to  the  lender  a  certain  sum  for  the  use  of  it  The  stun 
lent  is  spoken  of  as  the  capital  or  principal,-  the  payment  for 
the  privilege  of  using  it  as  interesL  There  are  various  ways  of 
arranging  such  a  transaction ;  one  of  the  commonest  is  that  the 
borrower  repays  after  a  certain  time  the  capital  lent,  and  pays 
also  at  regular  intervals  during  the  time  a  stated  sum  by  way  of 
interest  This  is  called  paying  simple  iiUeresl  on  the  borrowed 
capitaL  The  amount  to  be  paid  by  vay  of  interest  is  usually 
stated  as  so  much  per  cent  per  annum.  Thus  5  per  cent  (5°/J 
per  annum  means  £5  to  be  paid  on  every  £100  of  capital,  for 

*  Full  rererencea  to  the  Tsrioiu  Bourcea  of  infornution  will  be  found  id 
the  uiicle  "  Annuitiea  "  (by  Sprague),  Enq/cl^^nidia  BrUaimiea,  9th  editlou, 
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every  year  that  the  capital  lb  lent  In  the  case  of  simple 
interest,  the  interest  payable  ifl  sometimes  reckoned  strictly  in 
proportion  to  the  time  j  that  is  to  say,  allowance  is  made  not 
only  For  whole  years  or  other  periods,  but  also  for  fractions  of  a 
l>eriod.  Sometimes  interest  is  allowed  only  for  integral  multiples 
of  a  period  mutually  ^eed  on.  We  shall  suppose  that  the 
former  is  the  understanding.  If  then  r  denote  the  interest  on 
£1  for  one  year,  that  is  to  say  l/lOOth  of  the  named  rate  per 
cent,  n  the  time  reckoned  in  years  and  fractions  of  a  year,  P  the 
■prindpai,  I  the  whole  interest  paid,  A  the  amount,  that  is,  the 
sum  of  the  principal  and  interest,  both  reckoned  in  pounds,  we 
have 

I  =  MrP         (1) ;  A  =  I  +  P  =  P(l  +  nr)        (2). 

These  formulte  enable  us  to  solve  all  the  ordinary  problems  of 
simple  interest. 

If  any  three  of  the  four  I,  n,  r,  P,  or  of  the  four  A,  n,  r,  P, 
be  given  (1)  or  (2),  enables  us  to  find  the  fourtL 

Of  the  various  problems  that  thus  arise  that  of  finding  P 
when  A,  m,  T  are  given  is  the  most  interesting.  We  suppose 
that  a  sum  of  money  A,  is  due  n  years  hence,  snd  it  is  required 
to  find  what  sum  paid  down  at  once  would  be  an  equitable 
equivalent  for  this  debt  If  Bimpk  interest  is  allowed,  the 
answer  is,  such  a  sum  P,  as  would  at  simple  interest  amount  in  n 
years  to  A  In  this  case  P  =  A/(l+nr)  is  called  the  prisent 
value  of  A,  and  the  difference  A  — P  =  A{1  - 1/(1 +»r)} 
=  Ani'/(1  +  nr)  is  called  the  discount.  Discount  is  therefore  the 
deduction  allowed  for  immediate  payment  of  a  sum  due  at  some 
future  time.  The  discount  is  less  than  the  simple  interest 
(namely  Anr)  on  the  sum  for  the  period  in  question.  When  n 
is  not  large,  this  diflerence  is  slight ;  and  in  practice,  for  short 
periods,  it  is  usual  to  allow  the  interest  in  lieu  of  the  discount 
proper,  this  is  called  la/tiker's  discount. 

Example. 

Find  tlie  differonce  between  the  Imnker's  discount  and  the  tnta.  discotmt 
on  £1535  duo  niiio  months  hence,  reckoning  simple  interest  at  3)%.  The 
difference  in  question  is  given  by 

A7ir  -  A7U-/(1  +«r) = AnV/(l  +  nr). 
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Iti  thepreaantcaM  A  =  1625.    »=»/12=a/i,     r=3-6/100='03B.     Hence 
DifferanM=1626  x  ( ■02e2S)'-;-(l  -02626), 
=£1:0  :6i. 

§  3.]  In  last  paragraph  we  supposed  that  the  borrower  paid 
up  the  interest  at  the  end  of  each  period  as  it  became  due.  Id 
many  cases  that  occur  in  practice  this  is  not  done ;  but,  instead, 
the  borrower  pays  at  the  end  of  the  whole  time  for  which  the 
money  was  lent  a  single  sum  to  cover  both  principal  and 
interest.  In  this  case,  since  the  lender  loees  for  a  time  the  use 
of  the  sums  accruing  as  interest,  it  is  clearly  equitable  that  the 
borrower  should  pay  interest  on  the  interest;  in  other  words, 
that  the  interest  should  be  added  to  the  principal  as  it  becomes 
due.  In  this  case  the  principd  or  interest-bearing  capita) 
periodically  increases,  and  the  borrower  is  said  to  pay  compound 
interett.  It  is  important  to  attend  carefully  here  to  the  under- 
standing as  to  the  period  at  which  the  interest  is  supposed  to 
.  become  due,  or,  as  it  is  put  technically,  to  be  ronirrlibte  (into 
principal);  for  it  is  clear  that  £100  will  mount  up  more  rapidly 
at  S^/o  compound  interest  convertible  half-yearly  than  it  will  at 
57„  compound  interest  payable  annually.  In  one  year,  for  in- 
stance, the  amount  on  the  latter  hypothesis  will  be  £106,  on  the 
former  £105  plus  the  interest  on  £2  :10b.  for  a  half  year,  that 
is,  £105: 1:3. 

In  what  follows  we  shall  suppose  that  no  interest  is  allowed 
for  fractions  of  the  interval  {amvemon  ■  perUxI)  between  the 
terms  at  which  the  interest  is  convertible,  and  we  shall  take  the 
conversion-period  as  unit  of  time.  Let  P  denote  the  principal, 
A  the  accumulated  value  of  P,  that  is,  the  principal  together 
with  the  compound  interest,  in  n  periods ;  r  the  interest  on  £l 
for  one  period ;  1  -(-  r  =  B  the  amount  of  £1  at  the  end  of  one 
period. 

At  the  end  of  the  first  period  P  will  have  accumulated  to 
P  +  Pr,  that  is,  to  PR  The  interest-bearing  capital  or  principal 
during  the  second  period  is  PR;  and  this  at  the  end  of  the 
second  period  will  have  accumulated  to  PR  +  PRr,  that  is,  to 
PR*.  The  principal  during  the  third  period  is  PR*  and  the 
amount  at  the  end  of  that  period  PR',  and  so  on.     In  short,  the 
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a/mount  increases  in  a  geometrical  progressum  whose  tx/mmon  ratio  is 
R;  and  at  the  end  of  n  periods  toe  shaU  have 

A  =  PR''  (1). 

By  maana  of  this  equation  we  can  solve  all  the  ordinaiy  prob- 
lems of  compound  interest ;  for  it  enables  us,  when  any  three 
of  the  four  quantities  A,  P,  H,  n  are  given,  to  determine  the 
foortb.  In  most  cases  the  calculation  is  greatly  facilitated  by 
the  use  of  logarithms.     See  the  examples  worked  below. 

Cor.  I.  If  I  (fojirfe  the  whole  compound  interest  on  P  during  the 
n  periods,  we  have 

I  =  A-P  =  P{R''-1)  (2). 

Cor.  %  If  P  denote  the  present  valve  of  a  svm  A  due  n  periods 
hence,  compowtd  interest  being  allowed,  then,  since  P  must  in  n  periods 
amount  to  A,  we  have 

A  =  PE", 

ao  tiiat  P  =  A/E»  (3). 

The  discount  on  the  present  understanding  is  therefore 

A(l-1/E")  (4). 

Example  1. 

Find  the  unonnt  in  two  years  of  £2360 : 5 ;  9  at  3}%  compoond  interert 
OouvBrtible  quarterly. 

Here  P=28E0-287B,    «=8,    r=8'B/400=  00876,    E=l-0O87B. 
logA=logP+»logK, 
log  P=8-87naiO 
iilogE'=   -030268* 
8-4018894 
A=£2GI9-933  =  £2G19 :  18 : 8. 
Example  2. 

How  long  will  It  take  £186 :  14 : 9  to  amonnt  to  £213 : 9 : 7  at  6%  com- 
pound interest  convertibla  half-yearly. 

*  When  n  ia  very  large,  the  aeven  figures  giren  in  ordinal;  tables  hardly 
afford  the  nece«eary  accnrscy  in  the  product  nlogR.  To  remedy  this  defect, 
sapplementaiy  tables  are  oanally  given,  which  enable  the  computer  to  find 
very  readily  to  6  or  10  places,  the  logarittuna  of  numbers  (auch  as  B)  which 
di^  little  from  unity. 
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HeraP=:lSe'7S76,     A  =  2I6'47B2,     B=:1-0S. 

)i={logA-  logP)/logB 

Hence  the  reqoiied  time  is  five  half  feara,  that  is,  21  yews. 

Example  3. 

To  find  the  present  tbIus  of  £1000  dne  GO  jeus  hence,  allowing  compound 
interest  at  f  %  convertible  htil-jeulj. 

HereA=JOOO,    n=100,    B=l-02.    We  have  P=A/E". 
log  Pslog  1000-100  log  1-02, 
=  3-I0Ox -0086002, 
=  2'13e9SO0. 
F=£I38-032  =  £lBe:0:a. 

§  4.]  Id  teckoning  compound  interest  it  is  very  usual  in 
practice  to  reckon  by  the  year  ioBtead  of  by  the  conversioii 
period,  as  we  have  done  above,  the  reason  being  Uiat  different 
rates  of  interest  are  thus  more  readily  comparable.  It  must  be 
noticed,  however,  that  when  this  is  done  the  rate  of  interest  to 
be  naed  must  not  be  die  nominal  rate  at  which  the  interest  due 
at  each  period  is  reckoned,  bnt  such  a  rate  (commonly  called  the 
effixlive  riUe)  as  would,  if  convertible  annoally,  be  equivalent  to 
the  nominal  rate  convertible  as  given. 

Let  r„  denote  the  effective  rate  of  interest  per  pound  which 
is  equivalent  to  the  nominal  rate  r  convertible  every  1/nth  part 
of  a  year;  then,  since  the  amount  of  £1  in  one  year  at  the  two 
rates  must  be  the  same,  we  have 

(1  +  r)»  =  1  +  r„ 
thatia,  r„  =  (l-fr)''-l  (1), 

and  r  =  {l+r„)i/»-l  (2), 

The  eepkaiiofa  (1)  and  (2)  enodle  im  to  deduce  the  ^BcHve  rate 
from  the  nommai  rate,  amd  vice  versa. 

Example. 

The  nominal  rate  of  interest  is  S%,  convertible  monthly,  to  find  the  effective 

Here  7-=     -06/12=  -004168. 

Hence  ru=(l  -00*168)"- 1. 

=  1-061H-1. 
rj,=     -06114. 
Hence  the  effective  rat«  is  6-114%. 
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ANNUrriBS  CERTAIN. 

§  5.  ]  When  a  person  has  the  right  to  receive  every  year  a 

cert^  sum  of  money,  say  £A,  he  is  said  to  poBsesa  an  atamis 

of  £A.    This  right  may  continue  for  a  fixed  number  of  years  and 

;hen  lapse,  or  it  may  be  vested  in  the  individual  and  his  heirs 

For  ever ;  in  the  former  case  the  annuity  is  said  to  be  lermiruiile, 

the  latter  perpeiml.     A  good  example  of  a  terminable  annuity 

the  not  uncommon  arrangement  in  lending  money  where  B 

ids  C  a  certtun  sum,  and  C  repays  by  a  certain  number  of 

equal  annual  instalments,  which  are  so  adjusted  as  to  cover  both 

prindpal  and  interest.      The  simplest  example  of  a  perpetual 

annuity  is  the  case  of  a  freehold  estate  which  brings  its  owner  a 

fixed  income  of  £A  per  annum. 

Although  in  valuing  annuities  it  is  usual  to  speak  of  the 
whole  sum  which  is  paid  yearly,  yet,  as  a  matter  of  practice,  the 
payment  may  be  by  half-yearly,  quarterly,  &c.  instalments ;  and 
this  must  he  attended  to  in  annuity  calculations.  Just  as  in 
compound  interest,  the  simplest  plan  is  to  take  the  interval 
between  two  consecutive  paymente,  or  the  conversion-period,  as 
the  unit  of  time,  and  adjust  the  rate  of  interest  accordingly. 

In  many  cases  an  annuity  lasts  only  during  the  life  of  a  cer- 
tun  named  individual,  called  the  nominee,  who  may  or  may  not 
be  the  annuitant.  In  this  and  in  similar  cases  an  estimate  of 
the  probable  duration  of  human  life  enters  into  the  calculations, 
and  the  annuity  is  said  to  be  amtingeni.  In  the  second  part  of 
this  work  we  shall  discuss  this  kind  of  annuities.  For  the  pre- 
sent we  confine  ourselves  to  cases  where  the  annual  payment  is 
certainly  due  either  for  a  definite  succession  of  years  or  in  perpe- 
tuity. 

§  6.]  One  very  conmionly  occurring  annuity  problem  is  to 
find  the  acmmvlaled  value  of  a  forborne  annuity.  An  annuitant 
B,  who  had  the  ri|^t  to  receive  n  successive  payments  at  n  suc- 
cessive equidistant  terms,  has  for  some  reason  or  other  not 
received  these  payments.  The  question  is,  What  sum  should  he 
receive  in  compensation  1 
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To  make  the  question  general,  iet'us  suppose  that  the  last  of 
the  n  mstalments  was  doe  m  periods  ago. 

It  is  clear  th&i  the  whole  acoumulated  value  of  the  annuit; 
ia  the  eum  of  the  accumulated  values  of  the  n  instAlments,  and 
that  compound  interest  must  in  equity  be  allowed  on  each  instal- 
ment 

Now  the  nth  instalment,  due  for  m  periods,  amounts  to  AH", 
the  n  -  1th  to  AE"+^  the  «  -  2th  to  AE"+',  and  bo  on.  Hence, 
if  V  denote  the  whole  accumulated  value,  we  have 

V  =  AH™  +  AR"'+'  + . . .  AE™+»->  <1). 

Summing  the  geometric  series,  we  have 

V  =  AE«(R"  -  1)/(R  -  1)  (2). 
Cor.  If  the  last  instaltnenl  fie  tmJy  jusl  due,  m  =  0,  and  the 

accumulated  vaJve  of  the  forborne  atmuUy  is  given  6y 

V  =  A(E»-1)/(K-1)  (3). 
Eivnple. 

A  Euiuer'B  rant  ia  £16S  per  annum,  pftjable  half-yetrly.  He  wu  anable 
to  p»f  for  five  successive  yean,  the  ]e«t  hslf-yeor'a  rent  having  been  dne  three 
yean  ago.  Find  haw  much  he  owes  his  landlord,  allowing  componnd  interest 
at  8%. 

Here  A  =  78,  K=li)16,  m=ti,  n^lO. 

V  =  78xl-015«(1-016"-1}/-015. 
101ogl-015  =  1«46e00, 

1-015'"=  1-16054. 

V  =  78  X 1-015*  X  ■ie064/-01B. 
log  78         =1 -8620946 

6  log  1-016   =_-03879B0 
log  16064  =  1-2066833 


logV 

§  7.]  Another  fundamental  problem  ia  to  calculate  the  purchase 
price  of  a  given  annuity.  Let  us  suppose  that  B  wishes,  by  paying 
down  at  once  a  sum  P,  to  acquire  for  himself  and  his  heirs  the 
right  of  receiving  n  periodic  payments  of  £A  each,  Uie  first  pay- 
ment to  be  made  m  periods  hence.     We  have  to  find  F. 

P  is  obviously  the  sum  of  the  present  values  of  the  n  pay- 
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ments.  Nov  the  first  of  theee  is  due  m  years  hence ;  its  present 
value  is  therefore  A/R".  The  eecond  is  due  m  +  1  years  hence ; 
A'b  present  value  is  therefore  AfR™*\  and  so  on.     Hence 

P-A     .A_  A 

R    ■^R™+'*  ■  ■   '"^K»+»- 


(I>. 


.(■-^)/('-^. 


Cor.  I.  The  ratio  of  the  purchase  price  of  an  annoitf  to  Uie 
annnal  payment  is  often  spoben  of  as  the  number  of  gears'  purehase 
which  the  sunnity  is  worth.  If  the  "period "  vnderdood  in  Qu 
ahoKK  inmdigation  be  a  year,  and  p  he  the  mimier  of  years'  purchase, 
then  we  have  from  (2) 

i.  =  (R''-I)/R«+''-i(E-l)  (3). 

If  the  period  be  \jqth  of  a  year,  since  the  atmuat  payment  is  then 
qA,  vie  have 

j..(B"-l)/jE-+"->(E-l)  (4). 

Cor.  3.  If  the  annuity  be  furf  "  deferred"  as  it  is  called,  hvt 
l>egia  to  run  at  orue,  that  ie  to  say,  if  the  first  payment  be  due  one 
period  hence,'  then  m=l,  and  toe  have 

P  =  A(E"-1)/E»(K-1), 
=  A(l-E-)/(R-l)  (5). 

r-(E"-l)/E»(E-l), 
.(l-E-»)/(E-l)  (6); 

or  J.  =  (1-K-)MR-1)  (7), 

according  as  ike  period  of  conversion  is  a  year  or  theqth  pari  of  a  year. 
Cor.  3.  To  obtain  the  present  value  of  a  deferred  petpelaal 
amntUiy,  or,  as  it  is  often  put,  the  present  value  of  the  reversion  of  a 
perpelaai  anmuty,  we  ha/ee  merely  to  make  n  infinitely  great  in  the 
equatim  (2).     We  thus  obtain 

*  Thia  is  the  usual  meaning  of  "  beginning  to  run  at  once."  In  som« 
cans  the  fint  payment  is  made  at  ooca    In  that  case,  of  conrse,  msO, 
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=  A/E— (E-l)  (8). 

Smtee,  for  the  number  of  years'  pwnhaae,  vn  have 

p=\[B.'»-i(^     1)  (9), 

or  j  =  l/jE"-i(E-l)  (10), 

according  as  the  period  of  conversion  is  a  year  or  llqlk  of  a  yeas: 

Cor.  4.   fFken  the  perpetual  annuiiy  begins  to  nm  at  once  the 
fcrrmvice  (8),  (9),  (1 0)  beame  very  simple.     Putting  m  =  1  we  have 
P.A/(R-1), 
=  A/(l+r-l), 


(II). 


(12); 
(13), 


-A/r 
Fm-  the  number  of  yeo/ril  purchase 

p=llr 
or  p=  l/gr 

according  as  the  period  of  ecmiiersion  is  a  year  or  \jgib  of  a  year. 

If  the  period  be  a  yeu,  tben,  remembering  that,  if  2  be  the 
rate  per  cent  of  interest  allowed,  then  r  =  sj\Q{i,  ire  see  that 

j>=100/a  (14). 

Hence  the  following  very  eimple  rule  for  the  ralae  of  a  perpetual 
annuity.  To  find  the  mtmber  of  years'  purchase,  dimle  100  by  the 
rate  per  cent  of  interest  corresponding  to  the  Atnd  of  in^esttnent  in 
question.  Thia  rule  is  much  used  hj  practical  men.  The  following 
table  will  illuetrate  its  application : — 


li.t.%    .    .    . 

S 

^ 

' 

a 

fi           6i 

. 

No.  of  jeoTs'  purchase . 

83 

28 

25 

22 

20 

18 

" 

Example. 

A  mm  of  £80, 000  is  borrowed,  to  be  repdd  in  SO  equal  yearly  instalments, 
which  are  to  cover  both  principal  and  interest.  To  find  the  yearly  payment, 
allowing  compound  interest  at  ii%. 

Let  A  be  the  annual  payment,  then  £80,000  is  the  present  valne  of  an 
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■nnnity  of  £A  paytble  jMrly,  the  annuity  to  begin  at  once  uid  mn  for  30 
yean.     EsDce,  bj  (5)  above, 

30,0(K)  =  A(1  - 1-045-»)/-046, 
A=^S60/(l-l-045-«'), 
-801ogl-0«=l-428S110, 
l-04E-"= -267000. 
A  =  18S0/-783 
=£1B11:1«:I1. 
S  8.]  It  would  be  eas;,  by  aBsmniiig  the  periodic  instalments 
or  the  periods  of  an  annuity  to  vary  according  to  given  Uwb,  to 
complicate  the  details  of  annuity  calcolations  very  seriously ; 
but,  as  we  should  in  this  way  illustrate  no  general  principle  of 
any  importance,  it  will  be  sufficient  to  refer  the  student  to  one 
or  two  instances  of  this  kind  given  among  the  examples  at  the 
end  of  this  chapter. 

It  only  remuns  to  mention  that  in  practice  the  calculation 
of  interest  and  annuities  is  much  facilitated  by  the  use  of  tables 
(such  as  those  of  IHimbnll,  for  example),  in  which  the  values  of  the 
functionsjO+r)",  (l+r)-»,  {{1 +r)»- 1} /r,  {1 -(1 +r)-'»}/r, 
r(  {l-(l  +r)-»} ,  &c,  are  tabulated  for  various  values  of  lOOr 
and  n.  For  furUier  information  on  this  subject  seethe  Text-Bad: 
of  the  Instiluk  of  Advaries,  part  i.  p.  151. 

EzEBOisza  XLIV. 

(1,)  The  differeuce  betireen  the  true  diaconnt  and  the  iDtereat  on  £40,400 
for  a  period  z  u  £4,  aimple  iutereat  being  allowed  at  4  %  ;  find  z. 

(2.)  Find  the  present  value  of  £16,000  doe  50  yean  hence,  allowing  4^  % 
compound  intei«st,  convertible  yearly. 

(8.)  Find  the  amount  of  £150  at  the  end  of  14  yeara,  allowing  S  %  com- 
poQud  interest,  convertibU  half-yearly,  andideducting  Sd.  per  £  for  income 
t&z. 

(4.)  Hon  long  will  it  take  for  a  sam  to  donbla  itself  at  6  %  compound  in- 
terest, coDTertible  onnaally  t 

(6.)  How  long  will  it  take  for  one  penny  to  amount  to  £1000  at  6  %  com- 
pound intersat,  convertible  annniilly  T 

(6.)  Od  a  ealaiy  of  £100,  what  difference  dose  it  make  whether  it  ia  paid 
quarterly  or  monthly  I  Work  out  the  result  both  for  simple  and  for  compound 
interest  at  the  rate  of  4-2  %. 

(7. )  A  sum  £A  is  laid  out  at  10  %  compound  interest,  convertible  annually, 
and  a  sum  £2A  at  G  %  compound  interest,  convertible  half-yearly.  After 
how  many  yean  will  the  amounts  be  eqnal ! 
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(3. }  Show  th&t  the  difference  between  baokeis'  discannt  and  true  disconnt, 
simple  interest  being  supposed,  is 

AnV{l-mr  +  nV-nV+.  .  .  ad«[. 

(B.)  K  7-  *■  6/100,  n  >  10,  find  an  upper  limit  for  the  em.r  in  taking 
100(l  +  ,C,r  +  ,C^  +  „0,»^}Mthe  amount  of  £100  in  »  years  at  lOOr  %  com- 
ponnd.  interest,  convertible  annually. 

(ID.)  If  £Ic  and  £1,  denote  the  whole  compound  and  the  whole  simple 
interest  on  £P  for  n  years  at  lOOi*  %  convertible  annually,  show  that 
Ic-I.=  P(.Cjr'  +  .C,H+.  .  .  +r). 

(11.)  A  man  owes  £P,  on  which  he  pays  lOOr  %  annually,  the  principal 
to  he  paid  np  after  n  years.  What  sum  must  he  invest,  at  lOOr*  %,  so  ss  to 
be  just  ahia  to  pay  fhe  interest  annoally,  and  the  principal  £F  when  it 
bllsdneT 

(la.)  B  has  a  debenture  bond  of  £600  on  a  railway.  When  the  bond  has 
still  five  years  to  run  the  company  lower  the  interest  from  6  %,  which  was 
the  rate  agreed  upon,  to  1  %,  and,  in  compensation,  increase  the  amount  of 
B.'a  bond  by  x  %.     Find  x. 

(13.)  ApeiBon  owes  £20,122  payable  12  years  hence,  and  offers  £10,000 
down  to  liquidate  the  debt.  What  rate  of  compound  interest,  convertible 
annually,  does  he  demand  I 

(14.)  A  testator  directed  that  bis  trustees,  in  arranging  bis  alfaiis,  should 
set  apart  snch  sums  for  each  of  his  three  sons  that  each  might  receive  the 
Hame  amount  when  he  came  of  age.  When  he  died,  his  estate  was  worth 
£160,000,  and  the  ages  of  his  sons  were  8,  12,  and  17  respectively.  Find 
wliat  sum  was  set  apart  far  each,  reckoning  1  %  compound  interest  for  ac- 
cumulations t 

(16.)  B  owes  to  C  the  sums  A,,  A,,  ...  A,  at  dates  »,,«,,...», 
years  hence.  Find  at  what  date  B  may  equitably  discharge  his  debt  to  C 
by  paying  all  the  sums  together,  supposing  that  they  aU  bear  the  same  rate 

Ist.  Allowing  interest  and  banker's  discount  where  discount  is  dne. 

Sod.    Allowing  compound  interest,  and  true  diaconnt  at  compound  in- 

(IS.)  Beqnired  the  accumolated  ralne  at  the  end  of  16  years  of  an  annuity 
of  £50,  payable  In  quarterly  instalments.     Allow  compound  interest  at  6  %. 

(17. )  A  loan  of  £100  is  to  be  paid  off  in  10  equal  monthly  instalments. 
Find  the  monthly  payment,  reckoning  compound  interest  at  6  %. 

(IS.)  I  borrow  £1000,  and  repay  £10  at  the  end  of  every  month  for  10 
years.  Find  an  equation  for  the  rate  of  interest  I  pay.  What  kind  of 
interest  table  would  help  you  in  practically  solving  such  a  question  as  this  I 

(IB.)  The  reveruon  after  2  yean  of  a  freehold  worth  £1SS  :2a.  a  year  is  to 
be  sold :  find  its  present  valne,  allowing  interest  at  2  %,  convertible  annually. 

(20. )  Find  the  present  value  of  a  freehold  of  £36G  a  year,  reckoning  com- 
pound interest  at  3^  %,  convertible  half-yearly,  and  deducting  Od.  per  £  of 
income-tax. 

(21.)  If  a  perpetual  annuity  be  worth  26  years'  purchase,  what  annuity  to 
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costinue  for  S  yean  can  be  bonght  for  £5000  m  u  to  tnisg  the  nine  nte  of 
intereatt 

(22.  ]  If  20  jean'  pnrchaie  be  pud  for  an  oimait;  to  contiaue  for  s  certain 
number  of  jait,  and  24  jetn'  parchiae  for  one  to  contmne  twice  at  long, 
find  the  rate  of  interest  (convertible  annually). 

(2S. )  Tvo  proprietors  have  equal  atuit«*  in  an  estate  of  £600  a  year.  One 
bnyi  tbe  other  out  by  letrigQiiig  him  a  terminable  annuity  to  Ia«t  for  20  yean. 
Find  the  annuity,  reckoning  3(  %  compound  interest,  convertible  annually. 

(21.)  The  reveraion  of  an  e«Ut«  of  £1S0  a  year  is  sold  for  £2000.  How 
long  ought  the  entiy  to  be  deferred  if  the  rate  of  interest  on  the  investment 
ia  to  be  II  %,  convertible  annually  1 

(35.)  If  a  leaM  of  19  yean  at  a  nominal  rent  be  porchaaed  for  £1000,  what 
ought  the  real  rent  to  be  in  order  that  the  pnichaaer  may  get  4  %  on  his  in. 
vestment  (interest  convertible  half-yearly)  1 

(20.)  B  and  C  have  equal  interBstB  in  on  annuity  of  £A  for  2«  years  (pay* 
able  annually).  They  agree  to  take  the  payments  alternately,  B  taking  the 
&nt     What  ought  B  fo  pay  to  C  for  tite  privilege  he  thng  receives ! 

(27.)  A  ftrmer  bought  s  lease  for  20  yean  of  his  &rm  at  a  rent  of  £50, 
payable  half-yearly.  Ailer  10  years  bad  run  ha  determined  to  bnj  the  free- 
hold of  the  &rm.  What  ought  he  to  pay  the  landlord  if  the  full  rent  of  the 
farm  be  £100  payable  half-yearly,  and  S  %  be  the  rate  of  interest  on  invest- 
ments in  land  I 

(28.)  What  annuity  beginning  n  years  hence  and  lasting  for  »  years  ii 
equivalent  to  an  annuity  of  £A,  beginning  now  and  lasting  for  »  years  T         > 

(29.)  A  testator  left  £100,000  to  be  shared  equally  between  two  institu- 
tion* B  and  C ;  B  to  enjoy  the  interest  for  a  certain  number  of  yeaia,  C  to 
have  the  revenion.  How  many  years  ought  B  to  receive  the  interest  if  the 
rate  be  3|  %,  convertible  annaatly  t 

(30.)  If  a  man  live  n  years,  for  how  many  years  must  he  pay  an  annuity 
of  £A  in  order  that  he  may  receive  an  annuity  of  the  same  amount  for  the 
rest  of  his  life  I  Show  that,  if  the  annuity  to  be  acquired  ia  to  continne  t<a 
ever,  then  tbe  number  of  years  is  that  in  which  a  sum  of  money  would  double 
itself  at  the  anpposed  rate  of  interest. 

(31.)  A  gentleman's  estate  was  subject  to  an  annual  burden  of  £100.  His 
expenses  in  any  year  varied  as  the  number  of  years  he  had  lived,  and  his 
income  as  the  square  of  that  number.  In  hit  2lBt  year  he  spent  £10,468, 
and  his  income,  before  deducting  the  annnal  burden,  was  £4410.  Show  that 
he  ran  in  debt  eveiy  year  till  he  was  60. 

(32.)  A  fen  ia  sold  for  £1500,  with  a  feu-dut?  of  £18  payable  anuoally, 
and  a  casualty  of  £100  payable  every  60  years.  What  would  have  been  the 
price  of  the  fen  if  it  had  been  bought  outright  1    Reckon  interest  at  4J  %. 

(33. )  Find  the  accumulation  and  also  the  present  value  of  an  annuity  when 
the  annual  payments  increase  in  A.  P. 

(S4.)  Solve  the  same  problem  when  the  increase  is  in  Q.P. 
(36. )  The  rental  ot  an  estate  is  £niA  to  b^in  with  ;  bnt  at  the  end  of  every 
q  years  the  rental  is  diminished  by  £A,  owing  to  the  incidence  of  fresh  taxa- 
tion.    Find  the  present  value  of  the  estate. 
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RESULTS  OP  EXERCISES. 

I-  nST 

(6.)  iBt  Tba  unmber  of  digits  is  S4  ;  the  first  three  IZU.   -  Zni.  The 

nninber  of  digits  ia20';  the  first  three  184.'  (6.)  -I,  +1.     (T.)  a-b.     (8j^,-     ■   ' 
1707  i  30S21/41S800.     (S.)  6.     (10.)  aa  +  2ab  +  ib ;  aa-hb;  Saa-36»;  |aa 

-V<*6-   (ll.)2(nim-l)ao  +  2(mi^l)iJ.    (la. )  ary  +  2/a:y.    llt.)2ytlx+2aclt/     ^ 

+2xylz+2lxyt.    (14.)  laa+iai- Avy+A". 

n. 

(1.)  l/2*.3". 5  =  1/42616280.  (a.)  The  eecond  is  greiter  by  85280.  (».) 
1/2.  (*.)  leoWrf*.  (6.)  t^/a'Wy".  (6.)  (81/16)o'6^!>W.  (7.)  j/M/a». 
(8.)(il»s)*.  (9.)  1.  (10.)  m"**-*-.  (11.)  «l«-«l>-'l  (18.)  l/ii***'.  (18.) 
1.  (IB.)  i+a:»^»-e-jr*H*+*  +  ie-»t»-  +  !i--»+*-ie— M-fc+aJt*-*-.  {n 
<W**i  +  2«W*/>+«J*/J*  +  a''/i<  +  2o»/t^^ +!/(**+*.  t-' 

III. 
(l.)z+y.  (9.)1.  (I)  (a!'-v')//y.  (4.)  y.  (B.)  l/6c(-»+6-«)-  {«.) 
(a«-aV+3flft»-('*)/(a»-i«).  (7.)  fc^/C"* - tf*)-  {!■)  2(Ke'  +  aV)/a&^. 
(>.)<.t/(o'  +  6').  (lO.)*'-*".  (11.) -(43:  +  2B*)/(l  +  a"  +  )!!*).  (13.)1.  (18.) 
1.  (11.)  The  function  ia  =1.  {It.)  i(K^~ae)lf,bd/-U-c/).  (H.)(o>-4ot 
+  4i»-l)/(a'-9o'S  +  12o6>-8i"-2o  +  4ft).     (17.)  (o'-6'  +  l)/(o"-i'  +  2).  ^ 

/       /      '^- 

(7.)  2.8'.7.11*i  S'.e'.T'.    (8.)  58.  ^ 

V. 

■(l.)120.*     (B.)  i:«-2eV  +  !/'.      (»)  K^r//(4-)   !c»-SaV+8iV-»*.  ^^      ,. 
(B.)  !rf-16aV  +  B8iV-25(teV-l-2B6]/'.''    {6. )  >?^ t'<^  +  <Al* - cW  +  <»»*'     ■<}£• 
-«W.^(7.)  *!'  +  33*  +  e3!*  +  7a!'  +  8!='  +  S«  +  l.i^{8.)  27a' +  8i» - 1  +  64o«J 
+  86oJ>'-12i'+fl6  +  Ba-27a'-86oi,  V  (9.)    «'^-2i!!'  +  Sil^  +  4ll!+E  +  4/I  +  B/rf 
+  2/a^+l/a!'.  ^ 

(10.)  +o«+i«  +  e'  +  4a'S  +  4aS'  +  4i'c  +  4ie'  +  4M»  +  4c'a  +  6a'i» 

+  9(pM  +  Sc'a"  +  12fl'6c  +  ISa**!:  +  12(ifc=  ; 
+     +-(---         +        +        --        + 
+         +         +  - 

(IL)  Four  types;  8  like  a;*;  9  UTte  a^;  8  like  aJV;  !  like  aV- "^  <l'-) 
Three  types;   4  Uke  a';  12  like  ^6;   4  like  oie.  ^^  (18.)  (2  +  8  +  4)'=72».v' 
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(l«.)a?/{6'-t»)+fc«.+*t.+2(M-a6)yi/('''-'^{«*-«*)+*c-+*c-  (lB-)2(a^ 
+^*^y(U.)  0.*^  (IT.)  ax  +  by  +  a.^  (U.)  -Sn*+2Sii»6+Z(i<6"-10art« 
-ilaV+BZoWc-lSa^iV.  («.)  oie.>'  (W.)  Bait  (It)  2(«!-6b>+A» 
-(»'+«»-«*»).  (».)  (o»-S">!'  +  2<»eiVy+(2(»"  +  2i'-«W)jV-2oWi*' 
+  <a«-6V- 

^  VI.  ^ 

(l.)(o)2nd.  (fi)Vnca<yiua/{y)iai.  (J)  2iid."^(»,)2a»  +  10a;+14/{l.) 
|«?+»a.-(l.)  fti!«-7fl!r'+121.  (B.)  if-!t^o>  +  x'SaV-«»6M.>^(«.)  a!>-(j^ 
+  j'  +  1>b'  +  (pV+J^  +  «V-J>V-'^  (T.)  2:"-lSaV  +  85ilV-225aV  + 

+  (6-e)(e-Q.){a-i)y'.  (IL)  {J"-eV  +  2(<i-a>e»  +  (e-o}(<  +  o-2i>c«  +  2a(e 
-iJj!  +  (a'-6").     (la.)  i'-3^-x»+iy  (IS,)  4ir»+l(krV  +  8V  +  Ss».      (14.) 

iB'-^V+V-"    ("■)   aJ'-2z'  +  l.       (18.)  z"  +  aE'»-ii«-4a!«-a^+2z"  +  l. 

(lT.)J!^-ia^  +  A^-A»?+A-  (l«.)<«'-fl(a+t>c^^  +  i(a»  +  I>tV-<«W^ 
+oaV-*(»-*>*'  +  *!/*-  (W-)  *i!'  +  12«V  +  12**c>.  (ao.)  a^-ltoV 
+  B6irtJ"-220oV«  +  4B6a*r"-7S2ii".E»  +  e2io'W-tt  (11.)  aJ^-SiW 
+  art,ie-a".    (i2.)2187i'  +  170l2^  +  Be72^  +  10fo:*  +  V»'  +  l^+il.a'  +  TAT- 

(aa.)  a'  +  8a'fa!'  +  28a'6W  +  66a'4'3'+70aVz'+lic.  (14.)  aJ*  -  ft^ 
+  Bfla*V*-81a^'*  +  126a*y*-tc  {IB.)  l  +  3K+Bi"  +  10a?  +  16a!*  +  18«» 
+  lB2*  +  tc     (SB.)  266.     (a7.)-l»76.     (80.)  320. 

VIL 
(1.)  860«'  +  lTB2«»  +  8S05*'  +  272ae  +  8«.      (i.)  «Ta?-(j- r)(r-j.) 

Ip  -  1^  +  (-  1}^  +  Sp^  -  Spr>  +  {q  -rHr  -pHp-q).  {•.)  a^-SOaW 
+  278<rtc'-e20a*i!'  +  B76a'.  (4.)  a^- 8r*  +  3*»-l.  (B.)  iz'+H^  +  HJ^' 
+  *+*>:'  + !»»:'  + I^  +  l-  (•■)  a--A-  (7.)  a<  +  {2P/mtt)3:»  +  2L(m«/P>l'  +  (4 
+  i>/m»  +  7«'/«'  +  n»/P)j;'  +  2(2i*/mi)*'  +  (2'nn/P)i  +  l.  («.)   x"-8iV 

+  28x>V-B8z'V+5''*;fV-tc-  {10.)x«+l(te"  +  «i'»  +  8ft^  +  3to" 
+  ie&e"-  3eia!»-208a:i'  +  28fix"  +  672af  +  *c 

VIII. 

(1.)  A  +  BZfli  +  CSie'  +  DSiy  +  EZai'+FSxV  +  GSrpi.  (a.)  Z^V  +  ^icV 
+  S;^yV.  Three  types  preeent,  four  misung,  viz.,  jf,  jfy,  aiy,  xfj^  (8.) 
Jz-iy.  (t)  P { (v" ~ y-) (K -x')-(^~x')(!*-y')},  where  PU  .ny  constant 
This  may  also  be  written  P{{y'-y'>i:-(!^-3!')j  +  !t'y'-x'/l.  (B.)  (y,i 
-aiy)(yi«-!W)/(a4-I'i)(^-yi)-  (e.)  A=-B,  B=-12,  C=20.  {7.)(=21, 
m=-76,  »=60.  (8.)  /=B,  m=-16,  n=IO.  (».)  SP(x-b){x-e){x-d)l 
(«-»)^-e)(«-«i).     [10.)  t^+bV+tfie,  eV+trf  +  lK?.     (IL)  8SE»-ErV. 

IX. 
(1.)  Q=je'-8z*+3as-l,  E=0.  (a.)  Q  =  3z»+v«»-J^+V«-H.  R 
=  H'~H-  (B.)  q  =  *ii?  +  flx»+lla!  +  ie,  H  =  20a-15.  {4.)a»-9.  (B.)  TIib 
fimction  =  3!>-2j!'  +  172  +  80-40/(a:-7).  (8.)  Q=z'-6z  +  8,  H  =  0.  (T.)  Q 
sax*  +  63?  +  x'-i-U  +  l,  E=0.  (8.)  Q=i'-8a;+lE,  H  =  0.  {».)  Q=i'  +  i*' 
+iz+i.  E=0.  (lO.)Q=a?-te+V,  a=-W^-H-  (11.)  Q=i»^-i=^ 
+i«'-A^+A=^-A^+Ti,.  E=0.    (13-)  *-i.     (IS.)  =fA^+=^+=V 

+  ...+]/').     (14.)  8a'- 20*  + 6>.     (16.)  o'-<i'i  +  <»V+.  .  .+M.     (IB.)  a" 
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-Say  +  y*.  <1T.)  iH-Szir  +  iir'-  (IB.)  a^  +  a^  +  3V  + V-  (U.)l+a!+»^ 
+  .  .  .+!^.  (M.)  x*-af-i?-2x  +  i.  (n.)  la^  +  ex-f.  {aa.)  ab  +  ae-U. 
{«.)  l  +  J+c  (34.)  2(<»  +  S)!r.  (ae.)  o*-ii»6  +  3oV-<»J»  +  6*.  (,»t.)  Ba^;^ 
+y')-  (37.)  rnyix+y).  (a8.)Q=&K*+ftE'+&t+i,  B=-i.  {».)  (kc+oy)/ 
(4a!-oy)  =  l  +  2oy/(&B-oy)=-l+26B/{63!-a;y).  (80.)  If  a  be  TarUHe,  the 
transformed resnltiso'  +  2o"S  +  6a4'  +  10ft'+([6a<6-13fr")/(a»-2a6  +  i»}.  (81.) 
<)  =  a!»-2ll!*+a:-4,  E=1Z  (SI)  3^+3z>-lSa!-lB.  (SB.)  -808/8.  (»*.) 
2{p+5);  Ji+J^O.  (».)  AQ'-BPQ+CP»=0.  (86.)  ji^-ap-q+b=0, 
j?j-oj+e=0.  (88.)  X=l,  /i=-S,>=-2.  {8».)  p  =  2,  g  =  8,  r=3.  {«.) 
The  renumder  in  ecchcase  ura!+*.  (U.)  nt+I  most  beamaltipleof  n.»-l. 
(43.)  l-&E  +  fc?-27:^+.  .  .+(-8)V-(-3)'W^V(3^  +  l):  ^"^  +  2^ 

+  ■  ■  ■  -(-irgVw/f^-^"-  (**'  ?+|-S+(-S-^S>("'-'^ 

+2=).  {«.)  l  +  2a:+S3:^/l.Z  +  16a^/l.a.8  +  66a!'/1.2.3.*  +  .  .  .  {46.)l-iiy; 
l+ny.      (M.)  !e'-70ai'-377«'-778a!-586.     (Bl.)  P«-4F  +  2P'  +  8P»-6P* 

-8P»+2P'+4P  +  1,  where  P  =  a:  +  2;   Q<  +  (&c  +  2*)Q'  +  (8x- «)(}>  +  ( -32^ 

+ie)Q+lGx,  where  Q=!B'+iE+l. 

X. 
(I.)i>-1.  (9.)ii>-^+l.  (8.)NoC.M.  (*.)»+!.  (B.)aJ  +  a!-6. 
(6.)ir'-iac  +  86.  (T.)  aJ- Ida:- 16,  MO  8  7.  (8.)  ar'+a'-S;  compare  with 
ewunpleB.  {9.)!if-Sx-2.  (10.)a?-l.  {ll.).4x»+8i+l.  (13.)  i- 6. 
(18.)  ti?-2ix+ZS.  (1».)  K>  +  2a:  +  l.  (18.)  i?+4M  +  8a»  (IB.)  Sx'- 
V2iC+l.  (lT.)a!-I.  (18.)  3;'-o«  +  ao'.  (l«,)iB-l.  (80.)  The  G.C.M. 
would  be  a  meBBDn  of  {p~j)x(x~l),  neither  of  the  factors  of  which  is  in 
general  »  measure  of  either  of  the  given  functions.  If,  however,  p+q  +  2  =  0, 
then  9! -1  isameuareof  bath.  (38.)  a  =  6,  there  ia  then  a  factor  ar* -  4z .f  3 
common  to  numerat/ir  and  denominator.  (38.)  Use  g  7.  (SB.)  Use  gg  6 
and  7,  the  first  gives  the  conditions  in  the  Grst  form  ;  the  second  gives  the 
single  condition.  (SB.)  P=Ai+A-.  Q=  -  A^+H-  (ar.)  P=A":+A, 
Q=-Ai=  +  H.  (38.)a'(a-6)(«  +  6)(a'  +  6*)(»*  +  6')-  (».)  (x -  1 ) (it - 2) 
lx-SUx  +  2){x+i).  (80.)(«-l)(3*»  +  *ie-4)(S2'  +  5r  +  2).  (8L)(*'-1) 
ix-2^x+i)[x+b){i?-5).    (S3.)  The  product  of  the  given  ronctioos. 

XI. 

(1.)  2(a-d)(a  +  b-¥c  +  d).  (3.)  la+b  +  t)[-a  +  b+c){it-b  +  c)[a  +  b-e). 
(«.)  (o'-3<!')(a'-d6'  +  <:^  (4.)  {x-i-Z-t-^/2i)  (x  +  2~ ^/2i)  {Ox-U  +  'Z!) 
(te-18-V7)-        ("■)  (a-«(2z-a-p)(=:-7)'-        («.)   (.i;+!/)(x-y)!a:- 

(*«^')'H-(i-'f).ll-(-i«f)'H-(-!-4>l-<') 

(i+j-){=!-j()(a:  +  i3/)(i-iy){:7;  +  j-(l  +  i)/V2H«+y(l-f)/V2H«-y(l+0/v'2} 
{>!-y(l-i)/V2}.      {8.)(a!  +  Sy  +  2)(:i  +  Sv-2).      {».)  Hx  +  2)(x-i).      (10.) 

(iB  +  8Ha!-2).  [ll.)(i!-B  +  V7)(«~6-V7).  (ll.)(a:  +  6)(2-6).  (18.)(i«  +  7 
■i-W7Hx  +  7-Wn    (14.){x  +  2  +  iV3)(^  +  2-.VS).    (18.)2(*+4)(l-(). 

(16.)  (x  +  'Jp  +  q  +  \/f^)(x  +  \/p  +  q-s/p-q).       (IT.)    (l- l){fl!-(*-«V(* 

+  c)|.      (18.)   lx+pHx  +  q){x-p){x-q).       {«.)   (■M!-6y)(&c+njf).      (30.) 

VOL.  I.  2  M       ■ 
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Hl-p)x--ll-^p)s){(l-q)x-{l  +  q)i,).  (ai.)(^-8){i-5)(=:-7).  (aa.)  * 
(H!-7  +  3iVll)(ii!-r-8tVll).  (as.)  (3!-S)(a!-4X*-8).  (04.)  (z-8)(z  +  i) 
ix-i).    {iB.){x-]-p){x+p+q){x-i-p-q).    {at.)(x+-[.)(x-l){{i>  +  q)x+{j>-q)}. 

in.)  (x-i){x-pUx-p').  (S8.)  {^-o)(a-6)(a!+^^i)(z-^/fli).  (as.) 
(i<-(t')(3:'  +  jw  +  o»)  =  ipc  (M.)  2(a!-j)(l-a!!/).  {n.)  {i?+!a,  +  t/')li^-xy 
+  S*)  =  aw.  (la.)  p=+V2,?=-V2.  (88.)  (!^  +  V2xy  +  s*-l)(K^-V2a* 
+  !/*-l).  (S4.)  r^.-j«',  B=-ja'-o'.  {M. }  {a- +  a^)  (ie- -  o")  (a?- +  n-) 
(a?._o").  (SB.)  3oW(a^  +  '»«+'»')  (»:'-««+'»'}=*«■  ("■)  («-l)(y-l)'. 
(38.)  [x+3){2x  +  y+l).  (»».)  (2ii;  +  Bj  +  l)  (z- v  1).  (M.)  [x  +  S)(y  +  7). 
(U.)  {x  +  2y-z){x-v  +  3z).  (ta.)  Equate  the  discriminajit  of  the'function  to 
zero  and  thui  obtain  b  cubic  equation  forX.  (U.)  When  c=0,  \—{a/*  +  bj/' 
-2fgk)l/g.  (44.)  B03'V^^-y)  +  i3(TV-7V)  +  -v(a'fl'-«-p')-O.  (47.)  (a 
+6  +  e)(<i'  +  *>+c»-ie-«i-oi).  (48.)  (2  +  v-ai)(ai»  +  y>  +  a»-«i(+<M  +  ttj(). 
(«.)  S(^x+l){x-l'^.  (BO.)  -{Lr'+Syj)(y-i!)(i-a:)(x-y).  (Bl.)  (^  +  s« 
+=)(y-j)(j-)!)(«-y).  (61)-(v+i)(.+;=){=!+y)(S-2)(«-a)(«-!,).  (B3.) 
8(y  +  i)(j  +  a:)(a:  +  y).     {B4.) -1. 

(60.)  If  p,^-Hv-z)ii-x]  =  2iS^-Sxy), 

and  ft=C!'-^)('-it)Cai-s),    »«=S(!--i)-, 

then  it  may  be  shown  (see  chap,  xriii.,  §  4),  that 

where  A,  B,  ...  L  an  nomerical  coefficients.     Hence  the  theorem  follons. 

XII. 

(1.)  (!B+S)/(^'+Ji-2).  (9.)  i»^-x-S)Hix+!.).  (8.)  (a«-3)/(iK'-S=! 
+2).  {4.)2(i?  +  l)/(»?-l).  (B.)  2a:*  +  &!?  +  2.  (6.)  (2is  +  5o)/(3:E+6a).  (T.) 
l/d-a^).  (8.)(«.+^-!/)/(«.+J-y).  (■.)l/(l-5^).  (lo.)(P+m')/Cp>+j»). 
(11.)  -./<■  {!«■)  f/Sfa:-!/).  (IS.)  2(a  +  te)/(a«-S=)(l-i(?).  (l4.)(o»-ioft 
+  4i»-l)/(a'-«o'6  +  12o4*-86'-2o  +  4t).  (18.)  {6  +  3:)/3(l -a').  (IS.)  0. 
(17.)  l/(2a!'-l).  (18.)  {24Cte»  +  a2i:)/(8l3:*-16).  (18.)  {Sx  +  2)lx(,x  +  lf. 
(30.)  x'/(a:-l)(x+l)'(^  +  3;  +  l).  (31.)  l/{a  +  l)>.  (33.)  4ax(-te  +  a>)/ 
{«•-**).  (3S.)  (S=^  +  !/'Ux-y)Hx  +  yf.  (St)  (a:  +  2)  (i"- l)/(i^  +  *  +  l)(^ 
+  l!-4).  (36.)  a/So.  (36.)  4aV/('^-!fl-  (aT.)-l.  (98.)  (2cr  +  e"  +  a')/ 
(a'-c«)(x»-o')(x  +  =).  (3».)  1.  (30.)  (a:-l)(i,-l)/(>!  +  l)(y  +  l).  (31.) 
l  +  Z^  +  i" -!/-»-!«.  (S3.)  (a  +  i  +  -;)/(a-fr-4  (38.) -S.  (84.)  l/(ar'-a')- 
(3B.)(a-ix)/[a  +  te).  (Be.)2(x'-l)/l(x-l)'-y»{.  (ST.)  (^+y»)'.  (38.)  1. 
(8».)-2.  (40.)2(r'/iyi  (41,)0.  (4a.)z.  (4S.)0.  {*^.)l~■^a?  +  ^ryz.  (4B.) 
2.  (46.)  0.  (47.)  0.  (48.)  0.  iit.)  (x-p){x-q)fn(x+a).  {60.)  x^/n{x  -  a). 
(Bl.)  -z'/n(jJ  +  o'),  (B3.)  -aZz/ay*.  (63.)  l-o-fi-c.  (84.)  I.  (63.) 
l-8/(ir^2)  +  8/(x-3).  (68.)  l/2(x-l)-4/(z-2)  +  9/2(a!-8).  (64.)  SCke-6/ 
(iB  +  l)-6/[i«-l)  +  80/(!i:  +  2)  +  80/(3:-2).  (66.)  17/3B(3:  +  1)- 6/9(z  +  l)'  +  8/46 
(a!-2)-I3/20(x  +  S).  (66.)  (42  +  E)/3(3r'+i  +  l)-l/3(K- 1).  (67.)  l/2(a!  +  l) 
+  (a-tl)/2(»;"  +  l).  {68.)-I/*(^-l)  +  (a  +  l)/4{^  +  l)  +  (x  +  E)/2(x'  +  ])'.  (68.) 
l/(a-J)(<.>-2po  +  s)(a!-a)-l/(o~ft)(f-2pS  +  j)(x-i)+J{o  +  i-2p)a:  +  {Bp 
-a)(2p-ft)-?}/(o'-2pa  +  l)(6'-2pt  +  3){a:'-2p=  +  a),  (70.)  3/4(a!-l)" 
-3/8(z-I)  +  l/8{ie  +  l)  +  (a;-l)/4{jr'  +  l).    (71.}  2/(x  +  l)  +  3/(2  +  l)>-(2z-3)/ 
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(^-21  +  8).  {78.)  1/(i-1)-1/2(k  +  1)-(^  +  S)/2(j^+1).  (78.)  -1/k  +  1/z> 
-l/a?  +  l/8(a:-l)  +  B/8(z  +  l)  +  l/*(»+l)'-(z  +  l)/4{2»  +  I).  (74.)  (3«'  +  i+l)/ 
2<3!'-l)-(&e'  +  a  +  l)/2(a!*  +  l).  (76.)  1/8 +  2{l/15.3'  +  (-l)"/10.2"}af. 
(78.)  l  +  4Z{(n  +  2)r-  +  {-l)"iK»^i. 

SIII. 

(1.)  100249.  (a.)  22-836*.  (8.)  287'3861249.  (4.)  2858919.  (B.) 
788001.  («.)  20200-1122212...  (7.)  -204.  (8.)  1  +  1  xS  +  1  j<8.S  +  3x8.6.7 
+  8x3.6.7.9.  (9.)  l/2!  +  0/8!  +  3/4!+l/6!  +  2/8l  +  l/7!  +  2/81  +  l/ei  +  fl/I0! 
+  4/11  !.•  (18.)l/3  +  0/3.5  +  l/3'.6  +  3/3».6'  +  l/S».6'  +  4/8'.6'  +  l/8«.5»  +  ..  . 
(11.)  2480411243.    (13.)  1001431.    (IS.)  12-74t&0.    (14.)  I8-S65.    (10.)  1-^ 

1  1  1  ^^^ 1__       .   1 

"'■6.*7  5.47.50  ■'"6.47.50.387  5.47.60.387.661  6. 47. 60.387. 661. 1103' 
(16.)  1  +  2  +  2'.  (17.)  4.1  +  1.6  +  1.6'  +  1.6»  +  1.6<;-l+2.6  +  1.6'+1.6»  +  1.5*. 
(18.1  831'80|".  (19.)  300'84".  (30.)  68'617  cubic  ft.  (81.)  ll'BH'-  (ai) 
r=7.  (as.)  r=4.  (34.)  503.  (30.)  ^(ar  +  I)  (z  +  2)  [a  +  S)  +  l  =  (^  +  3a:  +  l)'. 
Since  X— lOm+j)  nberep^O,  1,  2,  .  ,  .  9,  we  have  only  10  diETerent  cases  to 
consider.  It  will  be  foncd  that  the  lost  digit  U  6  whenj)  =  l  or  =8  ;  ia  all 
other  cases  the  last  digit  is  1.  (3B.]  Since  2;p(10'i^lO')^2pl0^10^''l)  is 
always  dinaibl«  by  10-1  =  9.  (8L)  Since  10'  and  all  higher  powers  of  10 
are  divisible  by  2",  it  follows  tbatpo+pilO  +  .  .  .+ji,_ilO"'''nmBt  be  divisible 
by  2".  (38).  j)g+pil0+y,10'=jig  +  2pi  +  4p,  +  8(p,  +  12j^)  mnat  be  divisible 
by  6,  tberefore,  tLc.  (84.)  If  the  digits  in  the  period  otp/n  be  g^,  ;^  .  .  .  g„ 
those  in  the  period  of  l-p/nare  9-j„  9-}„  .  .  .  9-g,.  (36.)  Since  any 
number  may  be  written  llm+j?  where  p—0,  1,  .  .  .  10,  we  have  merely  to 
show  that  0*,  1',  2<,  .  .  .  t'  all  end  in  one  or  other  of  the  digits  0,  1,  t. 
We  proceed  to  test  thus  :  9'  ends  in  4  ;  therefore  9*  ends  in  6  ;  therefore  9* 
ends  in  1;  and  so  on.  (3S.);>g7:p^  =  (10^  +  l)p^=^7.11.I3.jijr.  (39.)  O'euds 
in  0,  1'  in  1,  2*  in  2,  3"  in  7,  4'  in  4,  5"  in  5.  Hence  the  theorem  ;  for  every 
number  can  be  written  lOmip,  p^&.  (40.)  I'  =  (12?»+p)',  hence  j?=0 
or  8.  The  latter  only  is  admissible.  Hence  I'=(12m  +  8)'  =  0  +  8.12-f  »t.l2'; 
I'=(12m  +  6)'  =  0  +  8.12  +  i-.12>.  (41.)  ^-p^-j^a-.  .  . -ji„_,o--'-(p„a" 
+P»M(»''^  +  .  .  .)=p,('--a)+p,(r'-o')  +  .  .  .  =  *i(r- a) ^^m";  therefore,  &c 
(43. )  ^(a)  is  simply  the  result  of  casting  out  the  nines  in  the  sum  of  the 
digits  of  a,  that  ia,  0(o)  is  the  remainder  when  a  ia  divided  by  9.  Hence,  ic. 
(48.)  We  must  have  2rH  +  2i/r  +  2j  =  jr'  +  yT-+a;;  whence  (2io-i)r  +  y  +  (2i-ar)/ 
r  =  0;  therefore  (2i  -  3;)/r  must  be  an  integer.  Now  2i  -  a:  <  2r,  hence  either 
2s-x=0  or  — r.  The  foi-mer  cttn  be  shown  to  be  inadmiseible.  The  latter 
leads  finally  to  :  =  2t  +  l,  y=3C  +  l,  z  =  t,  r  — 31  +  2,  where  t  is  any  positive 
integer.    Hence  the  theorem. 

XIV. 

(1.)  18^3.  (a.)  1.  (8.)  7"«.  (4.) '^(5^3").  (6.)(a*-»'("-'«.'+W--i)) 
'"«(—>l.     («.)  1.     (7.)  jr!/-l-.+iM"+«.     (8.)  ^3/3  +  x-i/Y-i/i  +  p-!/9.      (B.) 


*  3!  sUuds  for  1.2.3,  41  for  1.2.3.4,  etc. 

D,g,l,7.cbyGOOglC 


532  RESULTS  OF  EXERCISES. 

ar"  +  22  +  3  +  2*-'  +  x"'.  (10.)  a?/'- 33*1'  +  Sifl^-lx^P  +  7j;-''»-6i;-"» 
+  Sx-^l'~x-'J'.  (11.)  x'  +  x+i.  (la.)  !iJ"»-ar>'V"  +  Sa''V''  +  a^'"V 
-8t»/V»      (II.)   !B"/>-23J/V"  +  2y-      {14.)    2(2'/>  +  2'/').      (IB.)   z*'" 

+3?/ V'*"  -  22^/ V"  -  3i''»V*'+aic*''V/''  +  2i^' V'"  -  x'l*^'"  -  y*'". 

(SO.)  (<i+i)/(o-ft).  (81.)  3B1-BV3~12VI0  +  2V80-  (SS-)  iE'  +  (3-v'2 
-V'8)z"  +  (-2-2V2-2V3  +  W6>e+(-^-2V2  +  2V8)-  (M.)  (3:-o)/4aa:. 
(34.)  (I3m*  +  10m  +  18  +  12(m-l)v'm'  +  7ni  +  l)/(-J>m'  +  48m-6).    (M.)  l/q. 

(ae.)  0.    (ST.)  (aVp+gVi+gyp^-Vpg(r^))/iO'-g)-    (««-)  2|(i-«)/ 

(l-t«)lV(l-iir).  (as-)  {2(o  +  ej'-S'  +  2(a  +  <:)V{a  +  c)*-  fl/f.  («.) 
{~gi.p-g)  +  {p-q)^/pq+li-^q{p-g)~q-^pi,p-g)\lq{q-p).  (81.)  2''«j:> 
-(2"'»  +  2)3:  +  (2<'»-2'"  +  l).      (33.)  aJ-(2i/>-l)3!  +  (2'/>  +  2'/'  +  I).      (SB.) 

2ft-2^{(a  +  6)'(*-6)l+2^!{a-W<»  +  fr)f.  (»7.)  (a-at^/V^  +  ar^'V" 
-az'/V/»  +  l,)/(a;-y).  (88.)  -i{Il  +  6V3  +  6VE  +  * V?  + V15  +  3V21 
+  2\/3fi+V106}.     (89.)  22<i(Za  +  22\/6e)/(2o'-2Zfc).     (40.)  Tha  raUonsl- 

ised  product  is  S^O' -  4'.  (41.)  Tbo  f»ctor  u  S(Si»  -  i  -  e)V(*  + 1' -  ") 
-2\'{n{b  +  e-a)}i    the  resalt  U  -  SSo' +  6Sa4.      (43.)  The  factor  u 

(4V6-flV2)(v'5  +  2-VS+V6);  theraaoltS.     (48.)  The  factor  U  19. 2»'' 

+  22.2'/'-23;itlie  result  307,     (44.)  Tho  result  Ia'  +  3Ia'6-21oie.     (48.) 

Thefcct«ris2'/*-2»/*+8.2'/«  +  l;  the  result  7. 


(I.)  V»("V8  +  3V11-V1B2).  (a.)  2.  (S.)  -2V2.  {4.)12  +  6V3- 
(B.)  iVe-  (8.)  1*4-  (7.)  ±(V10  +  V1S).  (8.)  ±  (1  +  1/V2).  (».) 
±(11-V2).  (10.)  2'/<(3  +  13''').  (11.)  ±i(*Vfi  +  V16)/12.  (13.)  2-v'2 
+  2V8.  (18.)  4V2-2V7-  (I*-)  3-  (IB.)  (3  + 8^8- V7-2v'21)/2^S. 
(IB.)  iVfl  =  '81fI*S.  (IT.)  3-26:8301.  (18.)  v'(8  +  2j)).  (IB.)  v'('' -")  +  %/*- 
(30.)  !»  +  V(a«-4)|/V2.  [ai.)xHl -!>?).  (a8.)l  +  V(3/2)+V(5/2).  (34.) 
2-VS-3V2.  (8T-)  3-2V2.  (38.)  6  +  V18.  (a».)  2'/«(3  + 10"/').  (84.) 
±(yl-=t  +  »y).  (SB.)  ±(5z-8y-i).  (88.)  ±  (3ic>  +  4i  - 1).  (8T.)  ±(i[? 
^21-1).  (88.)  ±(23:»-Si!/  +  4!^).  (SB.)  ±(3^- 331+2).  (40.)  ±(23?-3i? 
-*  +  *).  (41.)  ±  (Sp"  +  Sp^  -  3j^  -  V).  (43.)  ±(z-V*+l).  («■) 
±(2>:'-:i^-3).  (44.)  ±{(3±V3)j'  +  (3TV8)fl/^3.  (4e.)X  =  l;the 
square  rootia  ±(ie'  +  3i-I).  (46.)  -8,  82,  105;  or  38,  -92,  137.  (4T.)  3, 
4,  12;  or  27.  108,  108.  (4B.)  7K=-ae  +  l.  (BO.)  e  =  Sk  +  3<P.f=6dJc  +  d>, 
j  =  Si»  +  8l<P,  A  =  aPd.  (61)  It  U  {i»-5(f  +  ii)}».  isa.)  l  +  ix+ix'+.f^ 
+  -?f^.  .  .  (68.)l-ii-iW-iW^-,iiwa*--  ■  ■  (54.)  V'!il  +  l/2r 
-l/8a^+V16i'-5/128z*  +  7/2Sfi2»  .  .  .). 

XVI. 

(l.)2(o»-28o«i>  +  70(i*i*-28a=6«+ft').  (a.)  9/6.  (8.)  8.  (4, )  j 8p}(p=  - 1>)/ 
(p>  +  g^}i.  (B.)2  +  (V3-4V'l)'-  (T.)  !e*-8z»  +  183!>-26«  +  21.  (».)16(l  +  »). 
(14.)  A.  (It.)  3r'  +  -^2z^/W(x*  +  v*)  +  =^\+->/(1'  +  V*)-  {1».)  Vl^o*** 
+  2a&;Zo^).  (IT.)  1/V(1 +ar=).  (18.)  (z'  +  j*)"'*;  1.  (IB.)  ±(8  +  4i).  (30.) 
±(V13  +  »)/n/2-  ("■)  ±J[3  +  *fl.  (33.)  ±i(a  +  «  +  (a-S)i}.  (33.) 
±[x  +  ^{>?-l)i].    (34.)  ±[Vi(^  +  l)/2}+VI(^-l)/2}l-     (aB.)  ±(S  +  2i), 
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±{2-  Zi).  (at.)  {x  +  a)  (ji  -  a)  (z  -  ua){sc-  »'o)  (a  -  u»o)  (x  -  u-^a),  where 
«  =  (-l  +  V3i)/2,  «' =  (1  +  V3»)/2-  (ST.)  («  +  l)(i>?-*(V6  +  l)/2  +  l) 
(i=+a<V6-3)/2+l>.       ("■)  j*»-2a!C062T/7+l!  {a!>-toco«4T/7 +  1}  {«* 

-2»oos8»/7  +  l}. 

(».) 


XTII. 

(1.)  151/28>6/7.  (a.)  If.  lt.)(ad-be)l{c-d).  (t.)  IQH;  ?-»-S V2- 
(».)  U-««  .  .  .,  13-188  .  .  ., 16-886  ...  (e.)  V- 88  + 12V3S.  wWch 
it  not  a,  simple  gnrd  number,    (t. }  {lul - be)Hb +e-a-d)i  -1;  0. 

XVIII. 

(1.)  H5/416.  (a.)  The  real  vtluea  of  z  ue  ±4.  <s,)  0,  6.  (4.)  25zy 
=  12(z=  +  j(*).  (10.)1B!6.  (IL)  29H  min.  past  10.  (14)  -01876  in.  C"-) 
6-87Sft. 

XIX. 

(L)-2,6.  {a.)o  +  2i.  (8.)o  +  6.  (6.)  a,  b,  e.  (B.)  i»=6,  6=  -  17. 
(T.)  Ila"-87a;+ie0  =  0.  {8.)ii?+l  =  0.  (».}  i=+ac  =  0.  (10.)  !K'+(a-S)E 
-oS  +  o'  =  0.  (II.)  aKii?-107)  =  0.  (la.)  x(x  +  2p-r)  =  i>.  (13.)  &e - 
(«  +  t  +  <!)  =  0.  (14.)  l^-V.3  +  t)  {i  +  t-a'+tt-?}  +2at  +  U3--Vl^0.  (IB.) 
(i  +  £i-6'  +  d>  +  e(ft-6')  +  a(rf-rf')=0-  ("■)  i«'  +  V*  +  i'-2!B-2««- 2«y  =  0. 
(17.)  &i?  +  Ha  +  b  +  e)x-la'  +  ^+<^'2ab-2be-2M)=0.  (18.)  82»  +  2&e=0. 
{».)  4cni(l-m)z  +  (l-m)V  =  4™'-  («•■)  a^aaj"  -  *aa;  +  3a')  =  0.  (SI.) 
ir-ie  =  0.  (as.)  *93:-ie39  =  0.  (as.)  x*-S3^=0.  (M.)  5t*~4k^-2a'i^ 
-4a'6a:  +  o'  +  *o«fp==0.  («.)  3^=0.  (M.)  2{3?(l,-2)*-2y,iz-x)\x-y)')  =0. 
{m.)  a?  +  y'  +  ^-xf/--yz'!X  =  0.  (M.)  x(3^-l)  =  Q.  (as.)  6Z6a!>-24e41j! 
+  234258  =  0.  (SO.)  e«(E  +  o)^'  =  o-z^.  (SI.)  27ft(a*-i)=(6-2o)'.  (sa.) 
iy(3:  +  S){3:'  +  aTf  +  jp^-0. 

XXI. 

(1.)  E=if'-B!/«  +  6j/.     (7.)  (a4'  +  a'i)'=(iK'Ta'<;)»  +  (&!'±yc)'. 

XXIIl. 

(1.)  JH-  (a.)  21.  (8.)  -m-  (V)  2-  <8.)  -1-455.  (8.)  IRa  +  b). 
(7.)0(!/6.  (»■)*■  (»00.  (10.)  {(a»  +  6»)(a>-6»  +  ai)-<i^+6»}/(rf  +  6»).  (11.) 
±fc  {ia.)-2,  i.  (IS.)  0.  -*.  (14.)  i-  (IB.)  -I.  (18.)  -I.  (17.)  4. 
(lB.)-i.     (I(.)i.     (ao.)a4/(a  +  6). 

4a6/a-(a'-y)(i^-(fe) 

-b'){{c+f)[a  +  b)~(c  +  dHa-b)i-iaHM'rb)-^A<*~b)r 
lis.)  (a'+i=)/(a+i).       (as.)  a+fc.      {84.)  2(a-i)(6-e)/(^-a).      (aB.)  0, 
±v'(-<'*-*e-«»). 

XXIV. 

(1.)  6,  9.      (3.)  !J,  H-     {»-)   8'6048B,  S-fl8B83.      (4.)  18,  i.     (6.)  f,  |. 

(a.)  - W.  -W-     {'■)  2i-o,  2<i-J.     (B.)  2l7n(m-30o/{2"i"-3P),  Sin^H™ 

-I)i/(2m»-8P).    (0.)-a6e/(o>+n2««/('«'+i').    (10.)  (K/(o'+ft»),  ic/(«'+S^ 


(ai.) 
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(11.)  0-6,  2aS/(o-i).  (18.)  a}-b',  u'  +  oW  +  M.  (18.)  -pq,  p-^q.  (1*.) 
-K=a-b-e,  ii=  -ab  +  be-ea.  (IT.)  a6c(S-c)(e-fl)(a-6)  =  0.  (I8.)is:+V- 
(l»,)^  +  iB-e.     (K.)  -^x'  +  i^ 

XXV. 

(1.)  60,  10,  38.     (a.)  2,  3,  1.     (>.)   7293,  '8039,  -  0269.     (<.)  12,  8,  fl. 

(6.)  A=i,  B  =  J.  C=i.       («.)  {(/-K')j;-(=r'-z')y-a!'j"  +  a:'j,'t/1(!r-!,'>r 

-(^-a:')!r-x'i/'  +  ^y'|.  (T.)-A=^  +  l^-A.  (8.)  ^=i(6  +  <-«).  Ac  (9.) 
3!=2*<!{c'-a'}(a  +  6)/(6(:'  +  ea»+a*'  +  ate),  Sc.  (10.)  SA{z -  i) (z - e)/(o - *} 
(o-e).  (ll.)o,  ft,  ..  (ia.)ic  =  (a  +  B}(<.+;9)(o  +  T)/(a-&)(a-,;),  ic  (18.) 
»!=a(o  +  i  +  c)/(a-ft)(a-e),  &0.     (14.)  a:=v=i  =  2<i'-26i:.     (10.)  i=(m'+n» 

+  amn-;m'  +  Pin-In'  +  Pn)/2(2P-Emji).  (le,)  a  =  (y»  +  mn)/(i^m)(I-n), 
&c.  (IT.)  ie:»:;:  =  S  +  e-o-.(!  +  o-6:o  +  6-o.  (18.)  Put  x+y  +  z=p.  then 
x=po/(o+J+e)-(s?-i)/(a+i+4  (19.)  -W,  -W,  W,  W-  (M-)  ' 
Eipreasp,  l,  rin  terms  of  a!,  y,  i,  s,  then  eliminate  p,  q,  r,  and  there  results 
■  sjatem  of  three  eqnatiaiia  in  a^  y,  2.  (SI.)  1,  3,  G,  6,  11.  (93.)  Bjr  means 
of  the  firat  foor  eqnatioDi  express  all  the  mrUbles  in  tenua  of  z ;  the  last 
equation  then  gives 

t={afh-^beg-lef-<^h-bfk-bcK)-i-(adfh  +  bceg-\-Wh-bfdh~bceh). 
(».)x:y:l;t.=l/(l+«):l/(l  +  *);l/(l  +  (i):l/(l+<i). 

XXVI. 

(1.)  6(<t+«+4V^)/<i'.  (l)inV/(m-«)>  (8,)  14.  (4.)  V.  (B.)  V- 
(6.)  a-fi.  (T.)  a=±-v'{l{2Jf'-2iv)i.  This  solntion  is  eitraneons  if  all  be 
radicals,  be  taken  positively.  (8.)  p,  2p  +  2.  (9.)  (5a'-t>)/<o.  (10,)  o  +  i. 
(11.)  0,  H.  (19.)  W,  11.  ("■)  a6/(a  +  6),  (a  +  tl/4.  (14.)  «,  «. 
a±Vo<a-26); 
iTV'a(ffi-24). 

(18.)  9, 6.    („.)  r^"f '"'"'"''"■  "*"■■  """• 

'  =bl/{dl(a'-V)\,  B&c,  u»fto. 
(18.)»;=aiijrf,  j)=-S<ite,  i=2a6,  u=-Zo.  (19.)  aT=((p'-e>)(o- 6)(o-e),  to. 
(30.)  x=alma,  &c  (31.)  z=)£a(Za  +  ftl,  be.  (33.)  -a,  -i,  -c  (33.) 
3!= (6  -  e)(f  -  i!»)/(22a»  -  Zo'i),  Jfeo.  (34. )  In  order  that  the  system  be  consistent 
«rt  must  have  l/t  =  l/{i-o)  +  l/(A^6)  +  l/(i-e)  +  l/(t^iO  ;  then  x:y:x:a 
=  l/(t-a):l/(t-i):l/(i^c):l/(i-rf).  (SB.)  a:=i(o+B  +  rf-2i),  ic.  (96.) 
e,  8.  (3T.)  H,  -«.  (SB.)  A,  18.  (39.)  s!=  ±Vii(X'  +  *'*)(lA'  +  I/*'=)! 
y  =  ±Vi4(X*  +  /)(l/X'-I/*'>)l.  (M.)a-a(o-i)Mc-i),  i-6(6-a)Mi;-a). 
(81.)  -6-e,   -a-i!.     (83.)ie=±v'2a,  &c.     (83.)  a!=±^/2ie/a,  Ac     (84.) 

XXVIII. 
(1.)  0,  -1.      (3.)  i.  f      {3.10,  0.      (4.)  1,  -2.      (8.)  i(8±i).       (6.) 

-i±Ve.    (7.)  {-pa+9i9±yw(^-»)!/(;'-?)-     (»■)  {-2pg±(j>' -?*)»)/ 

(p'  +  9^).  (».)  i(-l±V17).  (10.)  -4,  -7.  (11.)  H.  4*-  ("-) 
K10±V7t).     (18.)  I1±6v'2j.     (14.)  200,  1.     (IB.)   -63,   -48,     (16.)  63, 


(IB.) 


byGooglc 


RESULTS  OF  EXERCISES.    '  535 

-W.     (17.)   -3V7±2V2.     (18.)  l  +  V2±\/3.     (1>.)   -H-K-   -12-7*. 

(ao.)  7+4i,  i-6f.     (91.)  2±iV8.     (aa.)  {i±8i)/i3.     (as.)  |,  f     <a*.) 

0,  o+i.  (26.)  -2o±(J+e).  {».)  o  +  e,  -a-4.  (a?.)  -^(W**).  V("W- 
(as.)  (a+6)M  -2/(a+6).  {a».)  o,  J(2* +  *)/{«-*).  (80.)  1,  (b  +  c-Sa)! 
{c  +  a-2i).     (8t)e,  -t     (83.)  Zb'±2o4.     (M.)  {o  +  *+«)/S,  «,  «.     (14.) 

4(1  +  V28)- 

XXIX. 

(L)  ±1,  ±VK  t«0  ±v'(2«'-£a*).  2*  «-)  -2±8»,  1,  S. 
(4.)  i[-(o-2)±aV2  +  V!*-*«-<»'=F2s/2«(a-2)|], 

l[-(a-2)±ov'a-V{4-*<'-'»'T2V2o(a-a)}]. 
(6.)  2,  H-S±is/iS).      {«.)   -1,  (V«±iV(8"  +  *))/2V»-      ('■)  -".    -"*. 
1,1.     (i.)  wip,  ui-lp,  iP,  -p*. 

(B.)  i|8±VCV"+*)ii+i{-i±V(V"-*)K 

H3±v(V«+4)i}-i{-i±V(V«-*)K 

(10.)  2,  3,1,  -1.     (ll.)-H,0,  ~i. 

XXX. 

(1.)  1/a  +  l/i,  -2/a.  (a.)  ± ^(1*' - ■»*  + 1").  (8.)  {l±V19)/2.  (4.)  3. 
(6.)  8,  -i.  («.)  (M-2&:)/(2ai-ae).  (T.)  0,  {e(a»  +  S»)-(o'  +  i')t/{(<0«  +  6>) 
-<?{a+b)).  (8.)  ±v'i(2<»**'-'Ai'-i»t')/(a'  +  6»-a4')t,  0.  (».)  (o'  +  i*)/ 
(a  +  J),  o  +  i,  0.  (10.)  -2(o  +  i)  +  2e.  (11.)  0,  0.  (la.)  {aHe-t-di-cd 
{»  +  b))Hab-ed).  (IS.)  ±V2ai,  0.  (14.)  2.  (IB.)  5,  -3}.  (16.) 
±Ja'/*-     ("■)  i^o. 

XXXI." 

(1.)  1,  i(-3±V7f).  (a.)  i(-6±2VB).  (3.)  i(I±V5Vi.  (40e,(2<« 
+  W!-a'e)/(a'  +  2*e-n  (6.)K6±VB2),-i,  3.  (e.)(o'-2fl  +  2)'/4(tt-l)»,  0. 
(7-)0,l.[i(-8±V70]-  {8.)(V),0.  (9.)ai/(o  +  i),0.  (10.)(S±V22)/2.  (11.) 
-8±  VvifVa?-  (!«■)    4(«  +  *).   8(a  +  6)(2a  +  6)(a  +  2i)/(«-i)*. 

(ll.)I(a»  +  6»)/a6]-(<H-ft)(o'  +  3<»t  +  6^M  (14)  f-(9a'  +  l*o*  +  Si')/8(a  +  6)l; 
if  i  =  a,  a!=-2o,  which  doea  not  gatiafy  the  equatiou.  (16.)  6,  [-V]- 
(19.)  ±(a»-6=)/2V2(o'  +  n  (1T.)-!1,  -1.  (18.)  ±2a/V3.  (l».)0,«. 
(30.)  42,  IE.  (31.)  Beducea,  afier  ratioQalisatian,  to  a  reciprocal  biqoadratie. 
(aa.)4(m-2)/(ni'-4m  +  8).  (a8.)0.  (84.) -(in  +  n)/2(m-n)±iV{l-*n">/ 
(m'-t-n')}.  (26.)  (Zai)'/4ofc.  (36.)  ±(a'-n'i')/2V{«(n-l){»*-n«^}. 
(37.)  ±V'(<'*).  0. 

XXXII. 

(1.)  i'f.  ^f.  ftc  (a.)  |log.i{y±V(p"-*3)}.  (».)  {(..  +  6)/ 
(o-t)l*</lF-«^  {(a-6)/(o  +  ^)}'«fl»-»l,  &c  (4.)  2,  -1.  (6.)  2  +  ilo«¥/ 
logB.  (6.)  -X  +  i{M±V(/''-*)l.  (1-)  ±».  ±V('>'  +  2)i.  (8.)  !»-* 
±V'(6'-2ai-So>)l/2«,  -1.  («.)  {-.(a  +  *)±V(**  +  2a*-Sa')[/2n.  1- 
(10.)    ±V{(-6±'v'6'-*<«!)/2ot.        (11.)   {-fc±V(6"-4a')l/2o,±l.    (13.) 

*  A  solution  wholly  enclosed  in  a  aqnare  bracket,  thna  [  -  '^  ]■  i»  an  ex- 
tniDeaua  solution.     Sach  solutions  have  been  dietingoiahed  in  most,  but  not 
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|-ft±V(**±*'K)}/2o  (i  BolntionB).  (IS.)  J{1± V6  +  V(I0=f2V6)»1. 
H1±V6-V('0tV6M.  -!■  (M.)  K-si^Vfi).  J(-6iV21).  1-  (10.) 
l"i{-13±V78  +  V'(-22a2T28v'^8)|,  Al&c. -&c|.  (17.)  i(-6±V83), 
i(-5±ty29].  <18.)  The  eqnadon  U  eqaivalent  to  z'4-(p-;)«+p;=±t\/ 
{wCp'+j'n.  (19.)±V{A<221±V*82*1)|.  (SO.)  -V.8.K-l±V261i). 
(ai.)  Reduces  to  a  reciprocal  biquadratic.  (S3.)  0,  [±-^2i].  (33.)  -4. 
Pnt  J=  {(ii;-a)/(ii!  +  o)|i;  the  «qaation  then  hecomes  a  reciprocal  cubic. 
(SB.)  -2±l{V(\/«  +  *)±V(V«"*)f}-  ("8-)  i(-7±V").i(~7±\/63). 
(ai.)  18,  [i^].  (S8.)  1{-;>±V(P'  +  *I)}.  Inhere  ff  =  i{-2a±2V(2a' 
-Zoi)}.  (Sa)  ±Jv'(2±V2)-  (<10  -1,2±2VS,  Kl^VlSi).  (38.) 
J{o+6±s/3(«-*)iJ,  a.  6,  ».  (M.)  ±yV(20V8-*6),  ±2i/V<20Ve  +  *6). 
(84. )  -  V±1V22B,  -  V±iV21- 

XXXIII. 
(l.)I2,18;  (1)7,-*;  (>.)7,8,-7,-3;    (4.)  J,    B;    (6.)  0,8,i(-l±V7i); 
18,  12.        4,  - 7.         8, 7,  -  3,  - 7.  V,  8-  0,  3,  i(-  IT V7»). 

(9.)!,    2,    J(-I1±V209);  (T.)  J{i±<^(2i-a)t[  j 

2,    1,    4(-llTV209).  i|>Ta*(26-")*|. 

(8.)  0,(tg-ap)(j»-ji>)/!(oHS=)CF'  +  a')-4aip5|; 

0,  (ip - o^(j»-^)/}(o«+f ) (f»+3') - fcriMt . 
(9.)  U  +  ai±V(a'-l)[y-l)}/(a+t); 

ll-gt±V(a'-l)(y-l)t/{a-ft);  two  wlutiona. 
(10.)  {e±\/c(ed-iai)ld\l2a; 

{cT  Ac.  I/M. 

(la.)  a  =  ±V{(325±v'11721)/88!,  y/K  =  (-107±V"721)/2. 

(11.)  7,  -7;  (14.)  6.  -3;  (IB.)  ±oV(o'+M)/ft; 

6,  -5.  -3,      6.  ±6v'(«'  +  6')/t;  twoBolntioliB. 

(1«.)  KV6±l)p;  ("■)  ±iV3(2i-a),  ±o£; 

KVfiTl)?.  ±iV3(2a-i),  TW. 

(U.)  0,  ja6(iu  +  <ui^; 

0,  Jai(iu~aii>');  where u*=l. 
(W.)  ±  (2p^ay  +  iV)/Cp*  -  (^)l  * !  {ai. )  8,  - 1 ; 

±{2j>(oy+6V)/{P*-3')t*;  *8olDtiona.  I,  -3. 

(»)  4,  8,  -6,  -2j  (sa.)  ±(V8±V2).  ±(»\/3±llv'2)!  4  Bolntioiis. 

8,  4,  -2,  -6. 
(M.)  ±3,  ±2;  (18.)  8,-2;  (»)  i(9±3w),  i(»=F3"). 

±2,  ±8  ;  4  MlatioDS.  2,  -6. 

(lT.)5w,2u;    (18.)  ±a*(at-wi))*,  ±uii(at'i>i&))t.      (31.)  5,  2,  -G,  -2; 

2m,  3w.  2,  S,  -  2,  -  G. 

(30.)  2«,  4»  ;         (Sa.)  8,  2,  i(6±  VlBli) ;  2« 

4«,  2i,>.  2,'3,  i(6TVl6U).         ^      '  '^'"2±y±V(y  +  l)' 

(S4.)  1,2,  i(3±VlSt")l  (M.)  (2l  +  2lu  +  »;')/2ti 

2,  I,  4(STVI9t)-  ""M 

(16.)  6u,  2u';  where  u«=  +  l,  (17.)  ^{\7±\/5U) ; 

2v,  61/ ;  1/*=  - 1,  A(17T  VSli)- 

(38.)  Hu  =  y/z,  then  u(l+ ii°)=i('(I  +  I/*),  B  reciprocal  biquadratic 
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(SB.)  8,2;  (M.)  ±a-s/abl{a*  +  P),  iig-^/atKa* +  V) ;  (41.)  2,  8  ; 

2,  8.  ±6v'a('/(a"  +  tf'),  T**Vai/(o»+6').  8,  2. 

(41.)  BktioiiftliM  the  fint  eqoatioD,  nstug  the  second  in  the  proceee,  sod  thni 
find  ft  quidntic  for  xy. 

(44.)  10,18;  (4B.)2,  S;  (40.)  {a; 

13,  10.  8, 2.  3a. 

(47.)  Wec«nderiTe(i>!-y)'-3i«(iB+v)     +a'  =0; 

(i._y)«_^26(a:+ir)  +  V2at-i'=0. 
M.)  ±W,  V2«  +  *(bifl)! 

».)  If  u=zy/at,  ii=a?/a'  +  s'/ft*,  wo  c&n  derive 

(m-2)tt'  +  2(n»-«>u+(m-2)  +  n»=0; 
inu*+^m+»)M+m-(n+2)p=0. 
50.)  ±a/V(<i-6);  (61.)  *; 

tS/VC-S)-  f 

(63.)  OiieteBlMliitiotiiBii4a-fl±v'(8a-<-I)t; 
il    -itV{8»+i)I- 
Another  U  giren  hyy'-¥2a^+l=0,  «=!/-'. 

XXXIT. 

(L)  »:=-{*-«)/('*!)*,  v=  -«-*)/(«fc)*,  i=fcc  ; 

!c=M'{ft-c)/(a&:)*,  jf=a/(«-a)/{aic)*,  ==to. ; 

atsw-^ti-cJAofe)!,  »=fto.  s=S;c  ; 

whero  w^=  - 1.  (3. )  Eliminate  s  between  the  first  two  equtiona,  and  pot 
i=x-e,  ii=y-t     The  following  ue  solulJonB : — 

z=!i»  +  e>-ii(6  +  c)|/(H-e-a),        y=icc.  ssiMS. 

(».)  1=2,  y  =  8,  =  =  :;  or  a!=-e,  i/=-7,  j=-B.  (4.)  e  =  8,  !/  =  2, 
x=l.  (6.)  a  =  ±Jv'(100]).  y=±i>,V(100I),  s  =  ±A^V(1001),  two  solutions. 
(8.)  iB=y=s  =  ±^/2/2.  (T.)  3!=±(o'6»+nV-a'i')/2oJ(i  y=±&c,  »=±fc:., 
two  KlntionB,  (B.)  We  derive  by  sabtnctlon  &oin  the  fint  two  eqnatione 
{x~s){a-t)  =  0,  and  from  the  Rnt  and  third  (x-t](a-y)  =  0.  Combining 
these  two  with  one  of  the  original  eqoatioiu,  we  obtain  the  following  fire 
BolntioaB  (the  last  three  twice  over)  :— 

lt=a,  ft        (p'-a')la,  a,  a; 

y=a,ff,  a,  {p'-o')/o,  «! 

s=a,  ft  a,  o,  ijf-a*)[a; 

where   a  and  /}  are   the  roots  of  ^*ta!~p=0.     (8.)  Eight  solutioDB,   m 

a;===(±6  +  V408)/8,  !,  =  (^10+ V*0B)/3  ; 

a:=i=(±6-Vi09)/S,  y=(±10- Vi0e)/3  ; 

a!=(±Vifl3B+tSV33)/8,  i=(±Vifl86-«Viii3)/e, 

y=±V(168E)/9; 
a:={±Vi6a5-i3V33)/8,  t  =  (±Vl636+i3V38)/fl, 

y^iVClSBBj/e; 
npper  signi  together  and  lower  together  thron^hoat. 
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{l0.)a!=±(^+^)/2(^,+^+^)*,  y=*c,  z=kc     (11.)  If  we  add  the 

three  eqaations,  we  obtuD  the  eqiution  (a+t+()(x+^+z)=3(»-i-y-<-i)*. 
Hence  x+y  +  t=0,  or  =(a  +  i  +  e)/S.  The  three  equations  am  tbererore  be 
replaced  by  three  linear  equBtiong,  x=0,  y=0,  2=0,  and  x=(,3bc  +  2ea+ab 
+  ¥-^mbe-i-ca-KUt),  &c  are  Bolntiotis.  (19.)  The  eqnatioiu  are  lineu  in 
''^~1Pi  ^-"^1  s'-ify-  Solving,  ire  obtain,  ^-yx=pt  y'-tx=g,  ^-xy=r, 
■ay.     If  ve  now  put  3s=ja,  y=vz,  we  obtain  the  folloiriDg  biqiudratica  for 

(r'-ji3)"*-(p'-?»-)u'-^(r=-w)u  +  (y'-sr)=0, 
(,'-pg)v'-{q'-rp)if-[7'-pg)v  +  lg'-n>)=0- 
We  thos  find  the  following  ralnes  for  m  and  v  : — 

u=l,     a.     It',   [l^-jr)l(t»-pq), 

V=l,      ^,    »,      l^-rp)/(T'-pq). 

The  first  three  pairs  give  «=«,  y=<B,  ;=co.  The  last  pair  giTea 
a:=±{p*-5r)/V[;^  +  !*  +  H-8ji9T),  y=±4c,  i  =  ±iK.  {18.)  From  the  fir»t 
equation  we  see  that  x  =  ptt{b~c){v+a),  y  =  pb(c-a){<r-^b),  s=&c,  where  p 
and  0'  are  arbitmy.  The  second  equation  gives  the  following  quadratic  for  a, 
iZa'-ZAc}ff«+{Sa»(i+c)-8aMojM2y^-aA:2o!=a  Whentrisknown.the 
third  eqnstion  givce  p=±I/VSo'(6-c)^ff  +  a)'.  Hence  we  obtain  four  sets 
of  values  tern  le,  y,  i,  (14.)  From  the  first  three  equations  we  have  x+yz 
=  pla,  kc.  From  these,  squaring  and  using  the  last  equation,  we  deduce 
{l-l^{l-s«)=p'/a»  be  From  these  Jaat  we  deduce  *=±V(l±(W*e), 
±liC.±kc  Substituting  these  values  in  the  last  equation  we  find  p=0 
and  p  =  ±(Sa'-aX6V)/4o6e.  Hence  x=y  =  s=-l;  and  ^= -(o'-i»-c')/ 
26e,  y=  -kc,  i=  -  ic 

(16.)  x=0,  ia,        ia,  -a,       -a; 

((=0,40,       -o,    ia,       -a; 
s=0,  ia,      -a,  -a,       \a; 
(K.)  The  given  equations  may  be  written  {x-y'?  +  (y-sf=a\  kc.     Hence 
weh«vB(y-i)'=(6'  +  <:'-o')/2,fcc.    Hence i,-j=±V(ft='  +  <f-a')/2,&c   The 
system  is  therefore  insufficient  to  determine  the  three  variables ;  in  fact  it  will 
not  be  a  consistent  system  unless  2o*-KiV  =  0.    (IT.)  If /)=3vi,z  =  i«,  y=vi, 
we  may  write  the  equations  a^  — (ii  +  I)/u,  bp  =  (u-l)lv,  ep  =  u  +  v.     Elim- 
inating  «   and   o    we   find   /^  =  (6  +  e-o)/aic;   and  so   on.     (18.)  If  a  bo 
eliminated,  the  resulting  equations  may  be  written, 
fij  +  2)f'-14J-28,-81  =  0, 
e-{v-7}^  =0, 

where  (—yx,  Tj  =  ^  +  i?.  (19.)  From  the  given  equations  we  can  deduce 
[b^-Ai)/(y-x)  =  kc.  =  kc=a,  say.  Whence  lr^-a)x  =  {b*-a)y=(e^-a)z 
=  T,  ssy.  We  can  then  determine  o-  and  t  by  means  of  the  given  equations. 
Besult,  a;=pjn(o'-i«e')}V(o'-iV)(Stt"-So**V)i,  where  p  is  any  one  of 
the  4th  roots  of +1.  (30.)  The  equations  can  be  written  ay  +  x:-ya 
=l>/a\  itc,  where  p=3T^Hy^  +  sx+xy).  Besult,  z=±2ftc(2tV)*/a(l^  +  e'), 
y=±kc,  2=±&c,  twoeolntions.     (31.)  x  =  ±-^2albic^{b  +  c)liZa'lb  +  c:^ii, 
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y=±Ae.,i=±Sc  (aa.)  x=y  =  i  =  S;  »nd  x= -i,  y= -i,i= -Z  (aS.) 
^=dlb-a)/{c-d).  !/  =  t<6-a)/(«-rf),  a  =  J(e - rf)/{* - «),  »=o(*-rf)/(i-a}. 
(34.)  The  real  aolutiocs  are  z  =  3,  1,  2 ; 

y=2,  3. 1  i 

a=l,  2,  S. 

XXXV. 

(1.)  [(<«') {(a<r)  +  (ftO }-('«•){("<*')  + (W)}]  X  [(6rf^1(ai')  +  (61^)1 -(Srf") 
i(a(O  +  (SOH  =  [('«')(*^)-(arf0(M')]'.  {«.)  (("  +  "1'- 1)^(0  +  6)*- (P  +  m- 
-lXI'  +  'n.«-P-)n.')(B'^S')*  +  Pm'(:'^Pm'  +  ni'-P-m'  +  l)(a-i)*  =  0.  (8.) 
p+j+r=0.  (6.)  e{a-6)*-2e(p  +  j)(a-6)'  +  Ccp-}){p-cs)  =  0.  (T.)  Elimi- 
nata  t,  and  pat  (=x  +  y,  rf—aaj,  in  the  three  reaulciiig  equatioca,  then  elimj- 
Dstef,  and  there  re«alta  two  qnadratics  mi),  kc.  (B.)  Za'A'  =  5a'£V.  (B.) 
Put  u  =  £x,  v— Sxy,  w—xyi,  eliminate  v  and  to,  and  rsdnce  the  resulting 
equations  to  two  quadratics  in  u,  (10.)  heti=-x  +  a,  ji=y  +  b,  t=t  +  c,  then 
dlt^aic.  We  hava  ,f- (6  +  c)(ij  +  f)  =  a'-(6  +  e)',  Ac  Theae  give  f.  i,,  f 
in  tenoa  of  7^,  ^,  fi).  Again  multipljing  the  last  three  equations  b;  {,  t),  f, 
wBlla»B(^*c-(^  +  e)(ElJ  +  ff).  These  give  J,  ij,  f  again  in  terms  of  iff,  ft.  £l' 
We  thus  get  three  lineu  equations  for  f,  ij,  j,  &c.  (11.)  We  can  deduce 
z^a +  y^,= const  =^a'  say;  a^x^+Vj^.^^,',  .  .  .  and  finally  Zs-iKW 
+V<i-iy«=r.-iifc«*-  Kow  either  ,^ii,'=ii>'.  in  which  case  the  syatam  is  in- 
detemtinatei  or  wi^n'^iw',  in  which  case  the  system  is  inconsiatent. 

XXXVI. 

(I.)  -p'  +  6p'5'-6M=.  (a.)  (y"-6p*j  +  9jV-2?')/Cr'-4?)-  O-)  ("P" 
+  V?-6w')/9'-  (»■)  ±tp'-V?  +  !?^V(p'-^)/?*-  (»■)  {-jKi^-Sj) 
±(p'-sMp'-*J)1/Tp(P*-<(}(p"-3j)V(p*-*j).       («.)p»-2g  +  2ps  +  V. 

(7.)  3A3!»-8A"2!  +  A'-B"  =  0.  (9.)  3r'-(A'  +  2^+p'~23)x+ft^  +  2M'  +  (p' 
+  23)A»  +  2p3A  +  ?'=0.    (ia.)4aaV)  +  (a''*')-0.    (It.)  (p,'-3j.ji,  +  Sft)/p,. 

(10.)  (p,' -  Spift'ft  +  Bpi'ftp,' +  6y, V  -  6p,y,»)/ft'.  (IS.)  p, V  -  2p.' 
-2p,'jii  +  4PiPiP,-3ft'  +  2A'-     (IT.)  aftJ)Jb-P.'-ft'p.)to'Pi-l',')-     (18.) 

2p,'~6p,.  (IB.)  J>i*-6piV,  +  9p,'.  (ao.)  2ft'-3j'J>,-3ft.  (Bl.)  p,* 
-*Pi^+2p,'+4piP,.  (aa.)  (3piP4'-3ftp^j+p,')/p,'.  (as.)  pj'-2p,P3 
+  2P4.       (at)  j.,p,-4p,.        (a6.)  SV-Spi-pj  +  W-^APi  +  lflp*-       («■) 

'='-p^  +  (PiP>-*P,)i-Pi'Pi  +  *PiP4-ft'=0.  (30.)  V.  +  2Pi-piP'i.  (81.) 
=  2(p,'  +  p',')  -  4(pj  +p'j)  -  2pip',.  (83.)  (Pj  -  ?',)=  +PiP'i(p,+p',)  +p,Vi 
+yiVs-  (84.)  oi''-&'mi'-a'6'H-2ca''=0.  (!6.)  a?-iaex  +  ia'd'  +  UI^ 
-i!Pd?  =  0.     (3T.)o'6'  +  a't>=2aa'c.     (B8.)  The  roota  are |,  J,  1.     (40.)  The 

roots  are  ~7,   8±VlC.      (4e.)  From   the  first  two  equations  we  deduce 

^=PiVV8.    8p,  =  (8/V6-l]pi',    &c       (4B.)   «  +  8m*-6ftn'4-8i«»-6p'  =  0. 

(80.)  (2o*-6*+2a'6"-c')>=*(^a»+26'). 

xxxvn. 

(1.)  Rootareal,  +,  +.  (a.)  Roots  real,  +  (tram,  greater),  -.  (3.)  Roots 
imaginary.  (4.)  Roots  equal,  +,  (B.)  Roots  real,  +(nmn.  greater),  -. 
(e.)  Root  real,  -,  -.  (7.)  Roots  real +,  -(num.  greater).  (8.)  l''S'-4»:. 
-  ;  a  +  e,   +.     2°  l^-iae,   +.      r  J»-la<,   -;  a  +  c,    -.     4°  i=0,  o  =  c 
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6°  a  +  e  =  0.  (B.)  D  (tha  di8criiniiuoit)= -<(?-?)».  (10.)  D=-i{e-bf 
(a-h)*.  {11.)  D  =  2S(*-c)'.  (la.)  D  =  22a'(i-c)'.  (IS.)  iq'  +  27t'=<i. 
(14.)  The  roots  ftw  J,  i,  j.  (18.)  26B«'- 27ii*=0.  (18.)  a'-a;=0.  (1».) 
63J+a!-2  =  0.  (30.)  »!'-&e  +  7  =  0.  {«.)  z»  +  2(2a'- 1)^  +  1  =  0.  (IS.) 
3?-2ax  +  «.*+fi'=0.     (aa.)  3:*-fa:'-*i:"  +  lB3:-8  =  0.     (94.)  i*  +  2»:'  +  2E=0. 

l-x  I  1  11  (18.)iB'-2iB'-i>!*  +  !l?-to-l  =  0. 

\gr     ~x        q        r\  tc-x         b         a| 

-X       r        ■  (M.)       I     op    e-*        »    =0. 

I  J^       P        ?     -^1  I      Ip       aji    e-x  I 

(W.)  (a!-p)*H-i_g»»+i  =  o.     (81.)  4aj'-7r.  ($1)  -I8a:*  +  liaE=-372j;  +  868. 

XXXIX. 
(1.)  3  McoDdi.  (I.)  8*,  (8.)  8,  7s.  Id.  (4.)  1-72%.  (8.)  2^  honis. 
(8.)  8.  (T.)gOgft)loiu.  (8.)Sh.  27m.  16Bec+.  (8.)  11 1)  jftrds per minnte ; 
138|  jtxit  per  minate.  (10.)  fls.  8d.  (11.)  IS,  12.  (19.)  pg/Jk,  pq/h-p. 
(18.)  a^mUl  +  y/m),  al{l  +  ^/m).  (14.)  1021  pence.  (18.)  He  wm  48  yean 
ofagein  theyearlBW.  (IB.)  (iK- W)/(a-6  +  e-(Q.  (IT.)  7i  buIbs.  (18.) 
A  at  10  A.1I.,  B  at  9.90  jl.k.  (IB.)  [q-pyir  +  d/i.  (30.)  £14,800.  (81.) 
!c=(m  +  rt  +  2)/(mn-l).  (as.)  27:3.  (98.)  36,  26.  (94.)  2Bi,  18,  671. 
(98.)  10'88",  ll-oa*.  (98.)  106  ywds,  veryaewly.  (97.)  ct/{b+c),  W/{6+c). 
a{V-<?)l7btl.  (as.)  10816:10827.  (98.)  ai<»'ft'(o-a')(ft-i')/(a!i'-o'6)». 
(80.)  In  A  100  m(n  +  l)/(2mn  +  m+>i),'i»B  100ii(»n  +  l)/(2m»  +  m  +  ft).  (31.) 
20,  30.  (89.)  Tha  diatances  from  XII  ore  given  by  z=Bpp/lI,  where  p=0, 
I,  2,  .  .  .  11.  (88.)  If  A,  B,  C  loae  in  order,  they  bad  originally  £18a/8, 
£7a/e,  £4a/S.  (34]  4  hoars,  and  6  hoars.  (38.)  £20.  (88.)  S.  (37.)  90. 
(88.)  60  quarta.  (3S.)  1,  2,  8,  4  ;  or  6,  6,  7,  3.  (4a)  The  datiM  can«a- 
pooding  to  maximum  and  minimmn  revenues  are  100(p-a)/Sa%,  and 
IOO(p-a}/a%  respectively.  (41.)  97.  (48.)  1,  8,  6.  (48.)  \a-'j\2[}^ 
-W)).  K  iiH-V{2(f-ia')}-  (44.)  {800J-a)(32E6-a)/26.  (48.) 
r+A{l±V{2-(l+r/A)'H/2,r=(V2-l)4. 

XL. 
(L)  496.  («.)  807J[.  (8.)  86.  (4.)  -V-  («■)  ^r<?-Zn  +  i).  (S.) 
B{o^  +  «(«-8)o  +  ji>}.  (7.)  (8I  +  P  +  «»-;*)/2(l-P).  (8.)  8993148^.. 
(9.)  3.  (10.)  1000.  (11.)  2/(m  +  l}.  (19.)  £2131 :  6b.  (IS.)  60,600  yards. 
(14.)  2526  yards.  (18.)  9.  (18.)  i/e.  (17.)  H.  W.  &=■  (H.)  "H-  "H.  *c. 
(19.)  ao.  (90,)  20.  (99.)  1,  6,  6,  18.  (84.)  in(3n  +  6).  (95.)  6  +  (o  -  S 
-lrt)n  +  lr6n».  (98.)  8,  2.  (98.)  2n»  =  4  +  12+ .  .  .  +(8»-4),  (2m  +  1)*- I 
=  8  +  lB  +  .  .  .+8s,  (98.)  The  firtt  odd  number  is  ni^'-n  +  l.  The  eecond 
part  follows  ftxim  9  7.  (SO.)  T.=  i(  -  l)«-'n(n  +  l);  2,= -Jn(n+2)ori(»  +  l)', 
according  as  n  is  even  or  odd.  (8L)  |n(m  +  l).  (SS.)  n*.  (84.)  in(fl»'  +  16» 
-§■11).  (M.)^j-,A-.«i  +  '>-  (88.)  0.-s)(j.-2s)«  +  j(2p-8j)^  +  5»A- 
(87.)  -2»'-n.  (88.)  |{o  -  i)»n  +  8J{o  -  ft)  Vi  +  M^*  -  fr),A  +  *',A-  W*-) 
J(«-l)n(n+l)(B  +  2).  (48.)  .^n  +  l)(«  +  2)(8m  +  6).  (41.)  4«(«+l)  (6ii' 
-2»-l).  (4a.)iji(6n."  +  82ji'  +  887i-8).  (48.)  A<'("  +  l)^n+2)-  (44.)  4960. 
(45.)  ini(m+I)(2m+l).    (48.)  lI(I+I)(8nt+2I-2). 
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XLI. 
{I.)8»-3.  <!)  -i{8»-8).  (8,)K1-1/10").  (4.)  Kl-(-l)-/4"). 
(B.)Y{l-{2/8)»}.  {8.)i(3  +  VSni-(V3-in-  (7.)J(l-l/3-)-  (»■)  f 
<».)l/(l  +  «).  (100  2^2.  (1L)|.  (la.)  (a +  iB}'/2(a-ir) (<.'  +  «»).  (18-) 
(l+!.)/(l+z")  (11)  (^-j^)/(^  +  !/)^''.  (IB.)  ^i-^)/C>;-y)(i-a!) 
-j«<I-jr)/(^-j,)(l-I,).  (18.)VT{en-V10  +  l/10-*-'t-  (IT.)  ¥(«"-!)■ 
(i8.)»?(i^-l)/(^-l)-iK'»+l)(2™  +  l)-  (".)  {(ityj-^'-C^M/t^-l) 
-{^^/y)--v(yWI/{^-y)-a.    (»,)  p^P*'-i)/(j-i)-5^i[^-i)/(!- i). 

(tL)  f8--2-  +  f  (aa.)  -o'{l-(-l)"o*')Al  +  «^.  (38.)  2i  +  (?*+l/r*— *) 
(t*"-l)A'^-l).  (a4.)n+(l-r-)/(r-l)  +  (l-r-»')/(r'-l).  (a6.)a(^-l) 
(r-'-l)/(t'-l)(r-l).  (as.)  Z„={l  +  (-l)-(7.  +  2)2-+'  +  (-l)"(7,  +  I)a-+'i/ 
(!+*)•,  2„  =  l/(l+a:)'.  (».)!„=».  (B0.)2„=A-  (81.)  2„  =  l  +  ai>!*y 
(l-l)>.  (8a.)  I„  =  (l  +  43!  +  3^)/[l-l)*.  (38.)  2„  =  lI/57.  (81)  (or" 
+  ir+e)(l-j-^)/(r'-l).  (SB.)  £5835  :8  :  SJ.  (JS.)  100(f/V)-  (87.)  JAi. 
(BS.)!!^-*).  (88.)  B-P-(l-B")E/(l-a),whBMB=l-(d-S)/100.  (41.)  7. 
(48.)  ISO/121.  (4S.)  -t  or  f  (44.)  6,  or  -6.  (46.)  6.  (4«.)  2(6>°-l), 
(.rj{6"-l).  (47,)  f  (48.)  J,  4,  1.  (48.)  4,  8,  le,  82.  (60.)  12  V«- 
61.)  3,  4S.  (68.)  11,  S3,  9B,  287  ;  or  -22,  6S,  -188,  694.  (Bl)  (at-b^/ 
iU-a-c).  (B4.)  5,  10;  or -25/8,  -670/3.  (68.)  If  ;>  and  ?  be  the  given 
BUma,  the  raaulta  are  2pq(pf  +  g).  (^  -  5)/(p>  +  g).  (68.)  (1  +  o)  { 1  -  («)-)/ 
(l-«).     (80.)oV/{l  +  r)(l-r)M-r*}. 

XLII. 

(I.)  »,  * :  W.  W,  tc.  (a,)«,H|.  (8-)  ¥.¥,  V,  ¥.¥.  V. -V.  fa:- 
(4.)  For  the  corresponding  A.P.  a  =  J(,  6=  -A-  (6.)  For  the  correspond- 
ing A.  P.  a={{p-l)P-(»-l)Q)/(j"-j)PQ,  *  =  (Q-P)/(p-j)PQ.  (8.) 
i{p-V(p'-0O0)l.lS.  iiy  +  VfP*- WW)!  .where  pis  arbitrary. 

XLIII. 
(1.)*,  5.  3,  4.  (a.)  4,  3,  3,  4.  (8.)  SJ.  (4.)  6'1871 .  . .  (8.)  S2617-105. 
(8.)  -00794818.  (7.)  3144-973.  (8.)  1-3800812.  (9.)  -0  ...  {32  cyphers) 
433362.  (10.)  -2674734.  (IL)  -9794726.  (IB.)  7-7794.  (13.)  88-37, 
(14.)  48-3.  {16.}  4-81218.  (IS.)  2S2361G0O.  (IT.)  3660626.  (18.) 
The  common  ratio  ia  1-079188.  (19.)  1-2921G92.  (10.)  3S-S33432.  (21.)  20. 
(la.)  86.  (as.)  1-0413927.  (34.)  2432,  number  of  digita  IS.  (36.)  6.  (a«.) 
13-73464.  (37.)  |.  (38.)  ■98899.  (38.)  '47323.  (30,)  2-10372,  -1-10372. 
(31.)  3-314.  (33.)  1-49947.  (S8.)  !c  =  -76028,  ^  =  '02060.  (81)  1-24242. 
(86.)  log(a"-6>)/21og(a  +  i).     (36.)  x  +  y=±2a,  x=y\    (8T.)  2-783925. 

XLIV. 

(1.)  3  months.  (3,)  £1660  :  12  :  10.  (3.)  £225:4:10.  (1)  12  yeara. 
(B.)  256  yeare.  (a.)  7b.,  7s.  6d.  (7.)  16  years.  (11.)  P(l  +  nr)/(l  +  nr"). 
(13.)  4-526%,  (13.)  6%.  (11)  £41,746,  £48,837,  £69,417,  (IB,)  £A,ji,/2A„ 
[logSAr  -  logSAJt— 'j/iogR,  (IS.)  £1107:3:7.  (17.)  £10.-5:6.  (19.) 
£8078.    (90.)  £10,950.     (81.)  £1801 :  14  :  2.     (33.)  4%.     (88.)  £479  :  14  :  11. 
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(St.)  10  years.  (».)  £76:12:10.  (is.)  A(l  -  R-*1/2(E  +  1).  («7.) 
£2904:2.5.  (20.)  AK".  '  (39.)  20  yean.  (30.)  {logS-logtl +  R— )}/ 
logR  yeuH.  (S3.)  £1012  :  8  :  11.  (33.)  PreBent  Talt]e  =  (a  -  b)l(R  -  1)  +  KB 
(l-E— )(B-l)'-(o+"^^16)E— V(R-l).  (M.)  Present  value  =fl{l 
-(i/R)-'[/(R-i).  (SB.)  A{mRi"+"'>-(w  +  l)E-<-2E'  +  lt/R"«(K»-l) 
<K-1). 


END  OP  PART  I. 


NOVS    1921 


PHnUdh  R.  &  R.  CLAdK,  EtUniurgk. 
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